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PREFACE 

Though the object and scope of the present work is 
set forth in the preface to Volume I., some further 
explanation is necessary in connection with the part 
now issued. First, in order to embrace all the topics 
which it was thought desirable to discuss it has been 
found necessary to use small type to a greater extent 
than had been anticipated, and it is hoped that this 
may not too seriously detract from the usefulness of 
the book. 

The work has been composed in the short intervals 
of heavy teaching and other college duties, and printed 
off in instalments as progress was made. The subject 
also has made immense strides in the interval during 
which the second volume has been in the press, so that 
large additions to the subject-matter have come into 
existence, while various parts of magnetic and electro- 
magnetic theory have been improved and altered in 
relative importance. Thus if the work were to be 
rewritten some changes would have to be made, 
especially in the earlier chapters. Also, had a better 



estimate of the grouud to be covered, and more r 
progress been possible, a larger page would no ( 
have been chosen, and the book improved in hM 
geneity and general balance. 

Still, it is hoped that it may prove useful 1 
student of electrical science, and to the increai 
number of electrical engineers who, to the 
advantage of science, endeavour to solve the prol 
which their daily experience brings before them. 

Accordingly I have given accounts of experimeaj 
investigations, in which I have tried to place before % 
reader not merely a skeleton of the method folloil 
and the result arrived at, but such a statement in e 
case as may serve to show the procedure adopted, i 
difficulties met with, the mode in which they ■ 
overcome, the corrections made, and the reductij 
of the observations to the final result. Thui 
have described the researches of Lord Rayieigh, 
Rowland, J. J. Thomson, and others, on the absolute 
measurement of currents, the determination of the 
ohm and of v, the practical methods of testing and 
measurement devised by Hopkinson, Ayrton, Perry, 
and other engineers, the magnetic researches of 
Hopkinson and Ewing, and the discoveries of Hertz 
in electrical radiation. In all cases it has been my 
aim, avoiding really unimportant detail, to describe the 
events of the investigation, and especially tlie manner 
in which practical difficulties were met as they arose ; 
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for in this way only is it possible I think to learn fully 
the true lessons of physical experimental science. This 
plan of proceeding has however rendered the matter, 
though compressed as far as possible, almost too exten- 
sive for a single volume. 

Peculiar difficulties attend the discussion of many 
parts of the subject of the present volume, especially 
points of electromagnetic theory. Generally I have 
tried to elucidate or avoid difficulties I had myself felt, 
and to give some idea of the later developments of 
electromagnetism. 

In Chapter VI. is given a fairly full discussion of the 
calculation of constants of coils, &c., in which I have 
anxiously endeavoured to avoid error in the statement 
of results. As however the proofs were not read or the 
work verified by any one but myself, I fear there may 
be some slips left undetected. In this Chapter I have 
included some results of my own as to special arrange- 
ments, principally of single-layer coils, which I hope 
may prove useful. The Chapter concludes with an 
account of Lord Rayleigh's and Lord Kelvin's treat- 
ment of the effective resistance and inductance of 
conductors carrying alternating currents, together with 
a sketch of Lord Rayleigh's dynamical theory of this 
subject. I regret that by an oversight the valuable 
experiments of Prof. Hughes have not been mentioned 
in this connection. 

In the notation adopted for electric and magnetic 



quantities I have followed the proposal of Heaviside to 
use GlarendoD type for directed quantities, but have done 
ao in general without regard to whether the scalar 
magnitude merely or the complete notion was con- 
cerned in the statement or result. As however I have 
not ventured as yet to employ the vector analygja, this 
cannot, I think, in the present work lead to confusion. 
Clarendon type seems much to be preferred to the 
Gtermau capitals which have been so much used in this 
connection, and to be better also than the plain block 
type with which some writers have endeavoured to 
carry out Heaviside's suggestion. Block letters have 
however been here used for scalar quantities such as 
energy, total magnetic induction through a coil, &c., 
which continually occur. Thus for exaruple I have 
adopted B for magnetic induction itself, and B for 
total magnetic induction, which in practical work has 
ao much more frequently to he considered. Some 
inconsistencies in notation may be met with ; these are 
in the main due to the peculiar circumstances of com- 
position, and the large demands made by the great 
number of sets of quantities to be symbolized. 

In the correction of the proofs of the first five chapters 
i received valuable assistance from my friend George 
L Gibson, Esq,, M.A., but in some of the more extensive 
' chapters I have had no help whatever. Hence 
(though the most anxious care has been taken, there 
be no doubt many errors and misprints left uncorrected. 
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For notes of these I shall be grateful to any reader 
who will kindly send them to myself or to Messrs. 
Macmillan & Co. 

In an Appendix are given short accounts of Zonal 
Spherical Harmonics, and the Theory of Errors of Ob- 
servation. Some notes on points which arose in the 
course of the work, and a few tables complete the 
volume. 

In the first volume a much larger number of typo- 
graphical and other errors than I had hoped existed, 
have been found, chiefly by myself in the first instance. 
1 have to thank those readers who have kindly forwarded 
lists; and I take the present opportunity of sending 
out a sheet which I hope contains all the errata of any 
importance. 

A. Gray. 

University College of 

North Wales, Bangoi:. 
Nov. 1892. 
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ERRATA. 

Page 23, line 16 from top, for " J(5/i2 - 3/i) '' read " iCSft^ - 3/[it)." 

Page 28, line 5 from foot, for " every medium " substitute 
the words ** at each point, in every medium, depending on the 
state of the medium at the point considered." 

Pages 48, 49, prefix the sign minus to the expressions on the 
right of the four equations giving values of E, 

Page 51, line 8 from foot, after "distribution'* insert ** when 

Page 52, line 2 from top, for " resultant " read " total com- 
ponent/' 

Page 169, line 12 from foot, for "yi^X,^ + yj^Za^'* read 

"n^i^V + ya'^V." 

Page 169, in marginal at foot, /or "rekinetic" read ''kinetic.*' 
Page 201, line 12 from top,/or " (9) " read *' (6) ". 
Page 270, in top marginal,/©?* " in " read " on.*' 

Page 277, line 3 from top, /or -. -? read — J- 

2 r2 a^r2 

Page 279, line 7 from top, after ** is " insert ^'r -\- Xj and the 
line integral of magnetizing force round it is.*' 

Page 281, last line,/or " 47r '* read " 87r2." 

Page 282, line 15 from top,/or •' 47r " read '' SnV 
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Page 6, first line of small print, for " q '' read " gj. 

///* /IT* 

Page 7, in second equation of (4), for — read -— . 

Page 9, lines 11 and 12 from top, /or "g"' read "g'/' 
Page 20, line 10 from top, /or '* r^^F^r^) " and '' r^F{r^ " read 
'* r\^tXr\) " and "rV^Cr'a)-" 

Page 20, line 6 from foot, /or "^C" reat^ "(72)." 
Page 20, line 5 from foot, /or ** greater" read "less.'* 

Page 26, line 14 from top, for the passage beginning " and fi 
the angle . . . . " i^ead " B the angle which the tube supposed 
makes with the normal on the positive side of the surface, and 
6' the corresponding angle on the other side, both normals being 
drawn from the surface, we have, taking the surface integral, 
which consists only of the end portions of the tube, 

(F cos - F' cos 3')d8 = 47ro-6?« 
or 

jPcos ^ - F' cos e* = 4n<r (25) 

Page 31, line 4 from foot, /or " OB " read " 0^." 

Page 33, line 4 from top, prefix the mirius sign to — ^^F. 

4jr 

IV^^ is here and elsewhere used to signify — — _i_ - -- j . | 

L dx^ ' dy^ ' dz^ J 

Page 33, line^^rom foot, for " jp"' read '' E" on the left of 
the equation. / 

Page 34, li*^ j from foot, for '' a^ " read " x^:' 

Page 35, j 16 from top, after *' force '* add "per unit area." 

Page 3' iie 6 from foot, for '* outward force " read " inward 
pull." y 

Paf , line 2 from foot, and Page 36, lino 5 from top,/or 
*'o)> i pressure " read " inward pull." 
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MAGNETIC THEORY 

have in this case a surface distribution of maguei 
only. 

A non-unifonnly magnetized bar may be regardf 
^ one in which the polarities of tbe elements in coi 
do not coimteract one another ; in this case we 1 
heaitiea the end distributions (which are generally! 
site but not necessarily equal), a diffused distributi 
magnetism throughout the substance of the bar. 

pPotontia! Tliis Bubjeot becomes much more inteJligHhle whon cona 
ind Force matberaalically. We ehull investigate first the potentii 
' force due to an infinitely Hijort and uniformly magnetize 
' mest, and then consider the general case of a magnet mi 
'■ of Buch elenieats. Tliti niagaetic filament in its own ma 
asifl, and its magnetio action rany he Bupposed doe to eqm 
opposite qaantitiea of magnetism placed at its two extra 
Por brevity we shall oal! this elementary magnet in what i 
a magnelic doublet. Its magnetic moment we define . 
product of either of these quantities of magnetiBm in 
distance betireen the extremities, and for our present p 
we shall suppose this product finite. Denoting by ftf the 
of the filament, which we take in the plane of iJie pap 
parallel to the asia of x, with its centre at the origin 
ordinates, we have for the coordinates of its eztrt 
- J&r, ^x. The potential at a point in the plane of the 
the coordinates of which are £, t), due to unit quantity of p 
magnetism at the origin, is (^ + ij^^'. Hence if n I 
moment of the short magnet, and the positive mag 
correspond to the point \bx, the potential f of the two o 
lent point distributions is given by 



. «l 

W + ff 

This may be written in either cf two other eqii 

rfj (P + ,.,1 .= 



DESCRIPTION OF LINES OF FORCE 9 

where ^ is the angle between the axis of the magnet and the line 
drawn from the centre to the point (|, ?;) and r is the length of 
that line. 

The components X, Ji of magnetic force at the point |, jy, are 
given by differentiation of (7), and are 



y _ dV Sm^ 



^^ (^ + '7^* ) 



(9) 



It is easy to verify that these values of X, T satisfy the 
differential equation 

dX dY , y f\ nrw 

~j^+ y- +- = (10) 

which is the well-known form which Laplace's equation [(11) 
Vol. I. p. 10] takes in the case of a force system symmetrical 
round an axis. It is to be noted that in (10) the coordinate rj is 
the distance of the point considered from the axis of symmetry 
taken as axis of ar, and that therefore T in (10) above represents 

(F^ + Z^^y where Yy Zj are taken as the component forces along 

two other axes at right angles to one another and to that 

of se. 

To find the equation of the lines of force we have [(3 his) Equation 

Vol. I. p. 7] for any one line X/d^ = Y/drj, Hence by (9) the of Lines of 

differential equation in its simplest form is Force due 

to a small 

Siri . d^ + (rj'^ -2P)dri=0 (11) Magnet. 

This equation may be integrated either by the ordinary 

method of separation of the variables, or by restoring the 

omitted conmion factor l/r^, and remembering that by (10), rj is 

an integrating factor of the equation thus modified. The 

integral is 

„2 1 

■ =r— ....... \^*^) 

in which c is a parameter constant for any one line, but variable 
from one line to another. 

This equation may obviously be written in the form Graphical 

r = c sin2^ (13) Descrip- 

. ^ ' tionof 

which IS very convement for the graphical description of the Lines of 

j curves. For let 0, Fig. 1, be the position of the small magnet. Force. 
\ 
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: clemeDtary magnets, dn its length, dm its moment, X, ;i, v the 
' cosineB of tlie aiiglei) whicii the axis of the elemeut uiensurad ia 
the direction along the filament, from the negative extremity fc 
tlie positive, makes with the axes : the potential dV at a point 
(l> li Ci) external to the filament, produced by the element^ ie \if 
(8) given by 



dF- 






HS-') + ^'(')-J') + '(:--■)} ■ 



(HI 



since {X(| - i) + p (, - y) + ► (f - .-)}/;■ is now the value <rf 
coH 6. But if I denote the magnetic moment of the element pet 
unit of length, tahen poailive when the direction of the axie, u 
specified ahuve, is from the negative end of the element to thi 
puaitive, or, which is the same, if / denote the quantity 
raagnetio matter on tlie positive end of tlie axis, wo have 

'r.L{ii-x)i, + i,,~s)d, + {c-i,di, . (It 

where dx, dn, di, are the proiections of ds on the as 
since y - [£ - .r)" + (, - sT + (C - ^)' we cm w 
equation \a the form 



e integrating by parts 



where 7j J, r 



\ are the values of / and r at the positive ai , 
_._„..._ espectively. If / he uniform along the filamani 

the last term voniahes, and (16) becomes 



^a-^)' 



or the potential is that due to the two end diatributions alone,! 

stated above, p. 7. f 

Potential Since the potential of a quantity of niagnetiam dllie . ds b.\% 

of B distance r is rf//rfs . di\r the interpretation of the third ti 
Magnetic (16) is that - rf//rfj, if not aero, ia the linear density of magnela^ 
Filament, diffused throughout the filament. Hence in the general caeof^ 

total potential is that due to the end diatributions together w 

that produced by the diffused distribution. 

(. 



LINES OF FORCE OF A MAGNETIC FILAMENT 
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the equation of the lines of force due to a uniformly Eaumtion 
poetized filament is of interest, and may be easily Force of a 
id in a variety of ways. The most elegant is perhaps p|^*^*f 
following. It is evident that the system of lines is 
metrical about the straight line joining the ends 
B, of the filament. Describe circles from A, B 
. 6), as centres with any radii the sum of which is 




Fig. 6. 



iter than the distance -4, B. They will intersect in 
points which will be points on two lines of force 
ing the same parameter, but on opposite sides of the 
L The circles may be regarded as the intersection 
li the plane of the paper of two spheres having 
B, as centres, and intersecting in a circle through 
ch pass all lines having a certain parameter. Now 
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conaidering the total flux of magnetic force (that is, 
the surface integral of normal magaetic force) in the 
same direction through any surface having this circle 
boundary, and the two centres on the same side of it, 
it ia clear that it may be taken as that due to the 
quantity of magnetism — J at ^, outwards through the 
segment PSQ of the sphere described from A, and 
bounded by the circle of intersection, together with that 
due to + / at S taken outwards through the correspond- 
ing segment PSQ of the other sphere. If the angles 
PEQ, PSQ be respectively 2(9,, 28^, these fluxes are 
respectively — Sir/ (1 — cos 8^) and Stt/ (1 
Hence the total flux is 2trl (cos 6^ — cos 8^). Now let 
two other spheres he described in the same way ; tiiert 
if the flux through a corresponding surface bounded by 
the circle of intersection is the same as that just found 
the two circles of intenection may he supposed joined 
by a surface generated by the revolution of a line of 
force round AB as an axis. Hence the equation of > 
line of force is 

COS ^, - cos <?2 = c (18), 

where e is a parameter varying from one ci 

another.* 
Descrip- To construct the lines of force in this case i 
of Lines of Proceed as follows : — Describe a circle on AB (Fig, 8n 
Force fov as diameter, and lay off a distance AM such ■ 
Filament. AM = c.AB. Then draw any line from A to cut 

• See also Chap. III. b«low. 

i This Fig. 13 taken by permission frDm Cewiirurtive Ocinndrj 
Plane Cmvo, Ij T. H. Eagles, M.A. (Loniion, M»cmillan k Co. ). ' 
method of coustniction hcra adopted is that gtvan in the sa 
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The lines of force and eqai potential inrfRces due to a tinall Analogneii 
"lapet coincide for all external points with those of a uniformly of Liiwi of 
iiagnetJzed aphera, a caae approximalely realised when a ball of Forca and 
iwn Ib placed in a uniform magnetic field, and alao with thoae of Equipo- 
1 conducting or dielectric aphera placed witliout charge in a „ **"''*' 
unitorm field of electric force. [See Vol, I. p. 123.] They "rfff " 
further correapond exactly to the lines of flow and equipotentinl «,_-,» 




{•"ftoM within a large mass of a friction less' incompressible fluidj 
'Pt flowing continuously in steady motion through an iniinitely 
"""t, strai^t, narrow tube. We have discussed them with so 
<^t fulness, on account of their theoretical importance. We 
'Nl consider them again later in connection with inductive 
^•SMtiBm, and with the investigations of Hertz on the radiation 
'^Wtric and magnetic energy. 

I«tiis now consider a magnetic filnment regarded as made up Magnetic 
an infinite number of infinitely short magnets placed end to Filament. 
'' Let X, f, z be the coordinates of the centre of one of these 



Desorii'- 

Equipoteii- 
tiul CuiTefl 
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The cut shows curves numbered 1, 2, 3, 4, 5, drawn J 
for the corresponding values of c, f, 1, i, ^, J. WheiiB 
c = 2, A£ (the axis) is the curve, when c = 0, the pro-ff 
ductiona of the asis to the right of B and the left of* 
A are the curves. 

The dotted curves intersecting at right angles 
lines of force in Fig, 6* are the equipotential cur 
which are given by the equation 



1 



1 



where c is a parameter (the potential per unit of n 
netic matter at A or S) varying from one cnn 
another. 

That the dotted curves are intersected at right ai 
by the lines of force is easily verified by considi 
that if /(*■, r') = be the equation of a curve, ) 
lengths df/dr, dfjdr' be laid off along r and ; 
resultant of these lines is in the direction of tW 
normal. We have from (19) dfldo- = — !/)■', dfjdr' =\j^ 
Hence laying oif l/r* from a point on the curve along fl 
towards .d, and Ijr'^ from the same point along r' in 
direction from B, we find that the normal to the e 
potential curve is in the direction of the resultant ftm 
due to theequalquantitiesof oppositekindsof maf 
matter at A and B respectively. 



Magnetic We ahall now find the potentiiil at any point in 
Potential, field produced by a body magnetized in any given nn 

WQ shall see later, we ara led by magTietic phenomena ... ^„^. 

a magnetized body made up of aa iBfinitely large number a. 

finitely small magnetized molecules, each of which may be t 

sidered a magnetic doublet, as defined above. We ahall 1 
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oppose that the magnetic axes of these molecules have in each 
imtdl element of the body a common direction, of which the 
cosines for a given element are X, ft, p, and which varies from 
point to point continuously in the body. This is called the 
direction of magnetization at the element 

We consider an element of the body, in shape a rectangular Definition 
parallelepiped with its edges parallel to the axes, large enough to of Inten- 
contain a very great number of molecules, but not so large that j**^y ^^ 
the direction of magnetization varies in it to a sensible extent. Magnet- 
Let n be the number of molecules in the element, m their average "*"<'"• 
inagnetic moment, then the magnetic moment of the element is 
M, and it may be regarded as a small magnet of this moment, 
^ith its centre at the point ir, v, Zy and its axis in the direction 
Vm> v. For nm we shall write idxdjfdz^ where I is the magnetic 
foment of the element per unit of volume, or, as it is usually 
p&Ued, the intensity of magnetization at the element, and dxdydz 
■8 the volume of the element 

By (14) above we have for the magnetic potential produced by Calcula- 
te element at the point (f, 17, i) the expression Idxdydz |(f - x)\ ^^^^^ ^( 
[; iv - y)/i + (C- ^)i'}/r3, where r- = (f - ar)2 + (,; - yY + pXtill 
r - 2)K Writing IX, I/x, Iv = J, B, C, so that J, B, C, are due to 
'hat are called the components of magnetization at the point Given 
. y, Zy and integrating throughout the body we get for the total Magnetic 
otential T at (|, 17 f) the equation : ^l^^^ 

^== jjf]^{Ai-^) + ^(rt-y) + CiC-^)}dsdydz. . (20) 

This may be written in the form : 

r:=^ nd dydz + f f- dzdx + {{- dxdy 

1 which the first three integrals are confined to the surface and 
"e reckoned in the following manner. Taking the first of the 
^e, conceive a prism of cross-section dydz^ and length parallel 
* the axis of ar, drawn in the body. The area dydz is the pro- 
■^on at right angles to the axis of x of the element dS of the 
[rface intercepted at either end by the prism ; and the element 
, the integral corresponding to the negative or left-hand end 
the prism is to be taken negative, the element for the 
•^er end positive. Now if Z^, 1,^^ be the x direction cosines of 
^ normals drawn outwards from the surface elements at these 

c 2 



tion. 



Intarpra- 
tation of 
EEpresaion 
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enda reapectively, rf.9,, dS^ the coireBpoading areaa, 
dydi — l^Si — - IjdSi i en that the elemeDts of the 
are A^S^r^ + Ajl^dSJfi. Hence we may write the a 
integral in the fomi / / .<//r,rf5, in which theintegratioaiBtold 

extended over the whole surface. Tlie other double ii 
may be aimiiarly tratirfornied, and we get 

?= jj- {Al + Bm-^C>,)dS 

in which I, m, b are the direction cosines of llie normal Id 
element dS of the surface of the body. 

Clearly we may interpret the quantity Al-\- Bni-\' C« as » b 
frtce density <r of raagnetiu distribution, equal at encti snifl 
element to the normal component of intensity of magnetJKiitii. 

ITie expresBion - (rf^/rfi-J-rfJ/rfy + rfC/rfe) is interpretablsi 
the some way as the volume density p of a distribution of m 
nelism throughout the substance of the body. 

From these expresaions we get by direct integration, aa 
clearly ought, the total magnetism of the body equal to zaro, 

it is almost needless to say that these resutta are consequen 
of our eiippositiona aa to the atiucture of the magnetized boi 
and that the interpretations just stated are to be regarded moK 
as convenient modes of expressing the outcome of tlie analfd 
If, however, as seems certain, the magnetized body he raadei 
of polarized molecules of some kind, the aurface and body diat 
butions found, will correspond to unbalanced surface and boi 
polarities reapectively. 

If the potential at (|, tj, f) due to the body is espreased by 
surface integral alone, then 



dA 



dS ,_dC ^ 



+ n 



Potential 
Energy of 
a Magnet. 



A distribution of magnetism fulfilling thia condition is si 
Kolenoidal. 

We have now to consider the jjotential energy of a mtt 

situated in a magnetic field. B^ thia we mean the work w 

haa been done against magnetic forcea, in bringing the 

into the field and placing it in tlie given position. The potMl 

energy of unit quantity of negative magnelism at a poit " 
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rhich the potential 10 V^ \a of course simply — V\ and lienc^c 

hat of a unit of positive niagnetisni at a |>oint at distance dt 

Fom this point is F-|- dV\d9 . d: The potential eners^y of a Potf ntial 

lugnetic Sublet with its extremities at these points is tnerefore KiiurKy of 

itfr/^, where « is the moment of the doublet If the direction & ^laKuetic 

osines of liie axis of the doublet be X, |i, y, we have of course I>oubIet. 

dV l^dV , dV , dV\ ,« , . 

Now, as above (p. 18), we may regard this small magnet as a CalcuU- 

lagnetic molecule of a body of finite size, and take a parallele- tiou of 

ilMBd of the body, large enough to contain a great number of PotentUl 

ich molecules, but not so large that the direction of magnetiza- ^"**nQ^ ^^ 

on, that is the common direction of the axes of tlie molecules, .f"*'^^ 

aries to a sensible extent The potential energy of the element ^^^f>"<^^* 
ill be proportional to the number of such molecules contained 
1 the element Hence by the expression above, the potential 
nergy d^ of an element of volume dxdydzy is given by 

rhere I denotes the intensity of magnetization as defined above. 
i^riting as before A^ B^ C =^ XI, |il, yl, and integrating through- 
Hit the magnet we get 

Integrated by parts this becomes 

:E^ \\F (Adydz + Bdzdx + Cdxdy) 

fdA , dB , dC^^ ^ ^ 
Kdx^ry^dzY^^if^'' • (26) 



-/// 



The triple integration is taken throughout the space occupied 
^ the magnet ; the double integrations give, when /, m, », are 
It for the direction cosines of the normal to an element dS of 
e surface, an integration over the whole surface of the magnet, 
»that 

jF= II F{lA + mB + HC)dS 
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above, of tlie quantrl 



E= II raiiS+ IIJFpdx'fy'ii $ 



which is the energy eiiua 

L'ept that the factor J in thnt equation does not apj 



(31) given on p. 32 of VoL ', 

t equation does not appear, ril 

present cose la independent of the diatribu^ 

lagnet 



Iho held ii . 
brought into it. 

It is t« be noted that Tib the potential due to the: 
■yitem producing the field, and that therefore - dT'ldx, I , 
the L'oinponenta o, (3, y, parallel to the asea of the magnetic W 
iiiteiiKity due to thie syatem. Henoe ne inay write (25) in^ 

+ 5^ + f7y)Afrffrf.- (! 



^--/i> 




if= -<aM, + flM, + yM,) 5 

H,, ■„ H„ denote the integrals j j j Jdxdgdt,fai. B 
Ihri'i) ijiinntitieB p, g, r, folfilling the equation 
;,> + 53 + rS = l, 



K i" "'I'l" '"*" ''"''" '*'''^"<'<1 above (p. 5) dh the 

motilPiit. of til" iilHHU^r »iid ;■, i/, r, are the direction l 

it» ulis. If H ''P llie rpunlloiit miignetic intenwity of th«_: 
ita dirediitii vusitie? «w n/H, fJ/H, y/H, and (31) may ba 



»|Unllo« «ll»>t* «t>l«ll»'' (i* " •'""'■ 



POTENTIAL ENERGY OF MAGNET ^3 

It is instractive and useful to consider as a particular caHo the Potential 
potential energy of a magnet in the field due to a single magnetic Kucrg>' of 
pole, as this gives the potential of tlie magnet at tlie point at .<^ Magnet 
vfaich the pole is situated, and supplies conditions bv which the lu preij^nre 
' euitre and axes of the magnet may be determined. The following 9[ ^ ".| 
treatment of the problem is due to Sir William Tliomson.* In JJJJ^ ** 
&i8 case if FT' be the distance of the point P, (|, ly, Ot ^^ which 
the pole is situated, from the point JP', (j^.y, t\ of the magnet, we 
have for the potential V at JP', due to tlie unit pole at P tlie value 
l/Pi". 

•where r^i* {f < r) are the distances OP, OP from the origin of Expanhion 
eoordinates to the points P, JP*, and Z^ Z^^ Z^ &c. are zonal in Sj>heri- 
Mirface harmonics f of the orders specific by their suffixes, and cal llar- 
- having their pole at P. If /i be the cosine of the angle FOI*', monies, 
then 

. ^0 = 1, ^1 = /*, ^2 = i (3/** - 1), ^3 - 1 (V - 3,i), &c. 
^ Sabstituting these values of Zq^ Zi, &c. in (33), then putting 
[ for /I its value (far + 17^ + C^)lr/y and differentiating we evaluate 
[ dFjdXy dF/dyj dVjdz. Using these in (25) and putting 

■ i'l = \\ \Axdxdydz, ^2= I J jBydxdydz, P3 = | | jCzdxdydz 
?i = ///(^^+ Ojf)da:dydz, Q^ = j j j(Cx + Az)dxdydz, 
93 =^ I 1 I {Ay + Bx)d'xdydz^ we get 

+ {{2(2Pi-P2-P3) + »/2(2P2-P3~P,) + Ci^Pz- Pi- P;) 
+ 3(§ii7f + fefl + fel'?)} i + &c. . . . (34) 



* See Reprint of Papers on Electrostatics and Magnetism, 2nd Ed., 
p. 373. 

t For the theory of Spherical Harmonics which we shall frequently 
have to employ in what follows, the student may consult Thomson and 
Tail^s Nat. Phil. VoL I. Part I., or Ferrers's Spherical Harmonics. 
A clear and brief account of the subject is given in Minchin's StaticSy 
Vol. II. 3rd Edition. A short explanation, covering the theorems 
used in this work, is given in an Appendix to the present volume. 
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TUc qimntities P„ Pj, &c. are functions of the coordinatea 
. r, ^, £, and of A,B, C; hence we may change the origin to another 
point ix',1/, !'), and take the direction of the Bxh of tlie magndV 



.B that 01 



thatp =1, q = 0, i 



= 0, This makes 



e have then new v 



Hence, if tl 



jjj Adxdgdi = M, j HBdjtdxdi = 0, jjjcAcdff>ii = 0. 
8 F", &o, given by the equations 
, = P, - Kz', P's = Pa, P's = Pa, 

new origin be tatcen so that 

. «, ^ _ </, 

-m ■■ " 

M. get i', - J {P, + PJ, e, - 0, Q, - 0, 

and (34) takes the eimplitied form (accents omitted] 

in wliich ^, jj, f have of ci 

d Tlie origin thna found is called the centre of the magniJC 
1 the definition enables ns to specify the position of the n 

axis, as well as its direction. The magnetic a 

called the principal axis of the magnet. 
' If we turn the aiea of ^ and * round that of x, through tbBl 

angle i taa-i QJiP^ - Pg), (35) takes the form 



= Mt + 



Sij^ 




where JS is the quantity which replace 
tions of the axes of y and g are called tl 
magnet 

In the case of ajTnmetry round the asia of a, the sacondli 
otthe expresBion on the right of (36) ia zero, ainco then whata 
magnetization at right angles to the axis there be throng 
the body, it must be such that the coelficiBnt S vo ' 
identically. To a close approximation therefore for i_ 
pole placed at a point (£, ij, f)< tl'^ distance r of whidi trtm\ 




isiilerahly gnutbt thui tlist of nnv part uf tlin 

tnwDer from the same ndut, Out niututJ poMiitiiJ euorgy ■■ 
■'■I'"- 
ance the pitentifil energjr is mutual, t)i« nqiintionii (3-1), rolontlal 
te. hand for f, give tJie poteotUl cner(;y of the unil polo in ktRitarni 
Uie field due to the magnet, that ia the potential due to Uie mag- I'oint duf 
Ul at the point (£, .j, f j. to MaKuot 



I Whea A EubstaDce capable of being magnetized is 
L^ced in a magnetic field, it becomea magnetic, and r lodaMil 
^■^ relation in general exists between the magnet- ^^"" 
^^b produced at each part and the Held intensity. 
^I^Qetermination of this relation has been, especially 
Ihlate years, the subject of much careful investigation, 
I and we shall return to it later. Here we deal mainly 
^itb the theory of certain given cases of magnetization, 
ral, in the substances with which we have to 
A practice, the magnetization is in the direction of 
pietic force, and we Bhall first consider this 

We have first to define what we mean by the force in 
the interior of a magnet. Here, as in all other cases, ^°^^ '" 
tiie magnetic force is that which would be exerted on a interior o 
'wit magnetic pole if placed at the point, and, since we f^'^^jt 
conld make no experiment aa to the internal state of the 
body, except within a cavity hollowed out within it, we 
imagine a smalt portion of the mi^netized body excavated 
so asto give a space in which the force might be measured. 
The formation of this cavity leaves unbalanced the 
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magnetiam on the estremities of the molecules which' 
abut agaiuBt its surface. We shall suppose it formed 
without disturbing the magnetization of the rest of the 
Snrfaoe body, and since we cannot divide a magnetic raolecnle 
tionin' *^^ signs of the surface distributions will be perfectlj 
Interior of definite. Thus for a orevosse * cut at right angles to the 
direction of magnetization there is positive magnetism 
on the face next the negative end of the magnet, and 
n^ative m£^netism on the opposite faee. On a sorfeiee 
the normal to which, drawn into the cavity, is indined 
at an angle e to the direction of the intensity of mag- 
netization I, taken as positive when drawn in the 
magnet from the negative pole to the positive, the 
density of distribution is I cos e, and is positive there- 
fore when e is acute, and negative when e is obtuse. 

The force within the cavity dependa upon the sliFipe Mil. 

Force dimenBions of the cavity, and upon the position of the pol*' 

within within it. In the firet place we shall consider a cylindriClIi 

Cavitiea of cavity of Suite length and diameter, cut with its axis in iDT 

Different given direction, in a unifonnly lUHgiietized body. If the intenatj 

Shapes, of mag-netization of the body be I, and 6 be the angle which ti» 

1. Cjhn- „jjg of ^]jg cylinder makes with the direction of I, wa have (rt 

oncal t|,g density of the distribution on the curved surface of the oa^ 

liWto" "^''^ '■""'"^ ' ^'" ^ "' P"'"*" '" ■* P'^"^ through the axis parallel' 

Direction *''* direction of magnetization. In another plane through tii 

_» ..__ axis mailing an anffie with the direction of inafjnetiaation lh» 

density is IsinflcoaiJ). Now the force which this distribntiog 

exerts at right angles to the bsIb on a pole placed at the canW 

of the asis, is, if 2/ bo the length of the cylinder, and2fil* 

diameter. 



Sj' I' CO." * — ^— -,,<*i - 2, 1 « 



L 



* A narrow cavity with parallel plane faces, every dimensioii A 
which is great in oompaTiBon with the width of the oavity. 



HAGNBTIC FOBCE AND MAGNETIC INDUCTION 

Tie enda cf the cylinder give a rcaultaiit forvu Along tliu 

M of amouDt 4jrl cos 9{l - ll(r> + P^\ ; ant! tlie toUil forcn 
■ithio the cylinder at tbo ceniro of tbe aiia is the renullant of 
Ibew two coropoiients. Hence if / be great in comimrison wiUi 
^ the force is at riglit unglea to the axin and of amount 2trlBinf. 
BMce no = ir/2, the force in 2irL if f be sinail in cunipariiiOD 

iA r, the force is 4)rl cm 9. 

If d E 0, so ihnt the nzis of ibe cylinder ie pnrallel to I, the 
birw becomea 4ifI{1 - //{H + f )*), and is tliereforo 4«I or wro. 
UCDrding as / is small or great in comiinriNon with r. Also* thu 
bree ia 4JrI in any narrow crevasse bounded by planes at right 
Ingles to I, and is plainly zero in any elongati^d narrow csvily 

rai its length parallel to t. 

In the important ease of n spherical hollow the surface distri- 
wtion followH the law of variation from point to point of it 
UUrisl distribution formed by placing two spheres of equal 
nifonn densities -f-p aud — p in coincidence, and displacing 
^ positive sphere in the direction of I through a small distance 
We may suppose p very great, and fc very small, so that 
= I. The potential due to the inner nucleus of the positive 
'e at a pomt distant r from the centre is Jn-IH/Ar. The 
«tenrial due to the outer shell is 2jt1(S^~t^)ISx. Hence the whole 

rtantial is 2irIUP - ir^/Sx. The potential at the same point due 
the negative sphere is plainly — 2irI(ft' — ir')/Bj+ Snlrrfr/lfr. 
lence tbe total potential ia Jirlr. The force vrithin tlin spherical 
oUow produced by the surface magnetization is therefore in the 
irection of magnetizadun, and equal to Jn'I- 
In the case of a non-uniformly bot continuonsly magnetized 
edy tbese cavities have only to be taken sniall enough to enable 
le BTerage value of I over each to be useil in the values of the 
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(1) the comparatively long narrow cylinder, (2) the 
fbort comparatively wiiie cylinder, both with axes il^''tic 
parallel to I, In each case the force within the hollow, (B). 
lue to the surface distribution upon it, must be increased 
^ the resultant force at the point due to the d 
^oa producing the magnetic field and to the rest o 



Vol. I. p. E8. 
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magnetic distribution of the magnet. If we c 
force H, the force within the cavity is in case ( 
H, in case (2) it is H+ 4-n-I. H is thus the n 
force within the magnet, apart from any action C 
balanced polarity produced by cutting a hollow i 
substance. The other quantity H + 4TrI, is called 
magnetic induction within the magnet. We shall d 
it by B. 

In the more general case in which H and X a 
in the same direction the equation 

B = H+47rI . . 
ia true in the vector sense, that is B is the resulta 
the vectors H and 4^-1. 

Id the case in which the magnetization is ii 
the magnetizing force H, and has the same dir 
if we put X = kH, we get 

B=(H-47r>()H . . 

The multiplier 1 + 47r« ia generally denoted I 
called the Tnagnetic inductive capacity/, or the i 
permeahiliiy. The factor k is called the ma 
tibUity. In general, as we shall eee below, : 
function of H. 

It is clear that as here defined k is a mere nui 
The quantity ft is also a mere number when defined J 
the equation 1 + ^ttk. Now fi has a definite valn*^ 
every medium, and it is possible that that propt 
the medium (say some form of motion), which maka) 
the magnetic inductive capacity vary from medium t 
medinm, may give to it certain dimensionB at [ 
unknown. We may use ft as the absolute magnetic 1 



TARLATIOS OF B AND H AT SURFACE OF IJODV 

indoctive capacity dependiDg on this property, that ii 
the magnetic iDductive capacity with roi'arcnco to aa 
bbsolutely unmagQetizabk medium as standard, and 
regard its dimenaiona as unknown ; but wc sliiill in the 
account of magnetic meaauremeuta which follows, in 
general employ it to denote 1 + iirK. 

Since B, H, >tnil I arc Tectore in lbs genenl tbhs wo mtiy Comp 
^likce each by lliree componeuu nlurig the ■>««. Wo have tlion mt« 
iniileiid of (37) the equation Magni 

A = 5 + 4fr/( J (39) 



i 



»bere m, 6, r, a, 0, f, J, B, C, arc the coniponenlH of B, H, 
I Fur the point nmaidered. 

It is easy to prove that the raagoetio indui^tiuu fulfils the Soltno 
ulenindttl condition. We have from (39) Condit 

fuimie 

; + rf^ + rf:^^^ + ^ + rfJ (■'"J Induct 



,+x-t 



Hon* of eloctrio and magnetic potential 

^ + <? + ^r + «-,).o, 

lix rfy i/c 
"iJawrefore 

In the space Hurroiinding the magnetized body, B coincides Variat 
"ittHinall respecte. The transition in value from one aide of of B 
'besuiftce to the other, takes place differently in tlie two cased. H ^ 
*MBonual component of B varies continuously from one side Sorfiu 
'^the nrface to the other, the tangential component dii 
lUBwiuly ; and the reverse is the case with the value of H. 

■ PoiEsou'fl Theorem, Vol. I. p. 13, Eq. (Ifl). 
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Vtriatioo prove tliia we have only 1( 



e that b^ (39) if tf be the ai 



of B and between tLe iionDftl to ibe surface drawn outnarda, and i 
Hat common dircrtiun of B, H, and I, we have for the Dormaleti' 
Surface, ponent of B in the interior 



and that if H' be the m^netic force jast outside the soi&ce 
the same place, and ff its inolination to the normal, the chi 
teriatic equation of the potential gives, since I cos 6 ' 
deneity of magnetism 



.sfl + 4.rlc< 



Since B and H coincide ontaide the magnet the qnanl , 
the left is the normal component of the magnetic inductioiii' 
The expreBaiott on the right, therefore, shows the normal eon'; 
tinuity of B, and at the same time the normal discontinui^ 
of H. 

TliB tangential component of B is fH + 4jrl) sin d inside ft 
surface, and H sin 6 outside the surface. The latter is the valott 
of the tnngontiul cumpoccot of the magnetic force oi 



lutegml of Since the magnetic induction fulfils the solenoidal 
fioversny it follows that the surface integral of magnetic inductioQ 

oloaad over any closed surface whatever, whether wholly vritWn « 
Borfaee is wholly without, or partly within and partly without the mi " 
^'"^- netized body, is zero. This is clear from the equatii '""' 
Vol. I. which may be written for the present case. 



'a + vi6 + 



"^'^-JIJC£+t+">""- 



■ M 



sinoe the quantity on the right is 

The trutli of equation (44) may be seen from the foilowii* 
considerations. The eipreaaion {da/dx -{- i/dfdy -{- dc/dz)dgify& 
represents the auin, for a small rectangular parallelepiped of tiift 
substance having its edges parallel to the axes, of the prodnots 
of the average value of the component of induction, at eadi 
surface of tJie element into the area of the face. The integral o* 
the right of (44) simply espresses the aggregate value of the* 
sums for such olemeiite making up the portion of the body 
considered. Now dearly if we imagine the body divided into 
small elements, then each face of these will be common to two ' 
elements, eicept those faces which abut on the hiuf.ue. For 



"S 
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H]'caniirain face the prixliictit of imluctinn inlo «roa for tho 
> dUDWiM are cquul nnd opposite, aii4 i^unool one aiiotlmr. 
iln left then with the nggregitt« of tho proiinetH fat thn fnrri 
file lat&ce, and it is clear l>y [imjection tliat tlic suiu uf llio 
ttaobi of inducljuii fur tliese tAt:eB is 



/ ( 'J„ + ^i + i>f)i/S. 



the theorem. 

h may of course imagine a magneiic field divided up into 
itnbesof induction, tbHtis, tabular surf aces bounded by linea, 

iuch that the magneFtic induction over the oroM section of 
ia everywhere unity, I'he mngnetic induction over any 

oe is then meitBured by the number of unit tubca for, a* if in 
nenlly put, by the number of "linea") of induction which 
I through it. 

lis clear from the result that the magnetic induction over any lut 

snrfnce is zero, that tho surface integral of magnetic B 

on over on unclosed aurface depends only on the hounding *" 

'e. For couaider the Burface oloaed by a cap fitted to the *"? 

^^ary and not enclosing any part of the moK^etic distribution, 

let the integration he extended to the whole surface. The 
1 integ^rtd is then zero, and therefore tile integral taken over 
rap is equal and opposite to that over the original aurface. 
I holds if the cap close tlie aurface, whatever he ita form and 
itioa otherwise ; hence the integral talien over the aurface 
ends only on the form and position of the boundary, 
tfoltowa that we can express the surface integral of magnetic 
Helton over on uncloaed surface by the integral of a certain 
mlity taken round the bounding curve. Tlus quantity niuat 
directed, since its sign must change with that of the mngnetic 
notion. The sign of the integral will therefore depend on the 
Ktios of integration round lbs curve. Thus let e', &, U he 
Ctiona of the co-ordinates of a point {x, y, z) on the curve, 

^, dz^ the projections on the axes of an element dt of the 
fve we hove 



(«) 



round tao^^^ 



\\{la + Mft + nc)dS = kVdx + Gdy -(- Hdz) . 



y, ff, B, have been called by Clerk Maxwell the components 
uiB vectcir potenlini of magnetic induction. We ahall now 
1 the valuea of a, ft, e, in terms of these quantities. 
n is evidently possible to draw on the surface a Beries of curves 
tting at right angles, so aa to divide the surface into a series 
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Invastigs- of rectangular areas (so small that each may be taken as plum 
tion of with mcuuplote reotangles round the boundiog curve. Tlie arei 
Line q{ these incomplete elements is evidently vonisliingly small b 

Integral. coinpariBon with the sum of the areas of tiie complete elemenb 
and therefore the induction over that portion of the area may h" 
neglected. Now we can find the line integral of the veoto 
potential round any element traced on the surface by calculatini 
its average component alon^ each side of the element, mnlti 
plying by the length of the side, and adding the results. Tbo. 
let da, de be two adjacent sides of an elementary rectangle, oni 
let U, F he the mean values of the components of vecto 
potential along du and do respectively, then for the integral ronni 
the element we have 

U-h + Fdc + ^/ dude -(Udu + j-^ dvdH ) - Fdn 



' \d„ da 



S)"- (" 



Now writing dSfai the area dxds of the element and equitio 
the magnetic induction over the element to the value just fotuK 
we get 

(ff-'i-)"^ <'« + •' +">■'■' ■■■■('■ 

if ;, m, n, be the direction cosines of the normal to dS. Takin 
the line integral as above, and in the same direction, round B 
the elements of area into which the surface is divided, 
adding the results together, we have plainly only the int 
round the bounding curve, since each side which is comm 
two elements of surface contribotes two equal and opposH 
elements to the sum, and it is easy to see that fur each tnangl 
left round tlie edge the line integral along the two rectangulu 
sides can, in the limit, be replaced by the integral along tl 
third side formed by the boundary, so that a complete serit 
of elementary integrals, having the same direction round tt 
boundary, is obtained. Hence integrating round the curve, a 
over the surface, we have finally 

JAcoB<pds^ }j{k + 'H6 + «c)JS (48) 

where A is tlio vector potential, and the angle between 



VECTOR POTENTIAL OF MAGNETIC INDUCTION 

direction and the element eU of the curve. Substituting tlic 
eomponents of A parallel to the axes, we have 

If now our circuit be a small rectangle of sides d^dz at right ConiiK>ii 

angles to the axis of x, we get at once from (47) '^"^ "^ ^ 

exi>rfHK« 



in the same way 



^^dU dO 
dy dz 



dF 
~dz 



dH 
di 



B 

Xprt'HKtfll 

in terniH of 
Compon- 
ents of 
Vector 
(60) Potential. 



^dG _dT^ 
dx d\j 

It is clear, ns we have seen, that /\ G, H, are directed quan- 
tities, and their signs must be reversed by reversing the signs 
offl, b, c. In what follows we shall take the positive direc- 
tion of integration round any circuit as the direction in which a 
person must be imagined to go round the circuit so as to have 
the area always on his left, and the positive direction of the 
magnetic induction as across the element from the person's feet 
to his head. 

The vector potential A may be specified as follown. Consider 
an element, volume dr, of the magnetized substance, at which 
the intensity of magnetization is I. The magnetic moment of the 
element is for. Then (as will be seen below) the vector potential 
•produced by this element at a point distant r from it is numerically 
WtJ.sin Bfr^, where B is the angle between the positive direction 
of magnetization, and the radius vector r. The direction of the 
sector potential is at right angles to the plane passing through 
the directions of I and r ; and by the convention stated above 
appears to an eye looking in the negative direction of I to be 
drawn in the counter-clockwise direction. 

To verify this specification let X, a, v, be the direction cosines 



Specilica- 
tion of 
Vector 
Potential 
(1) Ele- 
mentary 
Magnet. 



«fi, 



^9 y^ ^t the co-ordinates of the magnetic element, f, rj, f, 



Verifica- 
tion. 



those of the point considered, then we have 



Idv 



smB Idv 



[Mf-r)-K»7-y)}» + &c]* . (51) 



from which the values of dF, dG, dH can be inferred by 
inspection. 

VOL. II. n 
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Vector Wiiling in (61) u for l/r, and for IK, I^, Ib, their values J, B 

I'otBntial C, Slid integrating throughout tho whole magnetized body, wt 

12) Finite gat for a finite magnet 
Miignet 



^ 






I'crilicj- Prom the equation a = dHldii - dGldCvre get by (62), n 
tiou. bering that diijcl$ ■= - dii/dr, &c. 






(53) 



The first term of this eipreBeion is Bicuply the force a at the 
point (f , I), C), aince the first integral is the potential at the point 
ISiVi fl- The second term of theespreaaioniazerouiilesathepoint 
(f. V' Oi f"'l within the limile of integration. In the latter case 
it ia — 4-rrA' if A' be the value of A at the point (|, ij, Q, for 
evidently we may regard u as the potential at (jr, j/, s), due to a 
pole of strength A' at (£, ij, and we know by Poisaon's theorem 
that then the integral has the value stated. Hence ill 
general we have by (52) a = a+ i«A', where X ia the component 
of magnetii!ation, and a the magnetic force, where a is taken, 
Similarly we could find from (52) i = 3-f 4)r5', c = y + 4ffC. 
where 3, y, S, C*,, "re the corresponding componenta of force and 
magnetization. Thus the general expressions (52) for the ooni' 
ponenta of the vector potential are completely verified. 
Energy of Betnming now to the determination of the energy of a magnet 
a Magnat. ia a magnetic field, we have proved (p. 22 above) tliat 



-ffjiAo + m+Oy)!/^^^^!! 



(54) 



i8pk._ 



lin that it measures tl 

when the miignet 



in whieh this expressioTi lins been found it 
ires the inereaae of potential energy which 



ereaae of potential energy which 
ia caused to take up the given 
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position against the action of magnetic forcen, that la, it ih ct\nn\ 
to the work which must be doue bv external furcen in bringing 
the magnet into the field. We shall now apply this result to the 
detennination of the whole work which must l>e done to build 
up any two distributions (A) and {ff) of niagnetiHui. Plainly 
this maybe regarded as consisting of three parts, £p the work (j^^. ^f 
done if (A) be suppose<l given in an intinite number of sinull two 
parts at an infinite distance from one another, which are then Mn;n"'tic 
put together to form the distribution, that is the work done in Distrihii- 
bringing these elements into the field simultaneously created by tions (J) 
their aggregation to form the magnet:* £2* ^^^® work done in and {B), 
similarly building up the other distribution ; nnd £3, the work 
done in carrying one magnetic distribution into the field of the 
other. Calling the components of force due to the dintributioii 
(i), Qj, j3p yi, those due to the distribution (B). oj, /3j, y^ an<l 
denoting by Ai, Bi, (^, ^j, B^, C^ the corresponding magnetiza- 
tion components, we have 

E,= -if f f{Aai + B,fi,+ C,yi)dx(iydz (65) Kmiyy 

J J J ot {A,. 

li= -i{ i { ^^+ B^+ Cifiidxdydz (5rt) ^^lH-rKy 

J J J of (//). 

Also we have 

Ez^-jfj{A^i + B^, + Ciy,)dxd^dz (57) 

in which the integration is extended throughout the volume of Mutual 

the magnet B, We have of course also by Green's theorem, Enerjry of 

or by the principle that the energy of (.i) in the field of {B) must the Two 

^ equal to the energy of (B) in the field of {J), Distribu- 

Bi^-fffiJiOi + BA+Ciy^dxdfdz (58) 

* The manner in which this is done is of importance. From the 
f&ct that similar masnets magnetized with equal intensity have similar 
^agnetie fields, so that equal forces are produced at points similarly 
utoated at distances proportional to the linear dimensions of the 
^n^ets, it follows that no work is done in breaking a magnet up into 
& number of parts all similar, and removing them to an infinite distancti 
from one another. If on the other hand the magnet be broken up into 
^ infinite number of infinitely thin filaments (each very long in com- 
P&rison with its thickness) taken along the lines of magnetization, an<l 
tl^ese be then separated to infinite distance from one another, the work 
done has the vame given in the text. See Sir W. Thomson's Electro- 
'^ics and Magnetism, p. 441. 

D 2 



tions. 
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Total 
Energy. 



The coefficient ^ in the two first expressions arises from the fact 
that with the annulment of the distribution its field disappears. 
Hence the total energy may be written 

E = E3 + E2+ E3 = -i///{(^l +^2)(«l + «2) + 

{B, + B,){^, + P,) + {C,+ C,)(yi + y^)d:vdydz . (59) 

or E == - if J j(Aa + JBP+ Gi)dxdydz 

if A^ Bi (7, a, 3, 7, be put for Ai + ^2» &^ » "1 + ^2' ^^• 

The integral may evidently be taken throughout all space, 
since at any point not within either of the distributions of mag- 
netism, each of the quantities A^ B, (7, is identically zero. 

We may put this expression into another form, thus : sub- 
stituting for A^ B, Cy their values {a — o)/4?r, (b — ^)lii:, 
Ma^etic (^ - rV^TT, we find 
Energy. +«, 



Alterna- 
tive form 
for 



— 00 
+ 00 

/ / I {aa + bp + cy)dxdydz 



(60) 



— 00 



Now remembering that a = — dVldx^ /S = — dVjdy^ y = 
— dFldZy and integrating the second integral by parts we see 
that it vanishes, since Va, Vb^ Vc, are each zero at an infinite 
distance, and a^ b, c, fulfil the solenoidal condition (41) above. 
Hence we have 

+00 

£ ^ LJ j ju^dxdydz (61) 



where H denotes the resultant magnetic force at the point 
X, y, z. 

If Hi, H2J denote the resultant forces produced at the point 
ar, y, z^ by the distributions {A) and (^) respectively, and % the 
angle between Hi and H2> we have by elementary trigonometry. 

W = Hi2 + ISLi + 2H1H2 cos e. 



GENERAL EXPRESSION FOR MAGNETIC ENERGY 



;i7 



Hence substituting in (61) we find by interpretation 

+00 



E''^///^*"^"^* 



\ 



— 00 



^^-llJf^''"''" 



— oo 



+ 00 



-8 



» i [ [ [HiHs cos e dxd^dz 



• • • 



• (02) 



Kxprt'h- 

hionii for 

IntriiiKic 

and 

Mutual 
Eiiergit^. 



—00 



which can be verified by (56), (56), (57), (58), it being remembered 
that by the definition of Eu E^, we must take o^ = a^ + ^^n <&c., 
flj = Og + 4tirA^y &c. 

These expressions are obviously capable of generalization for 
any number of magnetic distributions, or a single distribution 
regarded as composed of any number of parts. They may be 
taken as expressing tlie fact that the energy may be regarded as 
residing in the medium in which the magnetized bodies are 
placed.* 

We shall see later that magnetic force exists at every point in 
the space surrounding a conductor carrying an electric current, 
that in fact the molecular magnets composing any magnetized 
hody are most probably produced by electric currents flowing 
in molecular circuits, which are devoid of resistance, so that the 
current continues to flow without diminution of strength from 
generation of heat. We shall then find that if at, b, r, be 
the components of magnetic induction B, and a, ^, 7, those of 
magnetic intensity H, at any point in the field, the total mag- 
netic energy E is given by the equation 

+00 



General 
Expres- 
sion for 
Magnetic 
Energy 
whether 
due to 
Currents 
or Magnets. 



or 



E = ^jjj{aa + W + cy)dx(fyd2 

— 00 
+ 00 

E = ^ f f fBEdxdydz cos B 



\ 



(63) 



^00 



/ 



Assuming this we see that by drawing successive equipotential 
Barfaces so that ihe difference of potential between each pair of 
consecutive surfaces is unity, and supposing these cut by unit 
tabes, we can divide the whole field up into cells, each of which 
may be regarded as containing l/S^r of a unit of magnetic energy. 

♦ See Vol. I. p. 34. 
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Shell. 
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APPLICATIONS OF GEKERAL THEORY. 

MAQNETW SHELLS. LAMELLAE DISTMIEUTIO^ 

UNIFORM L Y MdONETIZED ELLIPSOID. 

■ A most important form of magnetic distributi 
consideration is that in wliicb we have a thin 
matter magnetized normally to its surface, 
sheet is called a magnetic shell. Its importance ( 
from the fact proved by Ampere that every 1 
circuit carrying u current is equivalent in m^ 
action to a magnetic shell of a certain uniform inta 
of magnetization, and having its bounding edge coiji 
dent with the circuit. A magnetic shell, it may befi 
stated, may be altered in position elsewhere than a 
boundary, in any way whatever, without affectingB 
magnetic action at any given point, provided ON 
the shell be not so changed in position as to cause ti 
point to pass through it, and that its magnetic momeu^ 
per nnit of area be uniform, and kept constant througl** 
out the changes of position. The chief properties o* 
magnetic shells are investigated in what immediately 
follows, and the results will he directly available when 
we come to consider the magnetic action of eiectrio 
currents. 

If dv be tlie tliioltneaa of t1ie slieet at any element dS, Ui» 
volume of tlie element is dv . dS. If I then be the intensity of i 
magnetization lit the element, tlie mugnetic moment of thia 
portion is Idv . dS. The product Idv is called the strength of th» 
Bheli, and ia iisu.-illy denoted by *, This may vary from point, 
to point of the shell. 
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We shall consider first a simple shell, that is one for which * Simple 
has the same value at every point. By (14) above, if we con- Magnetic 
sider any element dS of the shell, and 6 be the angle between Shell, 
the direction of magnetization of the shell, taken positive when 
drawn from the negative to the positive side, and a line drawn Potential 
from the element to a point P at distance r, the potential at P of Simple 
due to tlie element is ^dS cob 6/r^. But dS cos 6 is the projection Magnetic 
of the element at right angles to r, and therefore dS cos 6/r^ is Shell at 
the area d<o, traced out on the surface of a sphere of unit radius, any Point, 
having its centre at P, by a line passing through P, and carried 
round the boundary of the element, that is, it is the solid angle 
subtended at P by the element. It follows therefore that the 
potential F sA. P produced by the whole shell is given by the 
equation 

r = *© (64) 

where a is the total solid angle subtended by the shell at P. 

This is also, of course, the potential energy of the shell in the 
field due to unit magnetic pole placed at P. 

It is evident that the value of F depends only on the strength Magnetic 

of the shell and its boundary, and hence we have the remarkable Potential 

result, that any two shells of equal strength, which have the and 

same boundary, produce equal potentials at the point P, provided Magnetic 

P does not lie between them. -^^rc^ ^"« 

to closed 

Shell. 




Fig. 7. 

If the shell be closed its potential at any external point is zero, 
since the solid angle is then zero. Such a shell therefore pro- 
duces no magnetic effect at any external point. At every internal 
point in such a shell however the potential is ~ 47r* (if the positive 
side be outwards, or +4jr* if the positive side be inwards) 
since the solid angle is then 4m There is therefore no magnetic 
force at any internal point. 
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I BeskoniDg In tLe reckoning i>f soliil angles in this conrertion we sh 
I of Solid adliere to the I'oUowing convention. Let P, F be ndjacent ptai 
I Anglea, 0,1 opfioaite aides of a aliell S, (Fig. 7), of wliicli P is < 
I tlie positive Hide. Then HUpposing the auiid angle Hiibtended U 

1 P by the ehell to be a, that subtended by the ehell at 1 

I token as 4) — 4ir ; for, plainly, if the generatijig linea of tbo cmtS 

which meet nt P' were turned round the edge of the ehell froutS 
meeting at P" tu meeting at P the solid angle would change ' 
! the procexa by 4ir, and we must take it as being increaBed 

f that amount. 

Or, the difference between the solid angles may he seen thus ; 

consider the two simple shells A, B, of which ti aaotion by the 

plane of the paper is shown in Fig. 8, which have a common , 

' itniiary b, 6, and form a closed simple shell, the positive facs 

which is the outside. Let P, F be infinitely near points, the 



Solid 
Augie^ai 

, Sides of 
iShelL 




former on the outside, the Utter on the inside of A. Let the 
poteniial due to J at P be F,, otid at F, T,, The potentials at 
P and P producpd by B will be the same. 7", say. But we have 
F, = *B, V^-\-r' = - 4b*, and V^-^-V = 0. Thus we get 
Vi = t{a — 4ir) B8 already atateil. 

Hence the potential of the Rhell K varies, as the point at 
which it is measured changes in position from P to P' round the 
edge of tlie shell, from the value *ai to the value *(u - 4ir). 
If the point pass from a position infinitely near the negative side 
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through the shell to an adjacent position on the positive side, Lamellar 
the potential increases by the amount 4ir*. Magnet- 

In some cases of magnetization, as for example the induced 
magnetization of soft iron in certain circumstances, the body r;o«^i+i«jj 
may be regarded as made up of simple magnetic shells, either fuigug^ 
closed or having their edges in the surface of the body ; in such -^y 
cases the magnetization is said to be lamellar. If we take ^ to 
denote for such a body the sum of the strengths of the shells 
encountered by a point made to pass within tlie magnet from any 
given position to any other position (x, y, z), we easily see that 



dx 



dA/^ dz 



(66) 



^ is called the potential of magnetizaUon, since the quantities 
A, B, Cy are derived from it by differentiation. When they can 
be so derived they are said to fullBl the lamellar condition. Now 
we have seen, (20) above, that the potential V at any point 
(5> 17, f) due to a finite magnet is given by the equation 

''-///(^l+^l+4:>'** 

if u be written for the reciprocal of the distance r from (;p, y, 2) 
to (^, 17, f.) Hence for a lamellar magnet this becomes 



Poteutial 
due to 



y^nmdu d^du^^^du A _ _ Lamellar 

J J J ^dx dx dy dy dz dz' Magnet. 



Magnet. 



Integrating this expression by parts, and putting /, »;, », for 
the direction cosines of the normal drawn outwards to an element 
dS of the surface we get 

" \ \ \<i>^Hdxdydz (67) 



in which the first integral is taken over the surface of the magnet, 
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the aeDond through its substnnce. Each element of the 1^ 
integruJ may be written in the fomi i^ coa 6 dSji^, -n-bere Sm 
mgle between the nonnal and tlio direction of r. Each d 
of the second integral is zero unless the point ($, i), f) & 
the limits of integration. In the latter case the integral ll^ 
value (see above, p. 34) - 47ri^' if 0' be the value <£M 
(£, ij, f ) Hence in general we have for a lamellar magnet W 



"ll> 



edS+Awfi-. 



Continuity The value of F given in (68) is continiiousM the surfl 

of the inogneL For plaioly we may regard the anrfaee integ 

Potential the potential at P of a magnetic shell coinciding with the at 

at surface ^^lA of strength 0, varying from point to point. The polS 

"' of this shell at two adjacent pointH, one just outside, the^ 
Ijmallu' jiigj. iflgj^g^ differ only by the potential due to the portion r 
"^""^ shell immediately between the points. Tims denoting the q 
integral hy Q, if Q., Qi denote the values of the surface tT^ 
at the external and internal points respectively we have 



Oe = Oi + ^T0' 



and aa the terra 4n^' of (G3) disappears in the passage _ 
inside to the outside of the surface, the potential is out 
by the passage. 

Definite- But the value of ?^ whether at an internal or an estemal JKit ,. 
nesa of at first eight seems indefinite, since the value of </> depends upon 

Value of the zero of reckoning chosen for it. This is, however, not the 
y, case, for if any arbitrary value of ^ be taken for a point in the 
surface, its value is thereby fixed for any other point, and it is 
clear that choosing any other value for that point would simply 
increase the strength of the shell by the same amount at every 
point, that is, would superimpose a simple closed shell of strengUi 
c, say, on the former. The value of (^ at every internal point 
would also he increased by the amount c. Hence, for the poten- 
tial F at an internal point we should have 



'in.* 



m6dS-ATre + 4Tv(<li' + c) 



that ia, its value would remain unaltered. At an estemal point 
the additional potential would be that of a simple closed shell of ' 
constant strength, which is zero. 
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The external and internal action of the lamellar magnet tliiiR 

depends only on the variation of strength from point to point, 

and not on its actual value. For an eztcniiil point tlion-fort* it 

depends only on the variation of <f> from point to noint along the* 

Bvface. But by the values of A^ B, C\ in (66) it iH cl<*ar thut 

the rate of variation of <f> in any direction along the Horfac^ iH tin* 

tangential component of magnetization in that direction, llcnco 

tlie external action of the shell is given if the tangcntiul <'oni- 

ponent of magnetization is given for every point on the Kurfaci*. 

Since in a lamellar distribution of magnctiKin we have 

r=0 + 4ir<^ 

and Af B, C= d<l>/dxy &c., a, /3, y ■» — dFjfix, <&c., we liave 



, da dQ da 



(TO) 



Action of 
I^iiirlUr 
Ma;(ii«*t 
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respectively. Q is called the potential of magnetic induction. 

It is plain that in a lamellar distribution the direction of mag- 
netization is everywhere at right angles to the surfaces <^ = r, 
that is, the surfaces of equal potential of magnetization. 

The potential energy of a simple magnetic shell in a magnetic Energy of 
field is given by equation (29) above, modified so as to suit the Siinph: 
case of the shell. If dS he an element of area, /, w. n the Shell 
direction cosines of the normal to the shell drawn from its 
negative to its positive side, ^ the (uniform) strength of the 
shell, and dp its thickness, we have Adv = /♦, &c., and there- 
fore 



E= - ♦ f f{ia + mfi + ny)dS. 



(71) 



that is, it is the product of the strength of the shell into the 
surface integral of magnetic induction over the surface. Hence, 
by (45) above, the energy of the shell in the field may be 
expressed hy a line integral taken round its boundary. 

We have an interesting and extremely important case when 
the field is produced by another simple shell. In this case the 
mutual eneigy of the shells is expressible as a double line 
integral taken round their boundaries. Calling the energy in 
this case Eg^ we have at once by (45) and (71) 
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MAGNETIC THEORY 

wliere ii is an element of the boimdary nf tlie Bbell, and J 
/Tare given by {See equations (52), p. 34.) ■ 

'-♦■//(-■'"-"■.7)H 

in whioh tbe accented letters and the integrations 
aliell producing the field, and a is tbe reciprocal of the distanoft 
between a point (r, », jt) in one shell and a point {if,s', i") in th« 
Other. Now by writing in the first of (73) nidS' = d^d^, fOS^ 
dy'd^, it is easy to see that F is equal to the line integral of 
udy/iii'.da^ taken round the bormdMry of llie Bbell. The swnff 
tiling may be proved by equations (49) and (50) of p. 33, by 
putting there F ==«, 6 =Q — li, nnd using accented variables. 
Similarly G and Hia (73)may bedtalt with. Hence we tind for 
E„ the erj nation 



E„ = 






iJii liy , (/= rfe' \ 



ji/y 



where 8 Ih the angle between d> and di". 
Energy of For a lamellar diatribution of magnetism we have by (. 
Lamellar and (65) 
Uiatribu- 

which integrated by parts becomes, since V*^ = 0, 

where dF/dv is the rate of variation of F along a normal to the 
shell drawn from tbe negative to the positive aide. 
Camplflx Hitherto we have dealt only with simple shells, or with 
Shell. lamellar distrihutions built up of simple shells either closed or 
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We shall now consider the potential and force at external and Potential 
internal points in one or two important canes of magnetization, aud Force 
We shall deal first with the magnetization of a body of unifonii i" Partic- 
8U8ceptibility when placed in a uniform field. The ma^etization ^^^^ Cajic*. 
of the body will also be uniform, and we shall suppose it known 
io amount. We shall deal with its relation to the magnetizing 
' force later when we consider determinations of susceptibility. Synthesis 
\ Any case of uniform magnetization may be regarded as pro- ofUnifoini 
duced by supposing two uniform volume distributions of ma;r- Magnet- 
netism, equal in density but opposite in sign, to be made ization by 
coincident with the body and the negative diHtribution to be (-'ouches de 
then displaced through a small distance in the direction opposite ^'* w«t7/if?it 
to that of magnetization .♦ The (finite) product of the volume 
density p, supposed infinitely great, into this displacement, 
sapposed infinitely small, is the intensity I of magnetization. 
Now if pU be the potential at the point P produced by the 
positive distribution, the potential at the same point produced 
by the negative distribution displaced relatively through a 
distance — d*, will be equal in amount and opposite in sign to 
that which the positive distribution would produce at P, if 
■P were displaced through an equal and opposite distance -f fix, 
tliat is, - p{U'\- dU/ds.ds). Hence if /^denote the potential at 
f due to the magnet, we have 

r^ -^.p.88= -1-^ (90) 

as as 

li \, fi, V be the direction cosines of I we have A, B, C = Potential 
^1} /*!, vl, as before, and therefore (90) may be written at Internal 



\ ax aif dz J 



Point 



jf -T, Y, Z, be the components of force at P due to the positive 
distribution. From this expression the components of magnetic 
force can be obtained by differentiation. 

We might also obtain equation (91) by remembering that any repre- 
eleinent of volume, dr, distant r from P, has the magnetic sented by 
Jnoment Ifii?, and produces therefore a magnetic potential at P, a Gravita- 
of amount Idv cob O/r^, where is the angle between I and r. tional At- 
But this is the component force at P (on unit mass) in the traction, 
direction of I due to a material element of volume fir, and 

* See Vol. I. p. 122, and above, p. 27. 

E 2 
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density L Hence the whole magnetic poteiitUI at P ia nunieri- 

cully eqiial to the resultant force at P due 1o a uDiform. distri- 

bution of matter, coinciding with the body, and of density I; 

which ia what (91) expresBes. 

Uniformly We shall now consider the case of a uniformly mngnetized 

Magnet- ellipsoid. Let the axes be a, b, e, and the intenBity of its mag- 

izBd iietization I, it is required to find the magnetic potential of the 

Ellipsoid. ellipHoid at an external point P (if, ij, f). By the last paragrapli 

this problem will be solved if we tind the axial components of 

fores at P due to a nnifonu ellipsoid of any density p. 

Attraction l^ow we know that the force at the surface of a thin elliptio 

o( Elliptic homcBiiid* is at right angles to tlie Burfaee, and equal to iirrp, 

HomiEoiii where r is the thickness of the homo=oid at the point. Now by 

on Exter- Maclaurin's theorem of attractions f (extended to eoofocal 

niilPartielo liunKEoids) the attraction of an elliptic homceoid at a point 

atSttrfacB p{£^ ^^ f) ig equal to the attraction at P diie to a confoesl 

liomoeoid the extemul Burface of which passes through P. 

equation of the surface of the given ellipsoid is 

^J + ^+l' =1 . 



where 1 > 5 > If Bfl be small the equation of the inner sur- 
face of a thin hotni£oid for which (93) is the equation of tli« 
r Burfa e is got from (93) by multiplying ff' by I-2M/*' 



; the tbickneaa of the homceoid I 



I -ml 

t is p^l* 



whero p 1^ the perpendicuiar let fall from the 
tangent plane at the pomt. 
' Again the equation of an ellipsoid confocal with the out* 
surface, aud passing through P is 

(M) 



Ellipsoid 

atExtonial ^^here o 

Point. 



P (a^ + *'; fi'^ = ff' (i' + <f *), f-' = fl= (ri + *«), H 



• A shell bounded by vo similar and dioilaily aituated conoentrio 
ellipeoirinl Burfacaa. ToL j. p. 47 ci Sfj. 
+ VoL r. p. 51). 
See Vol. l.p. 48. 
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• «2f I (.Z0CO80 - .Zi) 5 + (^ico«o -./,>('])' + 

^fcweitistobe remembered «Zo >■ 1, and «/( = comi, mt ili.it 
•ZfCOBa - aZj, the first term in ihe second Bifii#*H, in Zfri». 

The solid angle » at a point P not on the hx\h ran now ho rot«iiti.iI 
obtained at once. If ^ iJe the angle l>etween T/'and lh«* axis, at any 
j. ind we denote CPhy r, and the i**» zonal hannonir with n-*!'** t 
toHy fiZi^ we have, taking the strength of the hIicH as unity, 

• = 2jr{l + cosa + (e^i coso - .Zy) $Z^ - 



Toil. I. 



+ (a^2 COS a 



-^Mr{^y 



I 



(TK) 



or 

• 



=2r^co8a - ^2) eZ/^y + (.Z, COS a - .Zj)«Z (^Yh- . . .| . . . 



("•♦) 



according as <; > or <" r. But by the fundamental relations of 
spherical harmonics we have, writing /* for cos^ and /', f<'r 



^i"M^i-i=-7a-MV',., j 



'SO'. 



Hence the series for o> may be written in the more compact 
fonns 

• = 27r {1 + cos o - sin* a^l ^Z'i . gZi^-J i . . . . (81) 
a,=27rsin«a]^-^.^'i.«Zf(|J^' (S2) 



or 



We can from these expressions find the potential energy of ^lutual 

two circular magnetic shells in any relative positions. We may Potential 

without loss of generality suppose for simplicity that the shells En^gy o^ 

&fe segments of spherical surfaces having a common centre C\ ""^ 

> • 



I 
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At an internal point the force due to the elliptic homoeoid 
external to the point is zero, and we have only to calculate the 
force due to a uniform ellipsoid similar and similarly situated to 
the given ellipsoid. Let the semi-axes he 0a, Ob^ 6c respectively, 
and substitute in (96), observing that the limits of integration 
are now and oo , 

Then 

.00 



x=2.,.»..4 ff) 



or writing -^^ for ^"/^', we get 



Je 



{(a^ + X^)n*' + X*;('^ + xW 



(98) 



and similarly for Y and Z. It is to be observed that the inte- 
grals are now independent of (^, 17, f). Hence we have, writing 
2, 3f, N for the multipliers of ^, 17, f, in these expressions, 

F =^ JLi + BMfi -\- CNC (99) 

and 

a ■= - ^L, 3 = - jBM, y^ - on . . . (100) 

that is, the magnetic force is uniform in value within the ellip- 
soid, and is the same for the same intensity of magnetization 
within similar ellipsoids. The direction of the force is not how- 
ever that of mag-netization unless the latter coincide with the 
direction of ono of the axes of the surface ; then the force acts 
in the opposite direction. 
Results The integral can be easily evaluated in finite terms when the 
in Partic- ellipsoid is one of revolution. Thus to find Z, we write 
ular Cases. («^ "h X^)* = ^l^> ^"^ t^® integral then reduces to a form at 
once integrable. Similarly M and N may be dealt with. The 
results are 

(1) Prolate W ^^^ ^ prolate ellipsoid of eccentricity e (b = c=a Vl — e^) 

Ellipsoid. 



z.v^(i,o.i±.:-o 



(101) 



./=i.= 2.p^^(l-i^'logi±^) 
(2) For an oblate ellipsoid of eccentricity e, {b=c = a/ Vl— e^), 



USIFORMLY UAGSETIZEn ELLIPSOID 



J/=,'\-=2«-p- 



■') 



From thane results (writing 1 for p) we can ensily find formulti- 
ft' ipecinl cases. TIius if the ellipeoid be iofinitely long-, (1) 

gi'eHi=0, Jf=iV-2?r. 

ThuB the magnetiu force within an infinitely long nniformly 
in^aetized cyliniler ia xero if the miignetization is pnrallel (o 
the Lxin, and is perpeudiculitr to the nxia and equal to — 2irl if 
tlie cylinder is niftgnetJKeil Irnnsversely. 

Again let the ellipsoid be spbericol, that is, let e— 0, and let 
"te direction of magnetization be parnllel to the axis of r. 
TbcD the force is 



-IL = 



JtI. 



(103) 



Mee4jr/3 ia the value of the vanishing fraclion which L is in 

Theie two results might have been inferred from (he investi- 
^lion on p. ST above, of the furco within a Hpherii'al or 
cylindrical hollow cut within a magnet. 

Lautly, let the ellipsoid be very oblate, a disc in faci, then 
V=iV=)r'a/i;, and the force at right angles to it is 



-U^-inl. 



. . . (104) 

riieae forcea are all in the opposite direction to that of the 
magnetization, and tlierefi-re act as demagnetizing forces. We 
sfi8ll conaider llieni fully when we deal with induced magnet- 



Skctios IV. 

INDUCED MAGNETIZATION. 

We now pass to the consideration of induced mag- 
netization, and shall consider here only the problem of 
the magnetization produced in a homogeneous body 
when placed in a uniform magnetic field. The essential 
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nature of the magnetization of the body ia not kEOwc 
■Wobat's to us; but probably Weber's theory is substantially 
Mwi^tio '''"^' ^'^- *'^^' *'^^ hody consists of particles already 
[nduction. magnetized, but so arranged in the unmagnetized mass 
as to give no resultant external magnetic effect, It 
has been conceived that the magnetization of each of 
these small particles may consist in rotatory motion of 
the ether; and if this be true the direction of rotation 
ia what corresponds to the notion of polarization. 

According to Weber's theory, when a body, unmag- 
netized in mass, ia submitted to the action of a magnetic 
field, the molecular magnets undergo an alignment, so 
that like extremities are turned preponderatingly in the 
same direction. Each particle experiences a couple 
tending to turn its axis into coincidence with the 
direction of the magnetic force, and, unless prevented 
from turning by frictional or other resistance, it moves 
towards that position until brought to rest by an 
equilibrating couple due to mutual action between the 
molecule and the surrounding particlea. Thus the 
, molecular magnets are in general prevented from 

coming every one into coincidence with the direction 
of the magnetic force, in which case no further mag- 
netization would be posaible, and we know that by 
increasing the magnetic force we can increase the 
magnetization, although not in an unlimited degree. 

Again, when the magnetizing force is removed the 
substance does not in general return to its former 
unmagnetized state, but does so only to a certain 
extent, retaining under some circumstances a very 
considerable amount of magnetization. 



INDUCED MAGNETIZATION 

Thig property of resisting magnetizing actiun, and 
Df retaining residual magnetization, is sometimes calleil 
' wtnive force. It has been attributed to sometliing 
aiialogouB to frictional resistance, wliich prevents tlie 
magnetic particles from moving freely in obedience to 
the magnetizing force and from returning freely when 
it is removed. A theory in which the mutual action 
of the molecular magnet,"* plays the chief part has been 
put forward by Ewing, and will be considered in 
Chapter XIII., but it may be stated here that 
mechanical agitation, such as jarring or tapping an iron 
wire or bar, in general increases the magnetization 
while the body is under the influence of magnetic force, 
and diminishes the magnetization when the magnetizing 
force has been removed. The mechanical disturbance 
enables the particles to obey more completely the mag- 
netizing or demagnetizing action, as the case may be. 

If a piece of iron be subjected to a gradually in- 
crea-sing magnetic force, and then to a gradually de- 
creasing one, the two magnetizations for the same 
magnetic force, are, in consequence of residual mag- 
netism, not identical. This phenomenon we shall see 
indicates dissipation of energy in the magnetized iron. 
We shall deal with this, and with other phenomena 
when treating of the experimental work on this subject. 

We sball consider first the case of a spherical portion of an 
nulotropic body pluced m a uniform mnguetio field, and e^tsmine 
the magnotiKatioQ which it receives on the followiug supposition: 

The total magnetization which the magnet receives ia the 
naultant of the magnetizations which the several parts of the 
oiBffRetizing system would produce if each acted alone. 

This implies, first, that if the iDtensity o£ the field at each 
point is altered in aoy ratio, the magnetization is simply altered 
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Assnmp- in iatcneitj io this ratio at each point without change of direo- 
tian ns to tion ; seconi, thiit miignetizatious in different directions are 
Super- produced in the suhstanco, a'ld are Buperposed aa if no other 
jmsiUOB of magaetization ware present. In point of fact these conditions do 
M^neti- uuj hold, and their asBumption giveH only an approximation to 
zations. j.j|^ reanlt in any actual case. The mugnetic susceptibility is, ai 
we shall see, a function of the magnetizing force ; and the mag- 
netic hehaviour of the material ia further complicated in a great 
many ways not here taken into account.* The investigation now 
to be given however yields results of great theoretical interest 
which are of much importance in the theory of diamagnetism 
and magnecryslailic action, , 

The supposition made above gives for ji, B, C espresaiona of i 

Ma^ineti- A = pa -\- v& -\- iy ] 



Id tensities 



3 + *7 V (105) 1 



parallel to C = Ca + s'^ + T J 

thaAiee. „],gre a, B, y are as usual the components of the resultant 
raagnetie force H, and p, g, r, j, j', (, (', u, u', coefficients. We shall 

iHee dircut]y that e = s', t = tjU = u', that is, that a magnetic 
force of a certain intensity acting in the direction of the axis of 
y produces the same iatensily of niagaetization parallel (o the 
axis of X. aa is produced parallel to the aiia of y, by nn equal 
force acting parallel to the axis of x, and so for any other ' 

Taking the sphere as of unit volume the component magnetio 

moments due to the magnetization are «imp]y J, B, C. Hence 

Coniilea ''"' ^phere in the field ia acted on by a couple round each of the 

acting on ""es, the moment of which is, for the 2 aiis, (34- aS(=Ni a"?)- 

I Sphere, Now let the axes he fixed in the sphere, and let it then be turned 

round the ttxifi of J. If be the angle which the direction of H 

makes with the axis of 2, <ji the angle which the projection of 

H on the plane of xy makes with the axis of x, we have 



Hence the work done in increasing ^ by the small angle dip ia 
Nrf*= -H=[i«'cos=:/>-«sin^ + (7-;.) sin ./.COS 0i ain^S 

+ («coBi/,-/Bin</.)siaflcosfl]^0 . . (106) 



* For a detailed examisation of the theory of inductive aagnetiza 
tion the roadar miiy vefer to Duliem's L'Aimanlation par litjtuanct. 
Paria, 1883. 
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The work done in turning the body through a complete revolution 
is therefore 



f^''rid<t> = wH* 8in2 e{u - u'). . . . 



(107) 



cieiits. 



Now since the body has come back to its former jiosition itR Reciprocal 
magnetization is by hypothesis the same as before, and no work Relation 
can, on the whole, have l>een spent or gained in the revolution, between 
otherwise the body would be either a continual Hource of energy, Toetti- 
that is, a perpetual motion, or a place where ener^^y is con- 
tinually dissipate<l. We shall see later that there can be no 
such dissipation of energy on the supposition of constant mag- 
netic susceptibility. Assuming then that the work is zero we 
have u = «, and in the same way we could show that * = *', 
t = t\ The equations (105) above can therefore be written 



A = /Ml + «/3 + /y 
B — fta -\- qH 
C = ta + s^ 



+ ry) 



(108) 



The magnetization in any direction the cosines of which are Magneti- 
/, m, ftf is zation in 

any 
I A + mB + «C direction 

'^pla+qmP+my+uil^+ma) +s{my+fiP)+t{na+/y) (109) 
If /, «f, n be the direction cosines of H this equation becomes 



U+mB+nC=-'E{pP+qm^+rn^+2uim'^'2smn+2tHi) (110) 

Now if we consider the quadric surface of which the equa- 
tion is 

f^pl^ + grn^ + rn^ + 2ulm + ^smn -f 2inl) = 1 . (Ill) 

we see that the quantity within the brackets in (110) is inversely 
proportional to the square of the radius of this surface drawn in 
the direction of /, w, n. Hence for different directions of H the 
magnetic moment of the sphere in the direction of H is H/V-, 
where r is the radius in that direction of the quadric surface of 
which (111) is the equation. 

Further since by (108) A = H(/>/ + «w + tn), &c., we see that 
the resultant magnetization is in the direction of the normal 
drawn to the quadric at the point at which the radius in the 
direction of H cuts the surface, or, in other words, is at right 
angles to the diametral plane of all radii in the direction of 
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Principnl It followa £roni tljis tliat along the principal nsea of the quadric 

Axes of enrface represented by (HI) the magnetization coincideB in 

Ma^ieti- direction with tlie magnetizing- force. Now the directiona of 

lation, j]iB aiea of this quadric are given by the equations 

pi + um -i- In = ki \ 

„l + qBi + t« = km\ (112) 

(I +g^+TH = i-« J 

where t is a constant. Eliminating: /, m, n, we get 



I ^, >, r-k\ 

which is a cubic from which Te can be found. The three roots i,, 
jtij, jj'j, of this equntion succesaivety subatitnted in (112) enable /, 
m, H to be calculated for e&ch of the three axes. 

Now let H be in the direction of one of the axes (/, m, «) thus 

found. The raagnetizatioo in that direction is lA -\- txS + aC 

Principal Substituting the values of A, B, C given by (108) and having 

Magnetic regard to (113), we see tliat the magnetization iiaa the value fcfi. 

Snacepti- Hence i„ *j, i, are the magnetic susceptibilities in the direction 

bilitiea. of the axes just found. Tliey are called tlie principal magnetic 

euHceptibilities of the aubatanee. If the axes Just found be chosen 

for reference the coefficients », (, a of (108) vanish, and we have 

p = i:^, ^ = k^, r = ij. We hnve thus alao three principal 

magnetic inductive capucitioa, viz. 

ftj = 1 + 47ri„ /*, = ! + 4jria, /ij - I + i^ris ■ (114) 

The physical meaning of the principal ausceptibilitiea is 

apparent from their mode of derivation ; that of a principal 

magnetic inductive capacity n can at once be inferred. Cr* ' 

crevasse at right angles to the axis in question, and suppose uio , 

magnetiKation unaffected in the remainder of the body. Then if ^ 

H be the magnetizing force in the direction of tlie axia and B • 

tlio induction across the crevause we liave B = fiH- I 

Choosing now the principal asea as axes of reference, and. j 
putting a, ff, y for the components of the inteusity of the ex- j 
temally produced field, we get by (103) for the components of | 
magnetic force within the sphere the values a - 4/3 . irA, 
3^4/3. «£, 7 - 4/3 , jrC. Heoco A = *i(a - 4/3 . irA), 
B = &c., and tiierefore 
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J= ^ a, B^ ~* — ft C- - ^' y (115) 

The sphere is acted on as we Lave seen by three component Couples on 
couples, of values yB - fiC, aC - yJ, (iA - a//, round tlie Sphere in 
axes of ar, y, z respectively, in the positive direction, viz. from Terms of 
X to y, V to z, z to X. Denoting tliese by L, M, N, we get Printipal 
by (115) SuHcepti- 



L = ^2 "^3 ^ ^ 

(I -h ^'nk^ (1 H- i-i^kf^ 



bilitius. 



(110) 



(1 + i'^^i) (1 + S^A-j) 

The sphere thus tends to turn so as to bring the axis of greatCKt Positions 
magnetic susceptibility into coincidence witli the direction of the of Stable 
magnetizing force. The sphere is tlierefore in sta])le or in un- ^ *"^1 
stable equilibrium according as the axis of greatest or the axis of Unstable 
least susceptibility is in this direction. ..| V"" 

The total magnetic induction through the sphere across a ""^^^""' 
central section at right angles to B is nr^B, where r is the radius 
of the sphere. Now the components of B are /xjo', fiM', /Zg-y', 
where o', /3', y' are the magnetic forces within tlie sphere in the 
directions of the principal axes. Let for simplicity the sphere be 
80 placed that the field of force is at right angles to tlie axis of z. 

Then B « (fij^a'^ + fi^^P'^)K But 

a' =. a - AttA/S = a/(l + AirkJ^) = 3o/(fti + 2) ; 

and similarly fi' — SPI(fi2 + 2). Hence substituting, and patting Magnetic 
(j> for the angle between the direction of H and the axis of .r, and Imiuction 
S for the surface integral irr^By we find through 

Sphere. 

^= 3^ { (-^-rjcoa^* + {-;i ,)■■' -■> } ' (117) 

If f4 be the greatest magnetic inductive capacity, and /xg the 
least, the greatest number of unit tubes of induction (or, as they 
are commonly called, "lines of magnetic force") which can pass 
through the sphere per unit of the impressed magnetizing force 
is 3jrrVi/(A4 + 2), and the least number 37rrV2/(M2 + 2). The 
sphere therefore tends to set itself so that the magnetic induction 
through it is a maximum. 
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iny espresH tlie renultant couple in tenna of S and the 
'■ inaE^netic inductive capaciiiea. Clearly if y = 0, its value is N 
of (116), Bnd tLU ni»y be written 



Can of 
Iw Ironic 
Sphere. 



UTr'r ^, + (1, + ^jPj dip 



{118) 



by (117) above. Here jn^ has been put equal to ita Talue 3/4, so 
that the furniiilB is suited Co a sphere of any radius. 

In the pmticular case of bu iaotropio sphere fc, = t^ = Aj, 
= k say, and the siiBeeptibility and magnetic inductive capacity 
are the same in all directions. Thus tlie ooefBcientB of a, a y, in 
(116) are the same, and the common value is i/(l + 4/3 . n-A). If 
i be g-reat this is lip proximately 3/4>r. Hence (lie magnetization 
inteniiitj oE a highly sitacepttble sphere is always leas thrtn. but 
nearly equal to 3/4(r . H. It is thus useless to attempt to deter- 
mine the BUBceptibiiity of a highly Huaeeptible substance by 
experiniente on .a portion of it of a spherical ahftpe. In the 
comparison of different specimens, the influence of slight j 
differences of form would completely mask difTerences of . 
susceptibility. i 

The couples calculated above vanish for an isotropic sphere, 
and the sphere is in equilibrium in all positions. The magnetic 
induction through a central section Rt right angles to the field 
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Fig. 12. 



is now 3fi/(/i + 2) . wr^H. This is greater or Jess than ttt^H 
according as fi > or < 1. In the former case the body is said to 
be paramagnetic, in the latter diamagnetic. Thus the number of 
tubes of induction through the central section is increased by the 
presence of the substance if paramagnetic, diminished if it is 
diamagnetic. The field outside and inside in both cases is 
shown in Figs. (11) and (12), which are Figs. 30, 31, now re- 
peated from Vol. L, pp. 125, 126. 

We shall here consider, very briefly, the problem of an iEolo- 
©olotropic ellipsoid in a uniform field. We shall suppose the tropic 
ellipsoid cut with its axes of figure coincident with the principal Ellipsoid 
axes of susceptibility. The force within the body has now the in Uniform 
values in the direction of the axes Field. 



.' ~ 



= a - ^ /3' = 3 - BM, y = y - CiVT . (119) 

where Z, My N have the values given in (101) above. The second Compo- 

term in each expression is the component force due to the nents of 

magnetization. Its effect is to oppose the magnetizing com- Magnetiz- 

ponent ; that is, ALj BM, CN are components of a demagnetizing ^"8 Force, 
force. Therefore if k-^^ A'g, A'3 be the three principal susceptibilities 
the values of A, B, C are given by the equations 



1 + kjj 



B = 



1 + A'2.1/' 



c = 



I 
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Hence if the field be at right angles to the oxib of z, •y = / = 0, 
and the couple on the ellipsoid is by (120) (if^ ff, A be the 

. N - Musj-"} - >-^^' ,i'; w + W °^ <™' 

t From (120) it follows that if i,, ig ij be bo Bmill that their 
second powers may he neglected, ^ = tjO, B ^= k^, C = AjY; 
thit is, the intemnl demagiietiaing forces AL, BM, CN, are 
without sansible effect. TheBa forces depend (see p. 64) upon 
the form of the body ; hence in weakly magnetic suhf^ttmcea it ia 
of little conseqiienue whether tlio body be of elongated shape or 
not. Tn fact for aiich bodieB the shape of the specimen experi- 
mented on is without influence on the magnehization. \ 

If however the values of k^, h^ ij be very great tlie magnetiza- 
tion of the body depends almost entirely on the shape of the | 
body, since then the values of A, B, C depend mninly on L, M, If. \ 
Tliua in highly magnetic bodies such as iron, the magnetization 
\^ principally affected by the shape of the specimen. For 
example, the magnetization in the direction of the axis (nay that 
of*) of a vary elongated ellipsoid is pmetically independent of 
£, since by (120) we have A = t,a simply. On the other hand 
for a very short ellipsoid (or disc) we have, since Z = 4jr, ] 
A = t]<i/(I + fcii) = 0»i — l)a/4jrft[. In the ease of a dia- 
magnotic body (see p. 65 below) i, is negative, and hence if the 
body were shaped so as to give L = — 1/fci, a finite magnetizing \ 
force would give infinite diamagnetizution. j 

The couple actiogon the body has two different limiting valuer \ 
according as the su seep tibili ties are very amal! or very great. If , 
the former the couple is 

ih - hha 

1 -1- L\L + k^M ' 



N = ^r^* - 



(122) 



and the ellipsoid tends to turn its nsia of greatest susceptibility 
parallel to the direction of the field. 

If the flusceptibilities he very great the couple is approximately , 
^wfyh{M — L)a0jLM, and this is positive or negstive according 
as Af > or < L. Hence by the values of il and L (see abovn, 
p. 54) the ellipsoid will set itself with its longest dimension 
parallel to the lines offeree. 

The influences of form and teolotropy may ba made to coan- 
teract one another, and, under certain circumstances, by properly 
shapmg the body it may be made to remain in neutral equilibrium 
when movable, as supposed above, about an axis in the magnetic 
field. 
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Id tlie case of a bomogeneous lautrvpio ellipauid llie valueR of Hnii><>- 

A, B. C and of the turning couple ure obtained by putting geneoiu 

i, = t-j = i-, = t 88^, in (I_20),<121) above. It is obvious at Inotropic 

once that the nuagneUzation is not parallel to the resultant mag- Ellipsoid. 
netic force, but makes with it tbe angle 

co8-^ l^aJ -\-ffB + yOI{{a^ + 31 + y.) (.^ + JP + C*^]i ^H 

which vaniBheH for a sphere. Further we sIho Ree that the ^^^^| 

ellipsoid will turn itxelf with its longest axis parallel to ihe lines ^^^ 
of force, and this whether k be positive or negative. 

Regarding i aa a constant, we have, if a, b, i-, a, 8, y, be the If Soscep- 

coinponenU of magnetic induction and magnetic force at any tibilitybe 

point of the medium, the equations Uniform, 

fl = 0(1 + 4«-t), i - 3(1 + ^ttI), <: = 7(1 + 4irt) (125) 

and therefore since tbe solenoidal condition holds for the magnetic Induced 
induction (a, b, e), it also holds for the magnetic force (a, 9, y). MaRneti- 
Hence aleo it holds for tbe induced magnetization (J, B, &), that zation ie 
is, this magnetization is solenoidal. Solenoidal, 

But since a = — dFjdx, Ac, and A = Jca. &c., where A is a , . 
constant, we see that the magnetization is alpo lamellar (p. 41). jjarnrlUr 

It is to be very carefully observed that these reHults follow 
from the fact that i is a constant, and do not hold in (he general 
case (unlesB the magnetization be uniform) in which jt is a function 
of the magnetization, and which is the case of actual practice. 
The total magnetization, made up of the pre-esistent magnetiza- 
tion, if any, and the induced magnetization, is not solenoidal, 
unleea the former is itself solenoidal. 

We have considered incidentally above the consequences of a Explana- 
. negative value of k, and have stated that in that case the sub- tion of 
stance is seid to be diamagnetic. The phenomena of diamagnet- Dia- 
ism are to some extent explicable on a theory of negative or 
differential susceptibility. The substance placed in the field 
behaves as if its polarity were opposite to that which an 
ordinarily magnetic, or paramagnelic, body would receive in the 



Hitherto we have been supposing that the medium in which 
the magnetized aubstance is placed is of zero susceptibility, tliat 
is, possesses unit magnetic inductive capacity. We shall now 
show that a paramagnetic body placed in a medium of greater 
magnetic inductive capacity than its own will behave dianing- 
netically. The medium, being in the field, will be magnetized ; 
and if /i, 11' be the magnetic inductive capacities uf the medium 

TOL. II. F 
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End the Bubstance imbedded in it, respectively, we bnve, from the 
continuity of tbe noniml componetit of magnetic induction at 
every point of the Beparatiiig surface, the equutioi 



in which r, r' denote normalB drawn from the surface into . , 
respective media. But we have also the charttCterietic equation 
of the surface (Vol. I., p. 28), 



where a is tlie surface density of free niagnetiam nn thi 
Tiarating surface at the point where the normals arc dr 
These two equations give 

li! - IL dV ^ l i- n' dF 
in)i dr' 4'r/i' dr ' 

The first multiplier is positive and the second nagatii 
n' > fi, that is if the substance be of higher susceptibility tha» 
the medium. Hence the surface density of magnetization wheri 
the lines of force pass from the medium tu the body is pflaiCive 
or negative, and where they pass from the bndy to the medinni 
negative or positive, according as /i' < or > fi. In the latter 
case the body behaves as a paramagnetic, in the former as a 
magnetic substance. If /i be put = 1 in the above results, ws 
have the case of a paramagnetic or diamagnetic body in a 
medium of nero susceptibility. We shall see later, however, that 
thisexplanationdoesnot account for all thefactsuf diamagn^'Bm, 

These results are in accordance with and explain the behaviour 
of a solution of a magnetic salt of iron suspended in a tube within 
another solution of greater or less strength, and the whole placedi 
in a magnetic field. In the former ease the euspended salt 
behaves as a diamagnetic, in the latter as a paramagnetic. 



SIiigiiEtic A great ( 



. of researcli and theoretical discuasion 



has been spent on the question of the distribution of 
magnetism in straight bar magnets of rectangnlar or, 
-circular section, and it may be well, before leaving tbe 
subject of magnetic theory, to refer to tbe widely 
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prevalent idea of the existence of poles in orilinary 
magnets. It has been tacitly supposed by many ppraons 
that there are two definite points or poles, one near 
each end of a regularly • magnetized bar at which 
the whole of the free magnetism of the bar may be j, 
supposed concentrated, the negative at one, the positive 
at the other, and much time and labour have been > 
spent in determining the positions of these poles. ^, 
Now certainly, according to the theory given above, 
there is a certain amount of free positive and an equal 
amount of free negative magnetism in every magnet, 
but 80 far as the action of the magnet at external or 
internal points is concerned, there are no such definite 
I points, except in the theoretical case of an infinitely 
thin and uniformly magnetized filament, in which case 
ttie poles are at its extremities. 

In an accurate sense the magnet can he said to have i 
poles or points at which the free magnetism may be 
supposed concentratei.1, when the couple it experiences ,' 
when placed in a uniform field is considered. If its o 
asis is at right angles to the lines of force, the couple " 
experienced is equal to the magnetic moment of the 
magnet, and this may be regarded as due to two forces, 
each of which is the resultant of the parallel forces on 
Ihe elements of free magnetism. The centres of these 
two systems of parallel forces, or, which is the same 
thing, the " centres of mass " of the two distributions of 
free magnetism are the poles in this connection. The 
idea of polo is not here of any utility, as the poles 
could not be determined ; what we are concerned with 
• That ifl, without " eonaeqiient points," 
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is the magnetic moment only, wHch is the resultant of 
tbe couples exerted on the molecalar magnets compoa* 
ing the body. 

But as a matter of approximation the existence of 
poles in the sense of points at which, if the free mag- 
netisms were concentrated, the action of the magnet at 
an external point would be the same as it actually is, 
can be assumed in certain cases, and their position 
assigned. For example, when we consider the mutual 
forces between two magnets, each symmetrical about 
its axis and about a plane at right angles to the axia, 
and at a distance apart which is great in compariaon 
with any dimension of either, auch positions of the 
poles can be foimd, and the distance between them 
used as the virtual length of the magnet. 



All the methods by which galvaaometera may be 
graduated so as to measure currents and potentials in 
absolute units, involve, directly or indirectly, a com- 
parison of the indications of the iostrument to be 
graduated with those of a standard instmraent, of which 
the constants are fully known for the place at which 
the comparison is made. There are various forms of 
such standard instruments, as, for example, the tangent 
galvanometer which Joule made, consisting of a single 
coil of large radius and a small needle hung at its 
centre, or the Helmhultz modification of the same 
instrument with two large equal coila placed side by 
aide at a distance apart equal to the radius of either ; 
or some form of " dynamometer," or instrument which 
instead of the needle of the galvanometer has a mov- 
able coil, in which the whole or a known fraction of the 
current in the fixed coil flows. The measurement 
consists essentially in determining the couple which 
must be exerted by the earth's magnetic force on the 
needle or suspended coil, in order to equilibrate that 
exerted by the current. But the former depends on 
the value, usually denoted by H," of the horizontal 
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component of the earth's magnetic force, and it is 
flecesaary therefore, except when some such method 
that of Kohlrausch, referred to below, is used, to kuoW 
the value of that quantity in absolute units. 
Daterniiu. The Value of II may bo determined in various ways, 
Hiionofi/. {jjjj. ^g ghali here describe only one or two methods 
which are most convenient in practice. We shall take 
first that due to Gauss,* which consists in finding (1) 
the angle through which the needle of a magnetometer, 
is deflected by a magnet placed in a given position at 
a given distance, (2) the period of vibration of the 
magnet when suspended horizontally in the earth' 
fietd, so as to be free to turn round a vertical axis. The 
first operation gives an equation involving the ratio of i 
the magnetic mom.ent of the magnet to the horizontal! 
component H of the terrestrial magnetic force, the I 
second an equation involving the product of the same 
two quantities. We shall describe this method some- 1 
what in detail, but with direct reference to physical ] 
laboratory work only, and shall therefore not enter into • 
a discussion of the instruments and methods peculiar j 
to magnetic observatories, which would occupy more 
space than can here be spared. 

Magneto- ^ ^'^''7 convenient fonn of magiietoraeter ia that deriaed by ■ 
meter. Mr. J. T. Bottoraley, and made by hajiging within a closed j 
chamber, by a, ailk fibre from 6 to 10 cms. lon^, one nf the little I 
inirrorB with attached magnets used in Thoiiisun's reflecting 1 
galvanometers. The fibre is carefully a ttaclmd to the back tit\ 
the mirror, ho that the magnets hitng horizortally and the front | 
of the mirror ia vertical. The closed chamber for the fibre and 
mirror is very readily made by cutting a narrow groove to within ' 

absolutum reyocnta." — 
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a short dislftnce of each end, along n piece of ninliogiwiy ubout 
10 ciuB. long. This groove IB widened at one end to a circular 
BIiu.ce n little greater in diameter thun the diameter of tile mirrgr. 
The piece of wood is then fixed with that end down in a liori- 
ZDDtal base-piece of wood furnished with three levelling screws. 
Tile groove io thus [Jaced vertical ; and the libre carrying the 
mirror is suspended within it by pasaing the free end of tlie 6br8 
throiigli a email hole ut the upper end of the groove, adjusting 
the lengtli nu that the mirror hangs within liie circular space at 
the bottom, and fixing the fibre at the top with wax. When this 
has been done, the chamber is closed by coi-ering the face of the 
piece of wood with a strip of glass, wliich may be kept in its 
place either by cement, or hy proper fastenings which hold it 
.tightly against the wood. By makiDg the distance between the 
back and front of the circular space amall, and its diaroeter very 
little greater than that of the mirror, the instrument can he made 
veiT nearly "dead beat," — that ia to aay, the needle when 
deflected through any angle comes to rest at once, almost nitli- 
oot oscillation about its position of equilibrium. A magnelo- 
meter can be thus constructed at a trifling cost, and it is much 
more accurate and convenient than the magnetometers furnished 
with long magnets frequently used for the determination of .ff; 
and BS the poles of the needle may always in pmttice he taken at 
the centre of the mirror, the i*lcula.tii)nH of resulta aro luuch 
simplified. 

The instrument is set up with its glass front in the magnetic 
meridian, and levelled so that the loirror haugs freely inside its 
chamber. The foot of one of the levelling screws should rest in I 
a small conical hollow cut in the table or platform, of another in 
a V-groove the axis of which ia in lins with the hoDoiv, and the 
third on the plane surface of the table or platform. When thus 
set np the instrument ia perfectly steady, and if disturbed cau in 
an instant be replaced in exactly the same position. A beam of 
light passes through a slit, in which a thin vertical cross-wire is 
lised, from a lamp placed in front of the magnetometer, and is 
reflected, as in Thomson's reflecting galvanometer, from the 
mirrorto a scale attached to the lamp-stand, and facing the mirror. 
The lamp and scale are moved nearer to or farther from the 
mirror, until the position at which the image of the cross-wire of 
the slit is most distinct is obtained. It is convenient to make 
the horizontal distance of the mirror from the scale for this 
position if poasihle one metre. The lamp-stand should also have 
three levelling screws, for wJiich the arrangement of conical 
hollow, \/-^Toove, and plane should be adopted. Tl:e scale 
should be straight, and placed with its length in the magnetic 
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north and south line ; and tlie lamp should be so pkced that the 
incident and re6ected rB79 of light are in an east and west i 
vertical plane, and that the spat of light falls near tke middle of ' 
the scale. Tu avoid errors due to varlationB of length, the scale, ' 
if of paper, should be glued to the wooden backing which carries ■ 
it, not simply fastened with drawing pins aa is often the case. 
Prepiua. Tlie magnetometer having been thus set up, four or five 
tion of magnets, each about 10 cms. long and "l cm. thick, and tempered 
Deflecting glaaa-hard, are niade from ateel wire. This is best done as 
Mngnots. followa. From ten to twenty pieces of steel wire, each perfectly 
straight and haring its enda carefully filed so that they are at 
right angles to its length, are prepared. These are tied tightly 
into a bundle witli a binding of iron wire and heated to rednees 
in a bright fire. The bundle is then quickly removed from the 
fire, and plunged with its length vertical into cold water. The 
wires are thus tempered glasa-hard without being aeriously 
warped. They are then magnetized to saturation in a helix by a 
strong current of elactricity. 
Deflaction A liorizontal east and west line passing through tbs mirror 
Experi. jg now laid down on a convenient platform (made of wood 
ments. put together without iron and extending on both sides of the 
magnetometer) by drawing a hne through that point at right 
angles to tile direction io which a long thin magnet hung 
by a single silk fibre there places itself (see also p. 80), 



lil^ 



One of the magnets is placed, as shown in Fig. 12, witli 
length in that line, and at such a distance that a convenient 
deflection cf the needle is produced. Thiu deflection is noted 
and the defleoting magnet turned end for end, and the deflection 
again noted. In the same way a pair of observatioos are made 
i-uJ-on " "'t'' tl'^ magnet at the same distance on the opposite side of tbe 
Position. magiLetometer ; and the mean of all the observations is taken. 
These deflections from zero ought to be as neariy as may be tha 
same, and if the magnet is properly placed, they will exactly 
agiee ; but tha effect of a slight error in placing the magnet will 
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bo nearly eliminated by taking the mean deflection. Tbe iIIf- 
tKnce in cdih. between tbe two poBitiuns of tbe centre of tlie 
magnet is also noted, and is taken us twice tbe distance of tbe 
centra of the magnet from thiit of the needle. Tlie Hame opera- 
tion is gone through for each of tbe maxn eta, which are carefutly 
kept apart from one another during the experitnenla. Tlie reeultn 
of eacii of tlieae esperimenta give an equation Involving tlie ratio 
nfthe Riiignetic moment of the magnet to tbe value of H. Thus 
If tf denote the magnetic moment of tlie magnet, W the magnetic 
raomeni of tbe needle, r the diatance of the centre of the magnet 
from the centre of tbe needle, 2X the distance between tlie 
" polee " (p. 68) of the magnet which, for a nearly uniformly 
magnetized magnet of the dimenaiona atated above, is nearly 
eqnal to its length, and 2X' the distance between tbe poles of tbe 
needle^ r, A, and X' being all measured in cma., we have for the 
repulsive force {denoted hy 7 in Fig. 13) exerted on tbe blue* 
pole of the needle by the blue pole of the mngnef, aupposed 
nearest to the needle, ae in Fig, 13, tbe value M/2X . M7-2X' . 
\l{r — >)*, since the value of X' ia small compared with X. 
Similnriy for the attraction exerted on the same pole of the 
needle bv the red pole of the magnet, we have the oipreaaion 
itf/2X. M'72X', l/(r-|-X)'. Hence the total repulsive force 
exerted by the magnet on tbe blue pole of the needle is 
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4XVl[r-X)' (r + X)»/ X' (r^ - X')» 

Proceeding in a precisely similar manner, we find that the 
magnet of moment U exerts an attractive force equal to 
MU'r/y(.'^ — X')* on the red pole of the magnet. The needle is 
therefore acted on by a " couple " which tends to turn it round 
the suspending fibre as an axis, and tlie amount of this couple, 
when the angle of deflection is 0, ia plainly equal to WM'r 
008 fl/(f« — X')= But for equilibrium this couple must be 
balanced by M'if sin 6 : hence we have the equatioo^ 
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tan 6 



(1) 



If the arrangement of magnetometer and straight scale 
described above ia adopted, the value of tan is easily obtained, 
for the number of divisions of tbe scale which measures the 



9 according to which tbe end of tk« neadU which 
has magnetic polarity of the aame kind aa that of the eat-tb'a norlliem 
legiona is colonred blue, and tbe other red is hers adopted. The letters 
B, K, 6, r, in the diagrams denote blua and red. 
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.lefiection, divided by the number of such diviBiona in tbe 
diatatice cif the scftle from the mirror, is then equal to tan 23. 
" ItiHtead of ill the east and west horizontil line through the 
centre of the needle, thfi magnet may be placed, as repreaenled 
in Fig. 13', witli its length east and west, and its centre in the i 
hnrizuDtal norlh and south line through the centre of the needle. 
If we take M, HI', X, X', and r to have the enme meaning as ' 
before, we have, for the distance of either pole of the magnet ' 
from tlie tieedlo, the eipreHsion vr* -|- A^. Let us consider the 
force acting on one pole, aay the red pole of the needle. The 




Fk;. 13'. 

red pole of the magnet exerts on it a repulaive force, and the 
blue pote an attractive force. Each of these forces has the value 
M/2X . MV2V . l/(r= + X^). But the diagram shows that they 
are equivalent to a single force, f, in a line parallel to the 
magnet, tending to pull the red pole of the needle towards the 
left. The magnitude of this reaultant force is plainly 2W/2X . 
U'I2\' . X/Cr' + X')' or MM'l2\'(r* + X')'. In the same vay i 
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can be dlmwn tliat the action nt the niii;{riet uii Uie rt'il pule u[ 
the oeedte is a foive of tlie Bsme amount loading to pull tlie blue 
pole of thu Dtsedle townrde the rigbl. Tlie ne«ille is, therefurp. 
subject to no force tending: to produce motion of translslion, but 
amply to a " couple '' teoding to produce rotation. Tlie mngni- 
tude of tliia cou|)le wlien the needle has been tumrd through nti 
angle 6, ia MM72V . 2X' oos SHi^ + X'j*, or UW ooa Bjir* + Xm. 
If there be equilibrium for the deflection 0, lliiii couple muet 1)» 
earth's liorizontal force, which, ae 
jin 8. Hoiice equaling these two 
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^ (^ + X*)i t, 
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still another poeitiou of the deflecting magnet relntively to 
the needle may be found a convenient one to adopt. The magnet 
may be placed atill in the eaat and west line, but with itti centre 
vertically above the centre cif the needle, The couple in this 
case also is given by the fonuula just found, in which tlie 
symbols have the same meaning as before. 

The greatest care should be taken in all these expennientH, ns 
well as in those which follow, to make sure that there is no 
movable iron in the vicinity ; and the inatrumentK and ningrietK 
should be kopt at a distance from any iron nitils or bolts there 
may be in the tables on which they ore pluced. 

We come now to the second operation, the determination of I 
the period of oBcillation of the deflecting magnet when under tlie 
influence of the earth's horizontal force alone. The magnet is ] 
bung in a horizontal position in a double loop formed at the 
lower end of a single fibre of iinspun silk, attached by its upper 
end to the roof of a closed chamber. A box about BO cms. high ^ 
and 15 cms. wide, having one pair of opposite fiides, the bottom, 
and the roof made of wood, and the remaining two sides made 
of plates of glass, one of which can be slid out to give access 
to the inside of the chamber, answers very well. The fibre may 
be attached at the top to a horizontal axis which can he ttinieii 
toand from the outside so as to wind up or let down the fibre 
when necessary. The suspension-fibre is so placed that two 
vertical scratches, made along the glass aides of the box, are in 
the same plane with it when the magnet is placed in its sling, 
and the box ia turned round until the magnet is at right angles 
to the glass sides. A paper screen with a small hole in it is 
then set up at a little distance in such a position that the hole 
u in line with the magnet, and therefore in the same plane as the 
scratches. The magnetometer should be removed from its stand 
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And this box and Huspended noedle put in its place. I£ tbe 
magnet be now deflected from ite position of equilibrium and 
then allowed to vibrate round a vertical aiis, it will be seeo 
through the small hole to paes and re-pass the nearer scratch, 
and UQ observer keeping his eye in the same plane as the scratches 
can easily tall without sensible error the instant when the magnet 
passes through the position of equilibrium. Or, a line may be 
drawn across the bottom of the box so as to join the two scratches, 
and the observer keeping his eje above tlie magnet and in the 
plane of tiie scratches niny note the instant when the magnet, 
going in the proper direction, is juet parallel to the hotizont&l 
fine. The operator should deflect the magnet by bringing a 
small magnet near to it, taking care to keep this small deflecting 
magnet always as nearly as may be witli its length in an east nnd 
west line passing through the centre of the suspended magnet. 
If this precaution be neglected the magnet may acquire a pen- 
dulum motion about the point of suspension, which will interfere 
with the vibratory motion in tha horizontal plane. When the 
magnet has been properly deflected and left to itself, its range of 
motion should be allowed to diminish to about 3° on either side 
of the poNJtion of equilibriuna before observation of its period is 
begun. When the amplitude ba.s become sufficiently small, the 
person observing the magnet says sharply the word "Now," 
when the nearer pole of the magnet is seen to pass the plane of 
the scratches in either direction, and another observer notes the 
time on a watch having a seconds Land. With a cood watch 
having a centre seconds band moving round a dial divided into 
quarters or fifths of a second, the instant of time can be 
dotormined with greater accuracy in this way than by means of 
any of the usual appliances for starting and stopping watches, 
or for registering on a dial the position of a seconds hand when 
ft spring is pressed by the observer. The person observing the 
mngnet again calls out "Now" when the magnet has just made 
ten complete to and fro vibrations, a^ain after twenty complete 
vibrations, and, if the amplitude of vibration has not become too 
smail, again after thirty ; and the other observer at each instant 
notes the time by the watch. By a complete vibration is here 
meant the motion of the magnet from the instant when it passes 
through the position of equilibrium in either direction, untU it 
next passes through the position of equilibrium going in the 
same direction. The observers then change places and repeat 
the same operations. In this way a very near approach to the 
true period is obtained by taking the mean of the results of 
a, sufBcient number of observations, and from this the value of 
the product of M and if can be calculated. 
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1 For a small angular defleotiou 6 of tho ribrnting magnet frorci 
the position of equilibrium the eijiitttion o£ ujiresiKled motion in 
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where /i ia the moment of inertia of the vibrBting magnet round 
an axiH through ita centre at right ungles to its length. Tho 
solution of this equation ia 
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and therefore for tlie period of oscillation T we have ^^^ 
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Hence we have ^IH 
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Now, since the thickness of the magnet is small compared with 
ita length, if W be tlie mass of the magnet and 21 its actual 
length, fi is WPjS, and therefore 


1 




1 


the arrangement shown in Fig. 12, 
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If either of the other two arrangemente be chosen we have 
from equationa (2) and (3) 
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Cmtbc- Various corrections which are not here made are of conrse 

tioDs. necessary in a very esact determination of B. The magnetic 

diijtribution must be taken account of (see pp. 85 and 92 below). 

Allowances should be made for the mBgnitude of the arc of 

vibration ; the torsional rigidity if sensible (see below. Chapter 

- XIV.] of the Buspension libre of the magnet ometer in the 

L deflection experiments and of the siiapension fibre of the magnet 

I in the oHcillarion experiments ; the frictional reaistance of the 

I air to the motion of the magnet ; the virtual incrense of inertia 

I of the mngnet due to motion of the air in the chamber; 

snd the effect of induction and, if necpssary, of changes of 

temperature in prodnoing temporary changes in the moment 

of the magnet. The correction for on arc of oscillation of 6° is 

a diminution of the observed value of T of only ^ per cent., 

and for an arc of 10° of ^ per cent. Of the other corrections 

Correction that for induction is no doubt the most important ; but its 

for amount for a magnet of glass-hard ateel, neariy saturated with 

Induction magnetism, and in a field so feeble as that of the eari^h, may, if 

Error, only a roughly accurate result is required, be neglected. 

This correction arises from the fact that the magnet in the 
deflection esperiinentx is placed in the inngnetic east and west 
line, whereas in the oscillation experiments it is placed north and 
south, and is therefore subject in the latter case to an increase of 
longitudinal magnetization from the action of terrestriai magnetio 
force. The increase of magnalic moment may be determined by 
the following method, which is due to Prof. Thomas Gray, Place 
the magnet within, and near the centre of, a helix, considerably 
longer than the msgnet and made of insulated copper wire. 
Place the helix and magnet in position either as sbonn in Fig, 
13, or SA in Fig. 13', for giving a deflection of the magnetometer 
needle, and read the deflection. Then pass such a current 
through the wire of the heiis as will give by eleotromaguetic 
induction a magnetio field within the helix nearly equal to the 
horizontal component o£ the earth's £eld, and again observe 
the deflection of the magnetometer needle. The tield-in tensity 
within the helix at points not near the ends is given, as will be 
seen in Chap. VI., in C.Q.S. units by the formula 4irH(7, where a is 
the number of turns per centimetre of length of the helix, and G 
is the strength of the current in C.G.S. units. Experiments may 
be made with different strengths of ciurent, and the results put 
down in a short curve, from which the correction can be at once 
read off when the approximate field has been deteririined by the 
method of deflection and oscillation described above. Care maiit 

I of course be taken in experimenting to eliminate the defleclJon 

of the magnetometer needle caused by the current in the ooiL 
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This is easily done by obaerving the deflection prnduewJ by tlin 
current when the magnet is not inaide tha cnil and iubtracting 
this from the previons deflection, or hy mranginit a eoinpensnting 
coil through wliicli the same current pitaeeo. Thin pinn, as will be 
seen below, has Bcveml ftdvantngeH. The chonRe of tnsKnelic 
moroeat proiluced in hard Hteel bars, the length of which is 
. 12 cma. and diameter '3 cm., and previonnly magnelized to 
•aturatioa, ia, nccordins tu Prof. Tboroas Qray'a experiments, 
' about ^ per cent, Particulara of aotaal experiments are 
given below. 

The deflottion experiments are, as stated above, to bo per- 
formed with sereral majnietB, and when the period of oBciilation 
of each of these lias been determined, the magnetometer ahould 
be replaced on its staod, and the deflection experiments repented, 
Id make snre that the magnets have not changed in strength in 
tha meantime. The length of each magnet is then to bo ac- 
curately determined in centimetres, and its weight in gramraee ; 
and from these data and the results of the experiments the 
vnlnes of U and of H can be found for eaeb magnet hy the 
fonnulaa investigated above. Equation (5) is to be used in the 
calculation of H when the arrangement of magnetometer and 
deflecting magnet, shown in Pig. 13, is adopted, equation (7) 
when that shown in Fig. 13' is adopted. 

The object of performing the experiments with several mag- 
nots, is to eliminate as fur as poEsible errors in the determination 
of weight and length. The mean of the valnea of H, found for 
the several magnets, is to be taken as the value of // at the place 
nf the magnetometer. 

The following is an account of a determination of ff made by A 
this method, with several improvements in the practical carrying 
nf it out, hy Mr. Thomas liray in the Phyaical Laboratory of the 
Dniveraity of Glasgow, during the summer of 1885. The 
apparatus and its arrangement is shown in Fig. 14. T repre- 
sents a table which supports the magnetometer M, two stands A 
and B for the deflecting magnets, and a lamp and scale S. The 
magnetometer consisted, as described above, of a light mirror 
about "8 cm, in diameter, suspended by a single silk tibre within 
a recess in a block of wood, and carrying on its back two magnets 
each 1 cm. long and ■08 cm. in di.imeter. Two holes cut in tlio 
wood at right angles to one another (and plugged when not in 
ubb) permitted the position of the mirror and magnets to be 
seen and adjusted. [A preferable form of magnetometer since 
adopted consists of a mirror and attached magnet suspended 
within a glass tube from a brats mounting at the upper end 
which aOowB the fibre to be wound up or down. For definiteuesB 
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and ease of determination of the msgnctio centre of tlje needle, 
u single sniull cylindricnl niai^net i» iiHod, cnrried nt tlie lower 
end by nabortstripofaluniinunu to which tlie mirror is nllnclied. 

At the lower end lialf the tube ia cut away over a length of two 
OT three cms., and the part remaining closes the hnck of the 
chmober in which the mirror hangs. The sides of the chamber 
nre of wood att«ohed to the base pieue, and tbp front, or side 
toward the lamp, is closed by a panel of glass. The vibration of 
tlie needle can DC checked by a sinsll coil, pluced near the needle 
Md in circuit with a cell and reversing key. By depressing tlio 
key for an instant in the direction to oppose the motion of the 
needle when it ia pussing through the central part of its swiisjr. 
Ills needle can be quickly stopped in its position of oquilibriuni.] 
The sole plate P, made of mabngan}', ia supported on three braas 
feot, which rest in a hole, slot, and plane arrangement cut, as 
rlfacribed above, in a horizontal plate of glass cemented to the 
table. 

The deflector stands, J, B, rest each on a base plate P, of 
mahogany, supported, according to tlia hole, slot, and plane 
(leTioe, in precisely the same way as the magnetometer, on plates I 
of glass p,p, cemented to the table T. Each stand consials of a 
hwizontui carriage for the deficctor magTiet, and is constructed 
tB follows ; A strip of hard wood, about 13 cms, long and 4 cms. 
broad, baa a V-^hnped groove run niong its whole length in the 
middle of one side. One end is faced with a plate of braes in 
which a brass screw works, and the piece is cemented with the 
sroove upwards to a plate of glassy. This plate is supported on 
three feet o£ hard wood, resting on the mafjogany sole plate P, 
and is free to turn in azimuth round a closely fitting centre pivot 
n fixed in the sole plate. The apparatus ia so adjusted that the 
bottom of the V-g™nve is jiiBt over the pivot e. Tlie magnet 
when placed in the carriage lies along the groove, and the screw 
<• serves to give a fine ailjustment of the position of one end 
wliioh abuts against it. Over each carriage a wire of brass or 
copper bent into a aemi-cirele serves as a support for a suspension 
fibre with double loop, by which the deflector can be suspended 
for purposes of odiustraent or for the oscillation expermients. 
A glnsa shade can be placed on the plate F to prevent currents 
of air from disturbing the magnet in the oscillation experiments. 
In Fig. 14 the deQectiog magnets d, d, are shown in positions 
at equal distances east and wast of the magnetometer, at a dis- 
tance of TO cms. between their centres. Four plates of glass are 
fixed to the table in two end-on positions and in two side-on 
positions, each pair of positions being at equal distances from 
■' ' ' needle, and on opposite sides of it. The scale 
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A', ahown at a distance from the mirror of 129 cmH., is a milli- 
metre scale carefully divided oa traDspiirent glass so that the 
spot of light may be observed either from the front or the ; 

The first adjustment, made in Betting' up the apparatus, was 
to place the table ao that the line joining the centres of A and B 
should be exactly at right angles to tlie magnetic meridiun. 
Thia was dona by one or other of the following two methoiJa 
according aa (a) the end-on, or {b) the eide-on poaition waa 
reqoired. (a) After the adjustineni had been first roughly made, 
a plane circuit was formed by stretching a thin wire along the 
line joining the centres of A, B under the magnetometer needle, 
and then carrying the wire back, either above the magneto- 
meter, or below it, at a greater distance, in a vertical plane. 
An electric current was then sent through the wire, and the table 
T, with the apparatus, turned until the current produced no 
deflection of toe needle, (i) One of the deflecting magnets was 

filaced in ita carriage, eithnr south or north of the needle, and 
ifted out of the yj-^oo\a hy the auspension fibre, and the table 
turned until the auspended magnet produced no deflection of the 
magnetometer needle. The magnet and needle wore then in one 
hne, and if the needle was in its proper position this line pro- 
duced through the centre of the needle passed through tbo 
position of the deflector on the other side. The deflector was 
placed on the opposite side of the needle, and the table 7', turned 
until no deflection was obtained. The position of the needle waa 
then altered, iE necessary, by the levelling screws until the 
positions of the table for no deflection, with the magnet first on 
one side then on the other of the magnetometer, were coincident- 
It this could not be done the plates p were not placed with 
sufficient accuracy, and their position had to be changed. This 
process gave the direction of Ihe magnetic meridian with ac- 
curacy and ensured that the plates p in the north and south line 
were properly placed on the table. The two methods taken 
together ensured that all four plates^ were properly placed, 
[. Deflectors of different relative lengths and thicknesses, and of 
different degrees of hardness, were used. These were originally 
magnetized hy placing them between the poles of a large 
Huhmkorff magnet excited by a considerable current, and aftei^ 
wards by the same magnet excited by a much stronger current. 
The relative Btrengtlis of tJie magneto were unchanged by the 
second magnetization, and their absolute streiigtlia only very 
slightly. The dimensions are given in the table of results, 
p. 90 below. The method of observing the deflections waa as 
follows ; According to a suggestion of Sir William Thomson twu 
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deflectora wero aned at the anme time, one on earh side of ihe 
miLgDetonieler. Tliis arrange me lit was more Rynimetricul than 
tbat of a single deflector, und, what was of very greut import- 
ance, it cnHtilud a readable defleution to be obtained with (he 
magnets at a much greater dietnnce from tbe needle, tliiia 
diminishing error due to uncertiiinty as to the actual magnetic 
distribution. As each magnet was transferred on its carriiiga 
from one gliisa plate to another the niagnetB were not handled 
during the eiperiinents. One deflector A waa plated east, 
another B west of the miigrietometer, and the plule g turned for 
eacb until their lengths were accurately in the east and weat 
line, with their polos so pointing that each magnet gnve a deflec- 
tion of the needle to the same aide of zero ; and the deSection 
was then noted. The pktes g were then turned through 180°, 
and the deflection on the oppodte aide of zero read off. The 
carriagos were then turned bnck to Ihe first piisition and the 
deflection ngain read. The difference hetween the mean of the 
first and third readings and the second reading gave twice the 
deflection for the poaition of the magnets. The same operation 
was then repeated with tlie deflectors in iiitercliunged positions. 
Two siiriilar series of observations were next made with the 
magnets in the north and south line through the niagnetomeler 
anil at equal distances on opposite sides of the needle. The 
mean deflection for the east and west positions, and that for the 
north and sonth positions, were calculated, and the results 
were used in the calculation of U in the manner described 

After the deflection observnlions for a particular ningnet had ' 
been completed, the magnetometer was removed nnd the deflector 
stand put in its place. The magnet was suspended from (he 
brass bow b over its carriage by a length of single cocoon fibre, 
in a double stirrup formed by twice doubling the lower end of 
the fibre nnd knotting. The Buspension thus obtained was sufli- 
oienily fine lo be practically devoid of inertia, and long enough 
to give a negligible moment of torsion. The magnet was 
deOected in the manner already described (p. 76 above), and 
then left to oscillate. The period was observed in some cases 
by noting the times of the successive transits of the needle 
across the vertical cross wire of an observation telescope ; but 
tbe method finally adopted was to attach to the utirrup as siiown 
in Fig. 15 a light silvered mirror n (-3 cm. in diameter and -01 
gramme in maen), and to use the same lamp and scale as in the 
deflection experiments. This latter arrangement enabled the 
amplitude of oscillation to be re<luced to leas than a degree and 
BO reduced to zero the conoction necessary for arc. The moment 

o 2 
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n£ inertia of tlie mirror waa only about jnino oi tliat of the 
deflector, and its neglect therefore introduced an error of only 
^0 per cent 

Time wbh observed in tliese esperimentB by menna of a very 
accurate watch provided with a centre seconda hand moving 
roand a dial divided into quarter seconds. When two observers 
were available, one counted the oscillations and called sbaiply 
"Now" at the end of every four or five periods, while the otier 
observed the time at each call. Wheo only one observer counted 
the oscillations he used a chronometer beating half seoonda. 
Having read time, he counted the beats until he could observe a 
trBTieir. He tlien counted the beats until ho nbuert'ed another 
transit. From the result he estimated the number of perioda in 




one minnte, and therefore observed the tirne of the first transit 
lifter each minute so long as there waa sufficient amplitude. The 
fractions of half seconds were estimated from the positiona of 
the magnet at the beat nest before and the beat next after the 
transit. With the mirror and scale arranganieut these observa- 
tions could be made with great accuracy. 
Radurtion The observations were combined in the following' manner* so 
of as to give the most probable value of the period. Supposing the 

ObBflrva- number of observations to have been even, 2« say. Tiie interval 
tions, between the ath obBervation and the (w + l)th, three times that 
between the (ji - l)t!i and the (» -(- 2)th, five times that between 
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(he (» - 2)t1i nnil the (n + 3)llj, and bo on to tlint ix-twc-cii ihi> 
1st umi tbe 2Htli wera added togetlior, tho suni divided by the 
amn of the series i^ + 3> + 5> + . . . + (2i» - 1)», mid tbe 
result by the number of [leriods (wlik'h wus iLe Huiii<.''ia each 
»Be) between each siirceeaivA pair of observntion». Tliis gavo 
the average period to a high decree of nDproxiuiiiiion. If nn odd 
number of ohseivations (Str + 1) vtkb taken, the interval between 
tlie «th and the (j> + 3)th, twice tlint between tbe (« - l)th and 
the (<i + 3)th, three times that helwsen the (s -- 2)tb and the 
(j» + 4)th, and so on to the lat and (2« + I)lli, were aJded 
together,. and the sum divided by twice the buiu of ttie seriea 
1* + 2= + 3= + . . . + «i. Tbe result divided by the number 
of periods in euch interral gnve the average period. Ibe period 
adopted whb always the mean of those given by two closely 
agreeing sets of obserTations. 

Assuming that the magnet has two deiinito poles, tbut is (in C 
this connection) points at which the whole of the free mngnetiem 
in each half of the magnet may be supposed concentrated in ' 
Donaidering the external action of the magnet (an asstimption not 
seriously erroneous iu the case of the thin magnets and the 
dietances used) ; the distance between tbeiu cun be calculated 
from the results of deflection experiments in the side-on and 
end-on positions obtained as described above, since the efiect of 
the distribution is opposite in the two cases. For if r be the 
distance, 6 the deflection, for the end-on position, and r', 6' tlie 
distance and deflection for the side-on porition, we have by 
equating the values of M/H given by equations (I) and (2) : 



(■* - >■)■ 
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Expanding the numerntor and denominalor of each aide B 
aeglecting terms smaller than thotte of the second order we gi 



X' = . 
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(9) 
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By this equation the value of X used in the cnlcuktion of ff and 
M was found. The results for magnets of different lengths and 
diameters are interesting in themselves. 

The moment of inertia of tlie bar was found by weighing the 
bar and carefully measuring its length and cross- Beetiou, and 
calculating for a vertical axis through the centre of the magnet 
supposed bung horinontally. Tiie nxh of susptension of the 
magnet in any case whs not, however, that vertical, but another 
near it owing to the compensstioii for tlie tendency of the magnet 
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to dip in the eartli'a field. Tha diatntice betwfien these two axes 
can be found npprnxi mutely for each inngnet from the magnetic 
moment, ni^^ and lengtli as given in the table below, and is bo 
email that any error caused by auppoaing tjie magnet simply to 
vibrate round the former vortical is well within ihe possible 
limit of accuracy. 

Far a cylindrical mngnel of mass W, actual length SI and 
diameter d, t!ie moment of inertia is r{f/3 + d^jl6). Hence 
(3) becomes : 

as. i -■('■ + ft'i'iy . 



Hence for a single deflector we get instead of equations (4), (5), 
(6), (T) equations obtained from these by etibstituting inatead of 
P,P + 3i^/16. 

If two deflectors be used, each of the actnal length 21, and 
diauieter d, but of masses W-,, W^, periods ?\, T^ and nearly 
equal effective lengtlis which give a mean, X, we get from (I) Hnd 
(2) instead of (S) and (6) for tlie end-on and side-on positions 
respectively ; 

3 [^ _ X^i^T^iTi' tan fl ■ ■ I J 



S^ 



3 l/^ + \^)i 3\^Ti^ tan 6' 



(12) 



Jn these formulas S and $' are the angular deflections found 

from tha mean readings taken he described above (p. 83). 

Correc- There are two correctiona for alteratioQ of moment of the 

tions foi magnet, produced (1) by variation of temperature, (2) by induc- 

alteration tion when the magnet is in or near the magnetic meridian when 

of oscillating. The first correction was found by placing the magnet 

Moment, within a bath, in one of two principal positions at auch a distance 

from the magnetometer needle that a deflection (if 1.000 divisions 

was obtained, and then raising the temperature through about' 

40° C. It was found that such a rise of temperature produced a 

change of deflection of only about two diviaions. Tlius the 

magnets changed in magnetic moment by only ^i^ per cent, for 

a change of temperature of 1° C. Hence as the variation of 

temperature in the experiments never exceeded 2" C. or 3° C. 

this correction was neglected 

Corrcrtion '^^'^ correction for mduction was found by immersing tha 

for deflecting magnet m an artificially produced magnetic field of 

Induetion known etrpngth, and ascertaining the alteration of magnetic 

moment « hiuli resulted The field was produced by aiirrounding 
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tlie magnet with a magnetizitig coLl, and its intensily cdlcnktcd 
frora the natnber of tuma of wire per unit of lenglh of tlie cuil 
and the cmrent- strength, which was measured. The coil was 
aurficjenlly long to project beyond the mognet at eath cud suni« 
rlistance, eo that the magnetic field was uniform, and eqiinl to 
4inif7, where » is thenwnherof lumaper cm. of lengtl], and Ctlje 
current strength in C.G.S. units. Fig. 16 shows the itrrangement 




Fig. 16. 



of Apparatus for these experiments ; m ie tiio magnetometer 
needle, C, C are colls each con bis ting of silk-covered Lopper wire 
wound on glass tubes 5 cius. in external diameter, S is the lump 
scale, J{ a box of resistance coils, the current galvanometer, 
£ a reversing key, and £ a hattery. DS repre^nts a. horizontal 
line through the needle and in the magnetic meridian, and JF a 
horizontal line at light angles to DE, and also passing through 
the centre uf the needle. As shown in tlie diagram the coil C 
WHS placed with itH axis parallel to JF and its centre on the line 
BS. a had its aiis in the line AF, and the relative distancea of 
the coils from the magnetometer needle were so adjusted that 
the magnetic effect of the current passing throogh the coils was 
jiero at tho needle, although the current flowing was made many 
times greater than that used in the experiments. 

The magnet for which the induclinn correetinn was to be 
determined was then placed in one of the coils and the defleelion 
read while as yet no current flowed. A field of about ,^ of a 
C.Q.S. unit was then produced by passing a current, and the 
deflection was once more read. The current was then reversed, 
and the deflection ngain noted. The same operations were tlien 
repeated with greater and greater currents until a field of from 
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1 to 2 units bad been reached, Tbe magTiet was then transferred 
tu tbe other coil, mid a mmilar series of obserTations niade. It 
was found that a field of coiwidernbly greater iiitenaity than the 
liigbest thus used is required to produce any pormuneat changu 
of tbe magnetic moment of liard-lempered magnets. Eiicli 
incrcuse of magnetic moment being plotted aa an ordinate ot ft 
curve, with the field- intensity for the corresponding abaoiBsa, 
enabled the change produced by tbe earth's field to be obliuned 
by interpolation as described above (p. 78). 

A compariBoa of the resuitu obtained with the two coils 
showed thut the percentage change of deflection produoed by 
the field was smaller for the coil than for the coil C. This was 
undoubtedly due to change of magnetic distribution, tbe effect 
of which on the defiection is opposite in the two cases. Assuming 
that tbe magnet has an elective half-length X, the deflection in 
the first case is give:! by (1) and in the other by (2). Thus by 
using the coils in the two positions as described, tiie change of 
distribntioii as well as the change of moment can be approxi- 
mately estimated. The plao of having two coils hus also the ad- 
vantage o£ allowing the change of magnetic moment to he obtained 
freefrom any error caused bywant of exact compensation between 
tlie two coils of their direct effect upon the needle. 

The results of the experiment showed that to make the effeot 
of induction small tlie magnet should be hard tempered, and ita 
length should be at least 40 times its diameter. The results are 
shfiwo in the table on p. 91 below, 

Tbe effects of variations in the intensity and direction of tlio 
earth's magnetic iield were quite marked. The latter showed 
itself by changes of the magnetometer xero, which were elimin- 
ated by reading tbe zero before and after each deflection, and by 
revoL'siiig the magnets. The effect of change of intensity waa 
allowed for by observing the period of a permanent magnet kept 
suspended for the purpose. This period waa observed at the 
beginning of the experiment, after the deflection experiment, 
and again after the oscillation experiment. The neceasary cor- 
rection was estimated from tbe results and applied. It will be 
observed that the effect of diurnal variation is quite perceptible. 
The results in the table on p. 90 are tabulated in the onler in 
which they were obtained, and it will be noticed that the earlier 
results of each day are generally the smaller. On some occaeions 
on account of mag-netic storms it waa found impossible to obtain 
results at all. This was notably the case on Sept. 1, 1885. 

The results of this determination are shown m the following 
two tables. The variation of the effect of induction on the 
magnetic moment with difieront rntios of the length of the 



DETERMINATION OF H 



) of of Varying 
Thioki..'-.- 

























1 
































\ 




























^^ 


'-, 






















































" 



































































































































Batio of length to diameter. 
Fig. 17. 



It will be observed that the effect of induction diminiehea, 
r»pidly at first, then more and more Blowly, towards a constant 
value of about -4 per cent, for unit field for glass-hard magnetB 
of the kind of ateel experimented on. 



THE EARTH'S MAGNETIC FIELD 



•BJlniiuaa 


■[ininotn 
Biqnoa 






Mil Ma hi 1 i 1 




a S Tu"^. T^E lo 


uu m IP§ 1 ? 1 




Bqi JO BlumsiS 

jad,u3ffiDa>3H*n8BK 






wn j» ifiaoBi sniiMBa 


Bit m ill 5 i 1 




31»«9HlJ0 90UBl»ia 


*■-.. .J. ,.. g^'? 


, 


(-■aoHiiiodlljno. 
pooquo,!) won. 


s s g g s § 


; 


(-Buonieoa 1BJ» 

pDS)8Ba) -BUinD! 

Bin mem joipajap 


S S3 s a 3 


- 


^^^il^\3agap^«1<\S^3|/^ 


nil III III ijiiii 




•lo^aesm io la^iwifa 


J J J J 




•jdiaagapjoiiiJIuJT 


nil !!! lis slEsil 




■J01»BBr.pjoj3q™iN 1 "" = - "-'- " = 3 ;:SSES2 




11 


SRSa "="" -~" sis 





DETEBUIKATIOIf OF B 



Table It.— Showing tlie eRect of Length uid of Hardnew o 
the iDdaction-CoefBcient of Uagneti. 
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Tlie method giren above for tlio determination of tlie cor- 
rection for the non-uniform mtgootization of tiie deflecting 
magnet, gires of coitree only a (irat approiimation to the brue 
correction, but under tlio oondilion thut the length of the bar is 
Bufficiently small in comparison with the distance r, say from i 
to ^ of r, and on the suppoBition that the magnet is reversed 
nt tne puaition on either aide of the needle, it is generally 
BofScient. 
Elhnina- 1'ho following method eliminaleB to a. high degree of accuracy 
tion of the effect of tho magnetic distribution. Let two deflections be 
Eifaet of taken by reversing die deflecting magnet at a distance r, on the 
Magiiatio west side of the needle, and similarly two dcflectiona at Ae 
Bistribu- B„n,e distance on tho east side, and let D^ be the mean of the 
^"'^ tungents of these four deflections. Lot thia process be repeated 
for a second distance t^ "nd let D^ be the mean tangeat for thin 
distance. It is easy to prove that, approximately 



2M 



'■I'A- '■i'-Dj 



For if we make tio particular supposition as to the distribntion 
we may write instead of equation (1) 



i-. 



■!+- + -,+ -,+&<:. 



(IS) 



Now reversing the magnet without ellering its distance ia 
obvioualy etjuivalent to shifting it to the sunie distance "" '^n 
other side of the magnetometer without 
altering tlie sign of r^. Hence, by (15), 



, that i 



Thus four values of \N. 



^ tan fl/iW are obtained which give 

■1 + -,+ -.+ &« <n) 



ii the ilistanco 
■ ■ (1»J 
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Similarly from tUe other two pairs ufdeHectiotiB 
rj we get 

*-« -^1 ~ ^ + ;ri! + -< + '^'^- • 

Maltiplying (17) hy r-^ and (IS) by r,", end r 
littTfl tiniilly, neglecting all teriHB heyoiKl Ilio t 
equation, 



the relation eipreeaed in (13). 

It will be shown in the appendia on Reduction of Ohe 
that if approsimately r, = I'SSr,, the eil'eot of erro. 
obBerved deflections on the value of UlU will he a 
&r Uieae distunces. 

If long thin bars are used in the determination of H, their 
DiagDetic diBtrihution could be accurately found by Howland'a 
method (Chap. XIV, below) and the proper corrections applied. 
On tlie other hand, short thick hara of hard steel have the 
advantage of giving' greater magnetic moment for a given 
length, and they can therefore be placed at a comparatively 
greater distance from the needle, Bo that the correction for 
tha distribution benomes of less importance. So far, then, as 
the deflection experiments are cunceined, it ut better lo use thick 
strong magnets of the hardest steel, and to place them at such a 
distance from the needle that the error, caused by neglecting the 
diiitribution, bccotneB vanishingly small. On the other hand, 
the magnets must be sufRciently long and thin to render it 
possible to determine with accuracy their moments of inertia, 
and therefore to rednce correctly the reaulls of the vibration 
experiments. When the distance is so great that the effect of 
distribution is negligible, we m^iy use the approximate formula 



tio.1 of 
Effect of 
Magnetic 



I 



for the position shown i: 



Fi£. 13, or 
V = 7^ II tall fl 



(19) 



(20) 



for the position shown in Fig. 13'. 

A magnetic survey of horiaontal force, in the neighbourhood Magnetic 
of a place for which H lias been determined, may very readily anrvey, 
be made with one of the magnets used in the deflection esperi- 
menta, by simply observing its period of vibration at the various 
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places for which q kriowledee of H is desired. The raag-neticj 
moment if of the magnet heiog of coiime known from thi 
provioua esperiuients, H can be found by equation (5) or (71 

By kenping a mngnetorneter Bet up with' lamp and scale in 
readineaa, the magnetic momenta of large niagneW can be founa 
with cotiBiderahle accuracy by placing them in a murked positionj 
nt a considerable distance from tlis needle, and ohaerving tk^ 
defloction produced. By having a ^rnduated series of distance^ 
for each of which the constant ^r'H, or r'H, aa the case nws 
be, by which tFin 8 must be multiplied to give U, has been calif 
cuirtCed, the magnetic moments can he very quickly read oS. j 
Compari- The magnetic mornenta nf large magnets of bard steel, wel^ 
son of magnetized, can he compared very conveniently with conaidertJ 
Momenta able accuracy by hanging them horizontally in the eartlra iield^ 
of Large nnd deteniiining the period of a small oscillation abtmt thaj 
MagDeta. equilibrium position. They ahould be hung by a bundle of is< 
few fibres of uiiepun silk aa posaible, at least six feet long, bo! 
that the effect of torsion may be neglected. The suHpensionl 
thread should carry a small cradle or double loop of copper wire,' 
on which the magnet may be laid to give it stability, and ta 
allow of ita being readily placed in position or removed. Two' 
vertical marks are fixed in the meridian plane containing th4>< 
suspension tlirend, and the obGerver placing his eye in thein 
plane, can easily tell very exactly when the magnet is pasBinc^ 
through the equilibrium poaition, and bo determine the periodic 
Or, a north and south line may be drawn on the floor or table! 
under the magnet, and the instant at which the magnet is parallel' 
to this line observed by the experimenter, atanding opposit* 
one end of the magnet nnd looking from above. The valne of 
K is given in terms of H by equation (3) above. 

Care rauat of course be taken to avoid imdue disturbance from 
currents of air, and to prevent the magnet, when being deflected' 
from the meridian, from acqniring any pendulum swing under 
the action of gravity. The deflection from the meridian should 
be mode with another magnet, brought with ita length along the 
east and west line through the centre of the suspended magnet, 
near enough to produce the requisite defleclion, and then with- 
drawn in the same manner. 
Stroud's A new form of magnetometer by which the determination nf 
Magneto- H is at once efiecteil by direct observation of angular deflectionB, 
meter for baB been invented by Prof W. Siroud of the Yorkshire College^ 
Complota Leeds. A steel ring (JH" of Tig. 18>ia made by bending a piece, 
Determin- ^f ^x^^^ ribbon steel about 1 metre long, A millimetre in thick- 
ati™ of ga^ 3 millimetres broad, into a circle, a 



I, and soldering the 
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encia logether with the overlap at the top or hottoni of ihe riiig. 
Tlie filiapeiB maintained an nearly as poBsible a perfect circle by 
iiieaQN of a ring of tinaiie paper, or, better, aluminium with 
ccniLecting arrna as eliown in Fig. 18. 

When the bitilar is placed in an eaat and west (magnetic) 
vertical plane, it gives a means of measaring the couple exerted 
by the eitrth's horizontal field. That couple ia proportional to 
MH, if M be the moment of the ring-magnet, that is, the couple 
tending to tiim the magnet in a field of unit intensity and of 
direction at right angles to the plane of the ring. 

This ring-magnet is hung within a eaae C, C, supported on 
levelling screws. The case is made partly of glass, so that the 
apparatus can ha seen from the outside. The ring is hung ty 
liouks h, h, from a brass crossbar b, by means of which it is 
attached to the bililars /, i. The upper side of tliis bar id a 
knife-edge furnished with a V-notch near tlie end to receive one 
of the hooks it, and thus allow the wire to be removed, and 
replaced accurately reversed in position on the bar. A email 
plane mirror is carried above the centre of this bar, and serves 
to determine the position of the ring. 

The details of the suspension are shown in Fig. 19. A ia 
a piece of brass fised to the wall of the instrument case. A 
knife-edge is worked on its upper side and on this resta a piece 
of aluminium of the shape shown in the lowest diagram of Fig. 
I'i. To this piece is attaelied the bililars, and the distance CD 
between them is about 1 cm. 

Tlie knife-edge bisects the distance to at least ^ mm. Tlie 
thread rests in a groove in the aluminium piece, ao tliut the whole 
upper suspension arnngement is the equiWent of a pulley 
mounted on a knife-edge. 

The lower suspension is aliown in Fig. 20, and coiiaiats of an 
. aluminium piece to which the fibres are attached. One fibre 
comes from above to B, passes from E to F, thence round by 
to H, and then up. The distance EH ia, like CD, about 1 cm. 

It is to he noticed that at the top the fihres lie outside the 
apace CD, at the bottom inside EH, eo that the product of 
the distances of the fibres npnrC at the top and bottom ia 
accurately CV X Eff. CD and EH are measured by means of a 
micrometer gauge easily to jjjj mm. Error from effect of the 
pressure of the gauge does not enter, ns CD is measured directly, 
then SF, HG, and FG, giving EU by difference ; so that EH ie bb 
much too great in consequence of compression produced by the 
gauge as CD is too small. This arrangement also eliminates 
error arising from the thickness and floxural rigidity of 
suspending fibres. 



DETERMINATION OF E j^H 

The length of the fibres ia determined an follon-s. A ininur ^^H 

f (Fig. 18)wiC}i a horizuntal line on it ia uttucliec] by a braaa ^^H 

I tim to a slider L, wgrked by a acrew with milled bead M at the ^^H 

top of the instrament. The screw ia worked UDtil the Lorizontal ^^H 

^ne on the mirror, the horizontal lino given by the top of the ^^H 

piece 6H, and the imago of the latter ID the mirror K behind it ^^^H 

are in one line. By the motion of the screw, a mark on tlie nut ^^H 

at tbo top of the slider L is brought to some position on a brasa ^^H 

ticale ^attached by brasa connecting piecea to the piece A Ehown ^^^| 

in Fig. 19. The length of the librea is equal to the reading on ^^H 

the scale ^'increased by a constant quantity. ^^H 

Any alteration in the length of the scale due to temperature, ^^^H 

&c., ia thus given by measurement in terms of diviaions of a ^^^| 

bra^ scale, so tbbt the length can always be obtained with ^^^| 

almoBt perfect accuracy. The residual temperature correction is ^^^H 

indeed quite negligible for even large differences of temperature. ^^H 

A small needle n in hung from an arm of brass which is ^^H 

attached to one aide of the box, so that the needle, when in ^^^| 

position, can bang with its centre as nearly as may be at that of ^^H 

the ring-magnet. A small mirror m' fixed ut rigtit angles to the ^^H 

ass of the needle is carried below it. ^^^| 

A forked piece of wood prevents the needle from turning ^^H 

round, and enables it to be placed at once very near tbe centre of ^^H 

the ring, while copper pieces p, p, on the sides of the case, damp ^^^H 

the motion of the ring-magnet ai}d limit the free apace in whicli ^^H 

it swings to about 1 millimetre of clearance on each side. ^^H 

Changes of the positiona of the ring-magnet and of the small ^^^H 

needle are read by means of a lamp and scale, or a telescope and ^^H 

scale, in the ordinary manner. (Of course a telescope and scale ^^^| 

free from iron must he used.) By properly arranging the positions ^^^| 

of the two mirrora a single telescopo, with, if necesaary, two ^^1 
Bcales, can he used to determine the deflections of both magnets. 

The method of uaing the instrument and its theory are as gtrond'a 

follows. The bifilars are adjusted so that their plane is approxi- Jlagneto- 

mately east and west, then the ring-magnet is placed in position, meter, 

and the deflections of the needle and of the bar carrying the Usa and 

ring read off by their mirrors. If 6 be the nngle which the Theoiy of 

plane of the ring makes with a vertical cost and west (magnetic) Inatru* 

plane, tbe magnetic couple on the ring due to E is HU cos e. ""^nL 
The total magnetic couple on the rin^ ia thus MHcos 6 - L, 
where i is a couple in the opposite direction due to the si 



needle at the centre of the i 
suspension threads nnay be 
thin threads of cjuartz, the 
lected. Hence if a he the 



Since, if necessary, all the 
in^le fibres of silk, or still better 
irsioM of the bifilara may be neg- 
igle which the piano of the ring 



mnltes with a vertical east and west (mugiieliG) plane when the ' 
biSInr plane is vertical, the angle thmugh whicb tbe bilikr lias 
been turned is fl — n, and if d, d' be the distances between the 
threado at top and bottom, I their length, and W the mosi 
aiipported, the couple given by the bililar ie (Vol. I. p. 244) 
Urd^ sin (fl - n)/4/. 
Heoca we have 

ME coi 6 = ^^siii {6- a) + L . . . (21) 

The small needle is likewise defected through an angle A, 1 
This uan be measured by observing the poaitiona of the needle I 
with and without the ring-magnet in the inBtrument. I 

The component of the moment M' of the small needle at right 1 
angles to the plane of the ring is M' cob {8 - rft). Now if we \ 
Buppose a small quantity of magnetism Sm of the ring to be | 
aitnated at a point the radius to which makes an tingle x ^th i 
the horizontal diameter through the centre, the horizontal com- j 
ponent force due to 8m will he bm cos x/''^^ or Sw//* . r cos x- I' I 
follows, if the length of the needle be taken aa very small, and . 
the breadth of the ribbon be neglected, that the moment of the ! 
couple deflecting the needle is M'/t' . cos(fl - ^) SBwrcos;^, , 
where the summation ie extended throughout the whole distn- 
bntion of the ring-magnet. But S&Hircosx is evidently the ' 
magnetic moment M of the ring-magnet. The couple exerted by 
the ring on the needle is thus MM' ens (6 — ^)/r, and thia is 
equal and oppoaite to the couple Z exerted on the ring by the 

Hence for the equilibrium of the small needle we have neg- 
lecting the torsion of the thread 



-«.ir,ii,* . 



(22) 



But wo have alao 

M3 cos — — - 

If 7, (- M'U Bin if) be small i 
that ia if M'sindi/Mcosfl be a s 
lected in (24), and we get 



■m(e-a) + L . . . (24) 

comparison witli MH cos S, 
:all quantity, Z may be neg- 



/ 
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^ __ Wdd' sin {B - a) cos (^ -</ >) ^ ^25) 

4/r3 cos ^ sin </> 

If two experiments be made with the same weight on the 
bifilar, but with the ring-magnet reversed, we get if 6' + a» </>S 
be the angular deflections of the ring and needle, respectively, 



^^ Wdd' sin {& + a) cos {6* - </>0 
4/r3 cos ff sin <^' 

Hence 

sin {B — a) _ cos (^' - <^') cos 6 sin 
sin {& + «) cos (^ - </)) cos ^ sin <p'' 



(26) 



(27) 



from which a can be found, so that H can be calculated from 
(25) or (26). 

If the angles are all so small that they may be replaced by 
their sines, and the cosines may be put each equal to 1, we have 

_Wdd'e^a_ Wdd'B' + a .^.. 

- 4/r3 ~^ "" IP" ~0^ • • • • ^^»; 
or 

4/r3 + <^' ^ ^ 

Hence all that is necessary is to take the angular readings 
before and after the reversal of the ring. The differences of the 
readings in the two cases are ^ + ^ and <^ + <^'. 

The errors due to neglect of the couples, due to torsion of the Order of 
fibres, the couple exerted on the ring by the small needle, and Magnitude 
the error due to uncertainty of magnetic distribution in the of Errors, 
thickness of the wire of the ring are not all of the same order of 
magnitude. The first may be made quite negligible even with 
silk fibres ; the couple due to the small needle produced in Prof. 
Stroud's first instrument, which had a ring of pianoforte steel 
wire, gave an effect of about 1 in 700, and the thickness of the 
wire gave a possible extreme error of about 1 in 300. The 
two latter couples are made negligibly small by increasing Af 
sufficiently, and making the ring of thin steel strip instead of Results 
wire. Of course the couple due to the small needle can always obtained 
be approximately determined and allowed for. -yyith Trial 

The following table contains examples of determinations of H Instru- 
made by Prof. Stroud with his first trial instrument. nient. 

H 2 
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Other metlioda of determining H which depend on current 
induction will be explained in a later chapter. 



CHAPTEE III. 

THEORY OF ELECTSOMAGXETW ACTWK. 



SECI'IOS I. 

-ACTIONS BETWEEN CURRENTS AND MAGNETS. 

The action of a current on a magnet, discovered by 
Oreted in 1820, is the foundation of the modern science 
of electromagnetiam, for from it has come by a steady 
process of discovery, at once inductive and deductive, 
the whole theory of the mutual action of magnets and 
currents, and of currents on one another, of the induction 
of currents by the motion of conductors in a magnetic 
field, and the great modem applications of electricity 
to telegraphy and telephony, lighting and transmission 
of power, and electric traction. We shall follow to a 
certain extent the historical order of development of 
this part of the subject, making use freely, however, 
for brevity and clearness, of the theorems contained in 
the digest of magnetic theory already given, and of the 
ideas and methods suggested by later writers, such as 
Thomson and Maxwell. Some account of speculations 
as to the nature of currents and the raiiona/e of electro- 
magnetic action geniirally will be given in Chapter V. 

In Orsted'a experiment, as commonly performed, a 
magnet is suspended horizontally in the magnetic meri- 
dian, and a conductor carrying a current is stretched 
parallel to the needle, above it or below it. The 
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PM, ST, &c. ure each traveraed twice but in opposite 
10 that tlie work done in traversing them in one 
QOels the work done in traversing them in the other. 




In the same way, we can prove that if the circuit pass « times 
ihron^h the path, the work dona in carrying the pole round the 
path is JjTfly. For, consider tlie cnee represented in Fig. 23, ia 




Fio. 33. 



I 



which the circuit passes twice through the patli, and join the two 
points Q, S of t!:e path by the line OS passing between the two 
portions of the circnit. The work done in carrying a unit pole 
round the path ia plainly equal to the work done in carrying it 
round the two closed paths FQSF, QBSQ, since SQ ia traversed 
in opposite directions in the two cases. But in each case the 
work done is 4iry, and hence the whole work done is 2 X 4Ty. 
Hence, proceeding in the same way for further interlacing of the 
oirGuit with the path, we obtain the general result stated above. 
Any combination of the two kinds of interlacing will give a 
I resolt which can be calculated accurding to the circumstances of 
tho case by combining the two restdts just found. 
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Ampere's theorem in confitmeil by qii until alive ei[>eriiiieiit« Magnetic 
on tbe mngnetic effects of a long slraiglit conductor carrying J'ieiijor* 
a current. With the arrangement of boriEontal conductor and ^^^ 
horizontal needle, it is found aa haa been stated (p. 102) that. Straight 
according as the conductor is above or beiow the level of the Coudwctor 
needle, the latter is deflected in one direction or the other, and ™!^^^' 
hence when the coDiiuctoT is in the ennie horizontal pitr 
llie needle, no deflection is produced. If the free period of 
oscillation of the needle be obaerved when the conductor id 
present in the same horizontal plane it is found to be tbe sitme as 
wlion no current is flowing. 

These reeulte show that the current prciduees then no com- Direction 
ponent force in the horizontal direction on a magnetic pole, and of Fon% 
it follows that the resultant force is in the vertical direclion. 
Tbe force on a magnetic pole is therefore at right angles to tlie 
plane through the conduclor and the pole, 

Tbe same thing is shown by the fact observed by Ampire,lhat 
the position of the needle is at right angles to the conductor ii 
plane parallel to it when there is no force acting on the needle 
except that due to the current ; for this proven that tlie 
component in the plane through the current and a magnetic pole 
on which the current a4:tB. 

It is found that the magnitude of tbe magnetic force due 
the current in a straight conduclor, at points not opposite ' 
ends, and at distances from the conductor small in comparison 
with ita length, varies inversely as the distiinee of the point 
considered from the conductor. Its direction is, as we have si 
at right angles to the plane through the conductor and tbe point 
considered. A magnetic pole free to move in a circular groove ^ . . 
with tbe conductor for ita axis would move round tbe groove in p^ 
the same direction and would be acted on by the siime force, c^ciea 
which would be everywhere tangential to the groove. In fact ronml 
the lines of mcgnetic force round the conductor except near its Condocloi 
ends, are circles having the conductor for their common axis. 

These results for a straight conductor are proved by a number 
of simple esperiments. That tho intensity of the magnetic field 
varies inversely as the distance from a thin conductor was shown 
by Biot and Savart,* who placed a horiitontal conductor at right 
angles to the magnetic meridian, and at different distances above 
and ,below tbe centre of a horizontally suspended needle, and 
observed the periods of oscillation when the needle was under 
the influence of the earth's force alone, and again when a current 
was made to flow in the conductor. If T, T' be the periods in 
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e two csBea, M the magnetic moment, and n t 
ertia of the magnet, the intensity of the field due to the current 
given by the expression iir'ft/if . Cl/l"^ - 1/2^). 
Ldw of The law of variation of force with distance is also ehown by 
the following elegant experiment apparently suggested by 
Maxwell.* A conductor is placed in a vertical position and a 
light carriage of non-magnetic material is suspended so aa to be 
free to turn round the conductor as an axis. It is found tliat 
when a magnet is fixed on this carriage there is no coupie tending 
to turn the carriage round the conductor. Consider a thin uoi- 
furmly magnetized bar magnet attached to tlie carriage. It may 
be regarded as composed of two equal and opposite magnetia 
poles at its extremities. Tile moment round tlie axis on one pole 
must he equal and opposite to the moment exerted on the oUier, 
whatever the position of the magnet on the carriage may be. 
Let J"[, i'j be the forces on the poles at right angles to the planes 
through them and the conductor, r^, r^ the distances of the poll 
from the conductor supposed to be a tiiiii wire. "" 
round the conductor give 
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Deduction We may deduce the resulta stated above for a long straight 

of Law of conductor from Ampere's theorem of the equivalence of a current 

FOTcafrom and a magnetic shell. We have seen that the shell is defined 

l^'t*' °°'y ^y '^ hounding edge and the strength of the current, H 

Macnatic ™^ consider an intinitely long straight conductor carrying a 

gjgj] current y, the equivalent shell is geometrically defined only by its 

edge, and we may take the shell as a plane surface, otherwise in 

I any position we please. Let the shell be at right angles to the 

plane of the piper, A (Fig. 24) the projection of the conductor, 
JS of the shell, P the position of the magnetic pole, PC (= a) 
its distaiioe from the plane of the shell, and CJ (= i) the distance 
of C from A, Let E be the projection of an element of the shell, 
' the distance CE = y, the distance of the element from the plane 

of the paper z, and its area dydi. The radius vector from P to 
the element has for length (y^ + ^^ + c^) > and the projection of flie 

i. p. 130(2uded.). 
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element at right angles to the radius vector is adydzKy^ + ^^ + «^)*- 
Hence the solid angle subtended by the element at 7^ is 

adydzli^'^ + ^^ + a^)^- The total solid angle subtended at P 
C A_ E, B 

V / ^' 



I 






/ ^ 
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Fig. 24. 



by the shell, supposing the positive side turned towards P, is 
given by the equation 



00 00 



i! a^dz_ ^„„_2tan-.* . . (2) 

6 —CO 

Hence for the potential ^ at P of the magnetic shell we have 



r 



h 



= yU- 2tan-i£) (3) 



where for tan-i h\a is to be taken the angle between and 7r/2 
which has h\a for its tangent. 

The same result may be obtained geometrically with great 
ease thus : — The solid angle subtended at P by a plane rectangle, 
of finite breadth and infinite length, is the area of the lune cut 
out of the unit sphere (centre P) by planes drawn through P and 
the edges of the rectangle. If B be the angle between these 
planes the area is 47r X ?/27r = 2^. Thus, if by the addition of 
a rectangular strip the edge of the shell were brought to C, 
the solid angle would be 2 X 7r/2 or tt. But for this strip, 

Q = tan~^ b\a. Hence the actual solid angle is tt — 2 tan"^ ^/af. 
The components of the magnetic force at P are - dVlda, 
- dVjdb respectively. Hence the resultant magnetic force at P 

is {(dVlddf + {dFldbyy = 2y/(«2 + ^2)*^ or if r be the distance 
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of P froTO A it is 2y//-. The direction of the force ia therefore 
in tlie plane of the paper, and at right angles to PA, and^w ■ 
that aide of the plane through P and the conductor od whioh B 
lies, for we hare 



- dFjda 



- 2yi/(a' + 4'), - dridb = 273/(3' + **), 



and the equation of the plane the projection of which is PA, ia 
bx — ay = 0,iix betaken from Pin the direction PC. The x and j 
direction cosinea of a normal to this plane are reapectively pro- 
portional to — j itnd a, aa are also the component foroes parallel 
to x andy. By lixperiinent it is found that the diraction which 
the current niuat have in order that a positive or north-aeebing 
pole should move as here apectiied is from below upwards 
through the paper, This agrees with the rule at the foot of 
p. 103. P is thua on the positive side of the shell. 

We mny proceed from the experimental fact, that the intensity 
of the magnetic field at any pomt is inversely as the distance, r, 
of the point from the straight conductor, to determine whether 
the current has a magnetic potential or not. First defining the 
unit of current so that the magnetic force is 2y/r, taking the 
origin at A^ and the axes of i oiid y along AB and parallel to 
,CP respectivelj', and putting a;, g, s for the coordinates of the 
point P, we have for X, J", Z, the components of force at P, the 
valuea X = — 2yj/li^, Y = 2yxjr\ Z = 0, and hence 



Xd,v + rdy + Zih ■■ 



. a (MM 
^1 +jV^ 



that is, the esprosaion in the left ia a perfect differential of the 
function —yte,n~^j/li: + C, which is therefore the potential atP. 
This ia a many valued functiou of x,g,t; but since we liave to 
deal only with the difference of potential between two pointe, 
that is with the work done in carrying a unit pole from one to I 
the other, the eipreasion will lead to no arnbigiiity. 

We have here to take into account, aa poioted out above, the 
difference in the work done in any closed path according aa the 
path does or does not pass round the conductor. The work done 
in any closed path it zero^ if the path can be supposed ahrunk in \ 
upon any point within it without cutting the condnctor, for, 
clearly, the work done in canying a unit pole from any point P , 
to another point Q is equal and opposite to the work done in 
carrying the pole from Q to P along the remaining part of the 



WOEK IN CARKyiNG POLE ROUND CUlittENT 

On tlie otlier liand if tlie pntli ombrace tija ouuiiuclur tliis TUnnvm 

T«aBoning: doea not hold. It is c\ear tlint tlie work done in ot Warlc 
carrying a unit pnlc once roand in n uircle of wLich the conductor ''<•'"• '" 

is the axis, BHy TUVWT in Fig. 25, in iiry. For the force nl ench ,, T^p f 

point is ttingentiiil to the circle, and has the value 27/r, wliile the """ 'T" 

lengtli of path is 2nT, and theKe give the prodiiut 4ny. Let now fw^i . 
the given closed path, which may or iiiiiy not be in a plime, for Ceoond ' 
example FQJiSP in Fig. 25, bo connected will the circle by the i^.o„f. 




lines QT hih] Sr. The work done in ench of the closed paths 
SRCITUFS, SrifTQi'S, is zero since neither embraces tlie oon- 
'iuctor. Bence the whole work done in theee two paths is zero. 
But if the pole hb carried round theee paths in the order stated 
above, the whole work done is the sum of the work done in 
currying the pole round the circle TUVWT, and round the given 
cloNcd p.ilh in the direction fiQffS, since the work done in the 
[laths 5^ and QTia zero, these being traversed twice in opposite 
directions. Hence the work done in the path I'QJtS embracing 
the conductor is also numerically 4iry. 

Tills melliod of proof leads also to the result, already proved 
above (p. 107), that the work done in carrying a pole round a 
conductor whether straight or not is 4Try. For if we suppose the 
cundactor infinitely thin and to have finite curvature, and take a 
closed circular path infinitely near it, the pole will be acted on 
onlyby the portion of tlie conductor which ie near it as compared 
witn the rest of the circuit, and this may be cousidsred as a long 
straight conductor. The wort done in carrying a unit pole 
roDnd the circular path is 4rry. Then by connecting with the 
circular path any other path embracing thu coniluctor, the work 
done in carrying a pole round it may he proved, as above, to 
be4H7- 

If llhe circuit be not Lnf.tiitely tliin the actual conductor may be 
supposed made up of an infinite number of filauieiital conductors 
VOL. IL I 
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coinciding with the lines of flow, and for each of theae the worl 

done in carrying a uuit pole rouad a palh embracing it la 4ir X tbj 

current in tlie filftment, Hence in a clraed path embracing tid 

whole current y, the work dune upon a unit pole tr^veniing it M 

4Ty. Thus tiie theorem is extended to non-linear conductor^ 

The case of Interlacing of the path and the conductor may b( 

dealt with as before (aee p. 108). 

Relation If the cnrrent strength per unit area at riglit angles to ths 

of Carreal direction of flow at any point be denoted by g, nnd I, m, n, be the 

to Line direction coBinea of that direction, then we may call I//, tug, itj 

^^gftiol the coniponenta of the current along the nxea. Denoting ineaa 

Magnetic f,y ^^ ^^ y,^ „,g have for the component of Bow in any direction oi 

"^ which the ooainea are X, fi, c, the exprBaaion Xii -{- fio + cw. 
Coodactor ^^ '"'^ "^ ^"''^ ^"^ eloeed path round a conductor, or portion 
' of a conductor carrying currenta, and take the line-integral oj 
the niagnetic force round the path, and tlie surface integral (A 
the current acroas the surface, tlie theorem juat cliscusaed i&ay b^ 
thua expressed 

../<», + .. + ..y. = /(.* + .'| + ,S).,.<4> 

The second integral may be trunsformed by the followiogl 
process, which may also be employed to trunsfonn the ezpreasioii< 
on the right of (49), p. 33, and so give the values of a, A, e, in 
terms of the components of vector potential. Let JBC, Fig. 26^ 




be one face of n tetrahedron the other three faces of which a 
OJS, OBC, oca, and have edges OA, OB, 00 in the directio* 
of the aies ot x.y, z. 

' ' fl*-!.,' 



JM^g j(a' 



Hid tlie clDHeil path AB, 



f RELATIONS BETWEEN CURRENT AND MAGNETIC FORCE 

ee at oiice that it can be converted into the correBponding 
Integriils round tlje three pntha OABO, OBCO, OCJO, since the 
integral along each of the lines OJ, OB, OC is thus taken twice 
in opposite dtrectiuos. Thus we obtain 

l{''£ + 4 + yfi<- - 0. + 4')"+ /{"i'+'S'' 

ABO VAB one 



Now consider fitiv one of tliese 1 
taken round OABO. Let a, 8. y 
magnetic force at 0. Then the values 
at any point dietaTit Sx, ij/ from ir 



liree integrals, say the firflt 
he the coniponents of the 

of the iirst two components 

the plane xg are 



It we take tlie tetrahedron ao Bmall that its edges OA, OB, OC 
sre ix, Sy, i:, the integral round OABO may he foimd hy taking 
the values of the components attlie middle points of OA,AB,BO 
ta the mean values over these distances. Thus we get for the 
integral 

(•+*£")»'-("+4>+*$">' 

Khich reduces to 

KS-|)'"'=(£-J)=<"-»^- 

In the same way we ohtain corresponding results for OBCO 
and OCAO. But if ABC be taken as dS we have area OBC-^US, 
OCA=^dS, OAB-vdS. 

'•t^-+'"+->-Kj-S)+''(z.-g)+'(g-S) 
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equations which will be fouod of great importaocc in tlio sequel. 
There is one remark on the equivalence of a current and a 
magnetic liiatrlhution whieli ought to be made here, though we 
have not space to deal fully witu the matter. The mutual action 
between a current flowing in a conductor and a distribution 
of mEkgnetism is independent of the nnture of the medium in 
which tliev are placed, if that medium he the same throughout, 
but this does not hold for the mutual action between two dis- 
trihutious of magnetlBm.* 

The value of the magnetic force at any point, by definition, 
does not depend on the nature of the medium ul the point in 
question, hut only on the magnetization elsewhere. Id a uniform 
medium, which has imbedded in it a conductor carrying a 
current, the potential at any point may be taken as made up of 
two parts, that which would be produced by the circuit alone, 
in a medium of unit inductive capacity, and that due to the 
inngneti nation which the medium receives in consequence of Its 
specific inductive cap.icity differing from unity. Now the second 
part of the potential is single valued, and hence the line-integral 
of its variation round a closed curve is zero. If the induced 
magnetization of the medium is solenuidal (as it always ia 
when K is uniform] and the medium eitends indefinitely in all 
directions, no force due to the magnetization of the medium is 
experienced by a magnetic pole placed anywhere ; but tlie action 
is precisely the same as if the circuit and pole were sitnated in 
air. Of course if the medium is different in different parts, as 
for example when it consiate partly of iron, partly of air, the 
magneti nation of the different parts must be taken into acconnt 
in assigning the value of the magnetic force at any point. In 
the case of solenoidal distribution this is effected by taking into 
account the virtual surface distribution, resulting from tha dis- 
continuity of the magnetization at the separating surfaces. 

* Neglect of this difference in the two cases hag led to the assign- 
anff dimensions to unit quantity of maguetiam in electro- 
See a diacQsaion in the Phil. Mag., 1SS2. 




TOTAL MAGNETIC INDUCTION THROUGir CIRCUIT 

We come now tn the action of a magnetic system upon a 
irrBDL The llieorem nf tlie ei]iii\-nleace of n current to n ning- 
Ifietic diatribiitioii estnhlislierl above leuilH of course to tlie 
I eonolncion that wlialever procena, or function, is nvuilnlije for 
\ the calculation of tlie forres xctin^ oti tlie niuKOctio sliell, ia bIho 
anulable for the cnlctilMion of ihe aption on ilie current when in 
I tbe field. This will be manifested as certain forces »ctinf( on the 
I eondiictor which we have now to inveatif(ate. KSects of the 
I alectroniBgnetic action on the current itHelf will be diacusRed 
[ liter. 

The fnnction from which we determine tlio force aetinK on n 
I magoetic distribtition in a magnetic field 
I potential energy which the ayatem poflxeBi 
in the field. We have found for tliia i 
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the oxpresainii for the 
I in virtue of its being 
the case of a shell of 
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(6) 
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Fore* frnm 
['otontial 
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Shell" in 
Field. 



where F" is the magnetic potential (due to Ihe diatribiition pro- 

duoing the tield and not at all to the aliell itself), lit the element 

' 2^ Che coordinates of which areir, v, e, and the integral is taken 

' uver tbe surface of the abeH. But, if there be none of the 

' magnetism producing the field at the shell itself, we have for the 

Cuuiponents of miignetic induction at (j:, f, i) a. 4, c •= — dVldje, 

-- dF/dy, - dVldi : and therefore, writing for ^ the current 

■trength y, we get instead of (6) 



~yjj {la + mb + n^)'iS . 



(60 



If the surface, as supposed here, do not pnsa lliroiigh mag- 
netiBed matter, a, S, y coincide ia value with a, li. c; hut it ia 
easy to see that a, i, c oueht to !« uned in the integral in the 
general cane. For let the surface bounded by the circnit he 
taken so as to pass through a portion of another medium. Then 



//' 



{la + mi + nr)dS 



bus the same value for all mirfiioeF 
edge, it is an expression which give 
poeitiona of tiio surface. 

The integral in this equation is the value of the magnetic in- 
duction ibroutl' tlie shell, and liere and in whiit foUowa we 
denote it by JV. It is to he taken positive or negative according 
as it passes thrniigli the abeil from the negative to the positive 
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We take next (he two elements Jteiu 6, dt' Bind' coeij, whicU 
are paralJel to oiio anottjer and at riybt augles to tlie line joining i 
their centrea. TLis force Iiw for valoe Syy' sin 6 eiii fl'coBijArfj'/r* : 
where £ isacunetftnt, and must act ia the plane of the elementa; , 
for there ia no reaaon why a component at right angles to tbia 
plane ehould act towarda one aide or the olherof it. Further it ^ 
muat act in the hns joining the elements, forlociiange the sign ' 
of one of the C'urrents reverses the action, aud tocliangetheaign 
of hoth must leave the action unchanged. We thall suppose 
that it is also an attraction. 

Lastly we have the four pairs of elements at right angles to 
one another. Of these the pair tU ain 6, ds' sin ^' sin tj are at 
right angles to one another unci liltewiae to the line joining their 
centres. Nowif we make the assumption that the force between 
two ootnpooenta at right angles tu one another ia in the line 
joining their centres (an aasumplion necessary for Aropire's 
theory in the cases of the other two pairs of elenionta), we can 
easily prove thai the force between the pair of elements now 
being considered is zero. Suppose that we hai e such a pair of 
elements a, 8 at right angles to one another, and let the force aut 
as shown in Fig. 33 from left to right. Now if the whole system 



fk 



T^'' 



he turned through 180° round the direction of a as an axis (or be 
looked Rt from the other side of the paper), the direction of j3 
will be reversed, and the force will now act from right to left. 
The system then turned from its new position through 90° about 
the line joining a, 9, gives the original arrangement of the 
elementa, with the force between them reversed. Hence no such 
force can exist. 

The asaumption made above ia not really necessary for this 
case, siuce, if there exist a component at right angles to the line 
of centres, it muat act in the plane of one of lhe eiements and 
the line of centres, or in a plane bisecting the angle between the 
planes of the elementa and the line of centres, and there ia 
nothing to determine in which plane it must act. 

Tliere remain the three pairs ufelementsrf«coa(9, rfj' sin fl' cos ij, 
dicosff, rfi'sinfl'sin^, and diam6, A'cosS', the constituents 
of each of which are in one plane. Making the aasuinption 
stated above for these, we see that between the elementa of each. 
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pair there can be no forcC) since if a force did exint it would 
not be reversed by the reversal of the current in ds sin B^ 
dt' sin & sin i;, or dt' sin 6' cos 17, for this would merely be equi- 
valent to turning the whole system through 180° round the line . .. 
joining the elements. We find therefore collecting these results t,g^^.ge,J 
>i total force of attraction between the two elements dt, d*' of »p^Q yAh* 
amount n,^.„t8. 

dF - yy' ds ds' - (A cou $ cos $' + B sin $ sin $' cos 17) (11) 



ds' 



d^' 



and r« =-- (or - x'Y -f (y - yT + (» - ^7* 
The last gives 

ds ds as ds 

and diflferentiating this with respect to *' we get 



dr dr , d'^r 
. _ ^ r 

ds ds' dsds' 



dxdjf dydy' dzdz' ^ „ 

ds ds' Ss ds' ds ds' 



where c is the angle between the elements ds^ ds'. 
But by (12) 

r sm ^ — , = r sm ^ -r- =» — sm 6 sin 6' cos 1; 
ds ds 



dsds! 
since by geometry 



(14) 



de dd' . -, 

— r -rr,^ r --, cos 17 — sm 6' cos 1;. 



Deternn« 
nation 



and it remains to determine the coefficients A and B- 

Now applying the result of Ampere's third experiment we 
resolve the force on ds into two components, one along ds, the of Con- 
utber at right angles to it, and equate the integral of the former, 8tauts. 
taken round the circuit of ds', to zero. Hence 

)7'efo/^[^cos2^co8^'(/*'+5[L8in^cos^8in^'cosi7«fo']=0(ll') 

This expression can be transformed as follows. We have by 
geometry, if the coordinates of the centres of the elements be 

3*, y, 2, «', y\ «', 

-cos^«--; - cos ^' = -r-. , , . . (12) 



ds' 



ds 
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Tlierefurehy (12}iin(i (13) 

fos . = - cos fl cos 6' + sin 6 m\ 6' cos i 
Substituting from (12) and (14) iu (U') and rearranging, we find 

„v,[(. - ii.)/i(:^)v - ^/i(i©>'.'] - . (.=) 

The diacuasinn of the mutual actinns of the piirs of elements ] 
may be avoided and equntion (16) proved in the foUowing 
manner. We have neen that the mutual action of d» and d^ in | 
equal to ■)7'di(d»'/(fl,fl',i)/r', «'liero/(fl,fl',«) is a function of the 
relative pottitinns to be determiiied. But by Ampere's aecond 
experiment it \a the sum of the forces between the elements dt', 
and the three coinpOJiente dx, dy, dz, into which ds may be 
refloived, Ueni!Bf(S,ff,t)dsd«' = Pdxdi' + Qdyds'-i-Rdxdt', 



/(0,5',0=^T + '?T + ^' 



where P, 5, fl depend only on the position of A'. Thua/(fl,ff,E)' 
ia a linear houiogeneous function of the direction ooBines of rfa ; 
and similarly it most be a linear homogeueoua function o£ the 
direction coainea of d^. To fulfil these conditions and involve c 
it must be made up of two parts, Adrjdi . drjda', Brd^/dsdif, 
where ji and B are cotistatits. Hence Ampere's third experiment 



whidi ia equivalent to (16). 



yy'rf.(^-ifi)/i(J)V/- = 0. 



■action between two cueeent elements 



dF = Byy'dsd.' i (cc 



and ^^H 

inU (15) ^^ 

Find ' 
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Kow the integral iu this eigualion (toea cot 
therefore A ■= \B. Uence subatitutitjg i 
wo get 

'■ -Hi" 

Ainp^re'B expreBsiou for the action bEtween the elements.f 

Ampere assumed B to be eqti&l to I, which amounted to 
defining the unit of eurrent as that current whioh flowinE in the 
Bame direction in each of two pamllel elements at unit distance 
apart gives unit force of attmction between them. We shull 
show that for agreement with the definition of unit current 
adopted above the value 2 luust be given to S. Thus Ampere's 
Tinit of current is 1/ \'2 of the electromagnetic unit of current 
now in ordinary use. 

Heturning to equation (74) above for the mutual potential 
energy of two magnetic shells we are led, by the theorem of ^ 

equivalence of currents and magnetic shells, to write for the Ampere a 
mutual potential energy of two closed circuits l^pre*. 

E--yy/5^',/.i,'t (.8) ttk 

We ahall inquire what espression for tiie action between two ^ell 
elements can be de<luced fiom the quantity on the riglit, and xheorr. 
compare it with that given in (17). SubatitutJng for cost its 
value given by (13) and noticing that the integral of the complete 
differential d'rjdiidii' . d$ is zero, we get 

^'"'//;i:£>-^ '") 

" This may be seen by considering the particular case of a circnit, 
formed by two perpendicular atraigbt Hues, and a circular arc joining 
their extremities, acting on an element da at the cEntrii of the circular 
arc and in line with one of the straight lines. If the radius of the 
circle be e, and the distance of da from the straight line perpendicular 
to it be a, the portian of the integral contributed by the latter straight 
line is l/3a~a-/St^, by the other stmight line l/n-l/o, and by the 
circle zero. Hence the total integral is not zero. 

t In Ampbie'a own formula the minus sign is prefixed to the second 
term. This arises from his usina the supplementary angle to ff. 

i F. Nenmann gave -yy'dad^cBst/r as the mntiial potential of the 
two elements. The corresponding espression in (19) is due to Weber. 
Either gives the same result for closed circuits as does Ampere's 
formula. Thus the forces between the circuits may be found from 
(17), (18), or (19). The energy of the sTstem is further diaeusaed in 
Chap IV. below. 

V-OL. II. K 
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Amjiice'B Now let the circuit of dt be slightly deformed in nny way 

Exprea- while that of ds is kept uncliangcd ; r, drldt, drldi', ds will ha 

BioD affected by tbe deformation, 'nie change in E 'h 6Ei "nd hy 

deduced taking the variation ui the riglit-hand side of (19), remembering 

ftomthe jim^ 

flmll . f/r _ ilSr dr dSi .dr _fl 



,j r ridrndr 

f 1-1 drd&r , , , 



ihr ,dr dSt\ 
d^'^d^-d^r 



r rl dr dr , 
J jrJid^' 



i 



md tbe laat term of the firet integral cancel 
\ i/r dr . 1 dr dSr 



'' J JWdud:,' rds d-' 



I drd^ 



'y>d>' 



for the correaponding part of iE. Hence finally by (20) 

wliidi by (15) becomes 

HE = ^yy'jj\, ('^o" • + % ^=08 6 COS ff)hrd,ai' . , 

The interpretation of tliis result is an attraction of amount 
2yy' (cos « + f coa d coa 6')lr^ between the elements ds, d^ in the 
line joinine tliem. This agrees with Ampere's result and shows 
that the viilue of B in (17) is 2. 

Having thus shown the equivalence of the two modes of 
regarding the motual action of ciirrentB, we now give a very 
short account of the apparatus and experiments hy which Weber 
investigated the subject. 



(22) 



WEBEKS EXPKRIMENTS 

Weber mrtde liia measurements of electro in agnelic nclitm by 
iBBanB of his eleotrodynamo meter. Tliis ooasisted of two cireulur 
ouils, BQBpended by bitilur wires (which also conveyed the currenl) 
BO ii to be free to turn round n vertical axis, the other coil fiscd 
>ud arranged so thst by levelling the planes of iis wiodingti 
mid he made vertical. The appariitus was in two forms: (1) 
witft the movable coil Biiepended within the fixed coil, with the 
femtes as nearly as may be coincident; (2) with the fixed 
ud movable coile diatioct so that they could be placed at any 
required distance from one anothrr, and in nny relative positions, 
Deflectione of the movable coi! were measured by tlie mirror and 
Icleecope method described above (Vol. I., p. 214). 

By the first esperiment made by Weber it was proved that the 
electromagnetic action between the two currents varied as the 
Kquare of the current strength. Apparatus { I ) was used, and the 
tried coil wue set up with its axis [lerpendicular to, while that of 
the suspended coil was in, the mHgnetic meridian. Currents of 
different strengths were sent through the coils, and to prevent 
too great a deflection, the current through the suspended coil 
was reduced to i/246'26 of the whole current by a shunt of tliieJc 
wire inserted between the tenninala to which the bitUur wires were 
attached. A magnetometer with magnetized steel miri-or in a 
damping covering of copper was set up north of the fixed coil, 
at a distance of 68'3 centimetres, and tiie"langent« of the deflec- 
tions of this mirror (read by a telescope as in the other case) 
gave a comparative measure of the different currents used. The 
results shown in the following table were obtained; and from 
these it will he eeen that the mutual action between the systems 
was proportional to the square of the current, that is, to the 
product of the strengths of the two (equal) magnetic sliella. 



No. or 


3S™ 


miisr.elometer 
necrtleii, 


Force on andle 
touud by 
(oraul. 


DifT. 


3 
2 

1 


440-0,^8 
lfl8'255 
50'ai5 


ioa-42e 

7M98 
36'332 


108-U4 
72 '389 
SS'786 


- 0'282 

+ 0'iyi 

+ 0'464 



In another series of experiments Weber used the apparatus (2). 
The aids of the suspended coil was placed horizontal and parallel 

K 2 
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to tlie miigrietic laeridmn, wliilti tlie fixed coil woe placed with its 
axis III rtglit QugleB to the magaetiti meridian, and ita centre (1) , 
in the nia(,''iititic iiurlh und south huri/ontal line, (/I) in the | 
magnetic enst and west line through that of the nuEpended coil. 
EiperiineiitB were innde in each case with distances between the I 
centres, of respectively 0, 30, 40, 60, 60 centimetres. The current 
from eight Bunsen's cells was sent through holh coils, and also 
through a coil set up about 8 inetrea from the fixed coil so as to 
net on the miignetometer referred to above, and through a 
reversing key, so arranged that the current thiough the sus- 
pended coil could be sent first in one and then in the opposite 
direction without altering its direction in the rest of the cticuit 
The object of thus reversing the current was to determine uiid 
allow for the turning moment of the earth's magnetic field, when I 
the axis of the suspended coil was deflected from llie magnetic 
meridian. The corrected results of the experiments are shown in ] 
the table below, in which the second column for each series of ( 
positions gives the corresponding numerical values calculated by 
Ampere's formula (17) above. ' 



DlatsntJB of 
of"eoTs 




PoBition a! ce 


nirsa of coils. 




I„....t,c 




In magnatie^n 


rthandsiratU 


.Sr-u 


calcuktttd. 


Oonple 


ConplB 
onlQNiateil. 


40 
50 
60 


22960 
189-9.') 
77-45 
39-27 
22-46 


22680 
1H9'03 
77-79 
39-.S7 
22-64 


22960 
-77-11 
-3477 
-18'24 


22680 

-77-17 
-34-74 
-IB-31 



Here the results for the gre^itor distances agree very fairly well 
vith calculation from Ampfere's formula, and we have shown that 
mpfere's formula and tlie magnetic shell theory give identical 
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It is to he remnrkecl that in these experiments Ihe two coils nro Formiilo* 

Ml independent circuits; but that they may be so regarded is Apjilicabla 

plitin from the fact thut the remaininf^ portion of tiie circuit, if Vt Action 

Uw wires are cloie or twisted together, is of no effect since it can botwocn 

^le altered at pleasure without affecting the action hetween the Two Rlt- 

coiln, provided the current be maintained conijfant. niftiM or 

But the deflections 6, 6' in the two cnseB agree clofielj- for the """'" 
grestHr distiinces with tlie formulas 



Curn-nl 



tantf = 



2UM' 



-(■ + ,'). 



MM' 






between two magnets of 
" poBiiiuns and 
'.parieon witli the di 



t t\kt: 



of the 



I 



dnctocs. 



vhich express the a 
U', in the "end-on" and 
d apart, great 
magnets.* 

Elah orn I e experiments have also been mane by Caain, Bollz- 
mann, and others in veritication of the theory. For these the 
student shoulil consult Wiedemann, EUktricitdt, Vol. III. 

It is an experimental fact that the action between two long Forces 
parallel conductors carrj'ing currents is an attraction when the between 
currents are in the same direction, and a repulaion whon the Straight 
currents are in opposite directions, and that if the conductors 
not parallel there is attraction between them if the directions of 
the currents in the portions forming equal acute angles with one 
another are both towards or both from the ehorleijt line joining 
the conductors, and repulsion if the direction of one is towards 
that line, and of the other from it. We have not space here to 
go into calculations regarding such cases, but their general nature 
may easily be seen by considering the magnetic fields produced 
by the currents, nnd Ihe consequent motions of the conductors 
accordiog to the rules given above. In both cases the lines of 
force are closed curves surrounding each conductor, and it is 
obvious that if we consider each circuit completed by a return 
wire at a great distance, the magnetic induction thrnugh each 
will be increased or diminished by the approach of the con- 
ductors if the currents are in the same direction, and diuiinislied 
if tbey are in the opposite direction. The same will clearly he 
tile case if the two conductors considered be pans of the 
circuit The action of a current in a straight conductor, o 
element of a parallel conductor, is shown in Fig. 34, whioh 
the statements made above explains itself. 




»T>plica- 
bnmtla. 



sfindAc- 
fonof a 

linSole- 



ELECTKOMAGNETIC THEORY ^H 

We gire liere the nppliration made by AmpfepB * of Lis formhk 
tn the calculation of the force on nn element of a conductor, ami 
tlie turning moment on a given finite cnnductor produced by a 
simple solenoidoil eiectromatrnet, tliat is, a succeBsion of infinitely 
small circuilH arranged eqnidistantly at infinitely short distances 
apart with their centreH on, and their planes at right nDgles to a 
given curve, and carrying cutreuts sudi thut the product of llie 
area of the circuit and the current strength is the same in each 
case. The solution of this problecn is of the greatest importance 
in Ampere's tht^ory of magnetism, in wliich he eupposea all 
effects of mugnets to be produced hy currents flowing in mole- 
cular circuits within the body. We eball dee that tbe arrange- 
ment speciiied ubove is eiiiiivalent to a uniformly magnetiKed 



J:^" 



magnet, having a strength of magnetic pole equal to the bhiU'II 
the products of current and area for the oircuita round unit !« 
of the given curve forming their common axis. 

Let di be an elemnnt of the closed circuit, and consider its 
action on an element th' of another conductor, tbe current being 
unity in each case. If the coordinates of di he a; y, t, and the 
origin be taken at the centre of ds', tlie direction cosines oidt 
and r are rfj/rfs, dj/jdi, dijds, and x/r,y/r, i/r respectively. The 
expression for tlie action between the elements may be written 



2d-d,' 



d'-r 



+ i 



drdr^\ 



* "Thiorie dea Pheuomines flectro-dyDBnilquss," Mimoires de 
VJnalilKt, VI., 1823. The proof of Anipej^'s formula, and tha uppli- 
oitionB hpre given, have been very ele^ntiy treated hy quatprnion 
methods by Professor Tait ; aee his Qiialerniona, 2nJ edition, p. 2iS. 
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which by (14) becomes 

IdBds' 2 f - r sin $'— ^ i cos $ ^-!^\ 

= 2d»dt'r-h^ {r-h cob $'). 
dt 

Hence the component of this action along the axis of s or dX Compo- 

18 riven by nenta of 

J ActioD of 

dX=2dsds'r'ix^{r-icoQe') .... (23) a Closed 

^« Circuit. 

Bat if X, fi, V be the direction cosines of dtf 

r r r 

Hence (23) becomes 

iX-M,*f[^(i(x, + „ + „))] 

- H^iO + 'iio + 'f i(S)) ■ 

But 

ydaXr^J d$\t^J^r^\ ds ' dJ' 



(•24) 



and 



zdXf^) ds\r') r*\d^ ^ dsJ 



Substituting in (24) we find 

Ad, dJj ■ ' • 



(25) 



Tlie first tenn disappears when integrated round the circuit of 
di. Hence 



i 
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Similarly we oblain 

'■-'m4-'iy-m-'f» 

-M/M4-4>-/?('£-2W, 

Ampire'a Denoting tlie integrals (diveated of the multipliers X, /i, v) It' 
Directrix these eipreBsione by J, B, C, we have 
ofElflCtro- „ ,„ ^ 

Dynamic -f = dt\nC ~ vS) ) 

Action. r = dK\vA -\C)V (27) 

Z = d>'(\Ji - nA) ) 
Thecp equations give XX + ftV + nZ = 0, as they ought, since 
I the component force along da' in zero. Their form algo shows 

■ that the rBSiiltant force oo di is at right angles to the line the 

I direction cosines of which are proportional to A, B, G, that is, 

I its direction is at right anglen to the plane through di' and that 

f line. Theresultantof^, B, CAmpfere called the rfirecftre. By 

' comparison with (9) ahova we see that it ia the magnetio ' 

induction at d»' produced by the eircnit. 

Equations of precisely the sarae form as (27) hold of course for ' 

any assemblage of circuits. In that ease iiuwever A, B, C, are 

sums of integrals of the form given in (26). 

Compo- The component force in anv plane may be found us follows. 

nsnt Ac- Let <Jt he the angle between tlio given plane and the plane con- 

\ tion in taining di' and the directrix. Then clearly the angle which the 

"7 resultant force, S, makes with the given plane is jr/S — i^, and the 

""*■ component ia R sin 0. Squaring equations (27) and adding wo 

find R = ds'D sin a, where a is the angle between dt' and the 

directrix, and D — J^ + ^ + C^. If ^ be the angle between 

the directrix and the given plane, we get, by projecting unit 

distance along the directrix on a line at right angles to &', and 

then at right angles to the given plane, for the tinal projection 

the length sin a ain 0. But the same line projected directly 

gives sin ^. Hence era m sin = ain i|f. The component force 

in the given plane is therefore d^D sin oi sin <(j = ds'l) sin ^, If 

a, b, e he the direction cosines of the iiormul to the given 

plane, sin f = aAlB + bBjD + eQD, and the component is 

d^{aA + 45 + cC), or da'U where 
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Froin this we obtn n tl 
the given plane is ndep r 
element lie in that plane 

To apply tlie 1 found al ove to the problem of tjie CiileiiU- 

solecoid, let the c u t b sn all and plane. The vnlueB of the t,'''"|,°J 
components',^, C nn be ca! ulated approsimatelyfor tliia cMse Keeult for 



s follows. Let JfPQA, Fi;,. 36, represent the ci 



^, and let it 




be cnt by planes pasping through the axis of j. Let two of these 
planoH meet the circuit in JlfiV, TQ, and Octb, Opg be their traces 
on the plane of *,y, raeetioK the projectiun of the circuit in w«, 
pj, we have for C the equation 

taken ronnd the circuit. Clearly this may be written 

c-/v° m 

if a he the angle whieh Ointt innkeB with Ox, and « the diBtanco 
from of the element of the projection eorreaponding to rfj. 

Now since the circuit is small we may suppose the elements 
tap, nq, intercepted by the planes, to be at a small distance hn 
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Citlculi iipnrt. correB ponding to a smsll distance 6r between the actual 

tion of elements MP, NQ. We then find the value of C by calculating 

a S n "'^ '""■ °^ ^^^ contributioiis to it corresponding to tlie pnira of 

Circuit ^l^'n^f's "P- "9 "f ^^^ projection on the plane of xy. Now 

taking tlie area awnpt out by tlie mdiuB vector ae positive when 

the end of the radius moves from « to p, and therefore negative 

when it moveH from g to b, and taking a between the extreme 

tangents drawn from to the projection, we get 

Now r* =- «" + i', and thfirefore Sr = (aSa + zi!)JT. Letting 
full a perpendicular OS from 0, on the plane of the circuit, and 
calling ila length *, and its direction coeines I, m, n, we have 
OG = hlH. But if EMS he drawn parallel to the plane of x, f, 
we liave by the similar triangles MSN, MBG, iijij -00) = Sk/k. 
Hence 3r = {«» + ^(2 - A/») } Bb/kt = (r^ - :iMSu/vr. Substi- 
tuting in (31), and taking mean values of r and «, which since 
the circuit is small, may be those for the mean point of the urea, 
we liave, if S be the area of the circuit 



If, -"if 



Applica- Now consider a solenoid, as defined above (p. 134), made up of 

tion of snch circuits uniformly arranged along a common axis, and such 

Kennlt to that the currnnt and the area in each case have a conEtant 

Solenoid infinitely small product ; then taking the circuits as in&]iil<^ly 

close, denoting by g the sura of the producis per unit of length 

of the axis, and by rf» an element of the axis, we have ffdi for the 

sum of the products for the element rf«. Hence, to find A, B, 

for this part of the assemblage of circuits, we have to substitute 

gdt for A' in (32). Doing this, and denoting by A', B', C, the 

valuoH of A, B, C, for the whole aBaeiiibluge of circuits, we 
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Aj,r.Iicv 
tlon of 
Riwltto 

■ m 


.=,/J(.--'>J 


i 


B liave bere 


■ 


dxids, df/ds, dzld>, and h = tdxid, +fdj,!di + 


,i,ii,. ■ 



Hence Rubstitiitin^ and integrating from one end of tbe axis of 
tlie Bolenoid to tbe other, we find 

-*' - '{7} ~ $) ■"' - "D - r?) " - '{7} - v) <'*> 

where the Buffixea distinguiali tbe values of the quantities for the 
two ends of the aolenuirl. 

These values of J', B', C ire proportioiinl to tbe direction 
cosines of tbe directrix fur tliia case, mid substituted in (27) give 
the components of the force on ds'. It is evident thnt tbe force 
on da' depends only on g ^^^ ^''^ positions of tlie ends of tlie 
solenoid. 

If ihe axis be a closed curve or extend to infinity in both Actions of 
dinctions, the values of ^',5', Care zero, and hence by (27) tlie Closed, 
aolenoid exerts no force on ds'. Douhly 

If the axis extend to infinity in the direction of integration tbe Infinite, 

first terms in (34) are isero, and w« have ™d Singly 

^ ' ' Infinite 

A' J^i/'-,', B' = - gsJn', a = - gzjr^" . (35) Solenoids. 

Sulistituting these values in (27) we see at once that the action Singly In- 
ia at right angles to tbe plane through da' and the extremity of finite 
the solenoid. Let cow the conductor be straight and infinitely Solenoid 
extended in both directions. Then changing the origin to the equivalent 
extremity of tbe solenoid, taking as the plane of xf the plane '°, MHcne- 
through tbe conductor and the end of the solenoid, and tbe 
direction of tbe conductor as that of x, we find A' = ffrfr^, 
ff =- syl'^, C = 0, ^ -= 1, fi — V = 0. Hence tlie resultant 
force is if = gda'al{a' + r")), where a is the constant value of j-. 
Writing dx ioT ds', and integrating over the whole conductor 
from — c-=. to + <», we find the value 2j/ff for the total force. 
Tlus result shown that the action between the conductor and tbe 
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eitremity of tlie solenoicl is the Bame hh that (p. II2J between 

tlie comiiictor and a magnetic pole of strength a. 

Finite Returning to (35) it is clear that if we had another Holenoid 

' Solenoid with value of g numerically the same but opposite in aiRn, and 

^ equivalent extending to infinity from tlie point Tj, y^. i„ we should liava 

1^%%'°" *""' J! = gzJT^, S = mlH\ C = gz4ri . . (3G) 

°" """ ■ and these two Bolenolda acting together would be equivalent to 
the finite solenoid already discusaed. 
Action of We can now consider the action of a finite solenoid on a 
a Solenoid condnetcr of finite length «' carrying a current of unit strength, 
on a Ti,g component forces on the element dn' are by (27) and (34) 



--*'K,;-?)--(5-$))i 



If we no longer take the ori^n at da', but transfer it to the 
extremity xi, f^, z^ of the solenoid, and take tho line joining its 
ends as axis of x, the calculation of the action on the conductor 
will be flimplified. The coordinates of di' are now — .j„ — y„ — ej, 
which we ahall write r, y, z. If ( be the numerical value of the 
distance between the ends of the solenoid, x,= — x -^ l. Sub- 
Btituting these in (37) with the values dx, dy, dz for X(&', itd^, vdt', 
we get equations adupled to the calculation of tlie force com- 
ponents for the wjiole conductor. 
Turning We shall apply these to find the moment tending to turn the 
Moment conductor round the line joining tlie estremities of the solenoid, 
on Finite The moment, dM, of the forces on dt' is Zy — I'z. Calculating 
Condaotor, this by equations (37), modified as just described, we find afler 
reduction 



dM 



=Hs(^')-.4C-)l-=4<~»-- 



.sfl,K»' (38) 



1 the angles which the radii drawn from i 



Iv OQ estreraicies of the solenoid make with the axia of x. Integrating 
Podtion of '^'''"" ""^ ^^^ "^ *''® '^"ndnctor to tlie other, and diatinguishing by 
ends. accents the angles for the end where the integration terminates 
from the angles for the end at which it begins, we get finally 
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TLis result, derived from Ampere's formula, agrees with tliBt 
which we should obtain frum equation (8) above, by conHideritig 
tlie BoleDuid as an inimilely thin uniformly magnetised hiir magnet. 
Tbe turning niument of HUL'h a inngtiet on the conductor may be 
ohtaiued moat simply us follows, 'i'he inagneliu Held of siioli a 
magnet may he regarded as produced by equal and opposite 
quantities of magnetism at its eztremilies. Take the line joining 
iJieee as u:tii<, and draw lines from the ends to an element dt of 
the conductor muking with tlie positive direction uf the axis the 
angles £L d,, and let tbe element make angles rfi,. ^ with these 
lines. ITrat suppose tiie conductor wholly in u pUiio throngh the 
axis. Let the strength of each pole be m, tlien considering the 
action lirst of tlie positive pole (distatit r, frum the element), the 
force on the element is mrf« sin ^./''i', ""J its direction is at right 
angles to the plane in which the conductor lies. The moment of 
this force rotmd the axis is therefore mdj sin d, sin 0,/rj. Simi- 
larly the other pole gives a moment — mdi sin fl, sin ^j/r,. Tbe 
total moment is therefore «rf.(Bin 6^ sin ^r, - sin fl, am tp^r^. 
But rddi/da = sin ^ r^6Jdt = sin 4>,. Hence the moment 
may be written h (sin 6^48^ — sin 8^8^, and the total moment 
is therefore 
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(10) 



which if m he taken equal to g agrees with the value given 
in (3S)). 

If the conductor be not in a plane through the axis, we may 
resolve any element <i( into two components^oneinsuoh apiane, 
tbe other at right angles to it. The latter component will be 
ftcted on by a force p^issing through the asin, and therefore 
having no moment round it. Each element having been thus 
dealt with, ull the components in planes through the axis mny hy 
rotation round tlio axis bo transferred without alteration of 
turning moment to one such plane. They will tiierefore pive a 
continuous curve in that piane, t)ke values of 8„ 8^, 6'i, 6\ for 
which urs tlie same as for tbe actual conductor. 

By (40) and tbe oqualion of the lines of force of auch a magnet, 
(18) Chap. I. above, we obtain the following interesting result Let 
the lines of force be revolved round the magnet so as to generate 
coaxial surfaces. Then the turning moment on a conductor 
carrying a given current in the Uelil of the magnet, is tbe same 
whatever be the length and position of the conductor provided it 
terminate in the same two of these Hurl'aces. The moment is 
equal to tlie difference of the parameters of these surfaces, and is 
therefore zero when both ends are on the same surface. 
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By ilie proiiena Just employed we ciin sbow that tUe moment 
OD u conductor in the field of a single magnetic pole, teniiiag to 
turn it roumi any axis throogli the pole, dopenda only on the 
position of its ends. For euch element can be resolved into 
two componantB, one in a plane through the element and the 
oxie, the other at right angles to that plane. The force on the 
latter passee through the sxIr, and gives no moment. The 
fonner gives (suppoaiiig current and pole both unity) a moment 
— sin 6d6. where 6 is the angle which the line drawn to it fhim 
the pole makes with the axis, and rl6 is the change in 6 between 
the ends of the element, for tliie is the eaine both for the element 
and its component in the plane through the axis. Hence inte- 
grating along the conductor from 6, to d, we get cos dj — coa d, 
for the total moment. This is zero if 6^ = d„ that is if the 
circuit be closed. 

We obtain the same result for each of any number of magnetic 
poles, and hence if we have any number of magnetic poles in one 
line, the moment which they esert on an unclosed conductor in 
their field is S^/n cos (S^ — ^i), the sum being taken for every 
element, da, of magnetiem in the magnet. Hence for a closed 
circuit tiiis sum is zero round the line in wliich the elements lie. 

It follows by equality of action and reaction that the couple 
which a straight linear distribution of magnetism experiences 
round its own line as aiis, or that on a single pole roimd any 
axis, in consequence of the action of the current in a closed con- 
ductor in the corresponding field is zero. 

We can employ toe result obtained above to find the equation 
of the lines of force of a uniformly magnetized magnet, or indeed 
of any straight linear distribution of magnetism. For let there 
- be a single magnetic pole at a given point. Let the conductor 
be supposed made of fiexible materiSil, and to be held fixed at one 
end and laid along a line of force. Then let tlie other end be 
carried round the axis on which lies the magnetism, and be 
Etretehcd and guided so as always to rest on the surface swept 
out by the line of force. No work is done against or by the 
action of the field, since the conductor is nowhere made to out 
across lines of force. Hence for a single pole we have the equa- 
tion, coe ^1 — cos flj = 0, that is the line of force is a straight 
line through the pole. In the same way we find for any iia- 
semblage of poles in a straight line the equation of tlie lines of 

S (cob fl, - cos flj) = const (41) 

It has been shown (p. 118 above) that an element of a circuit 
carrying a current in a magnetic field, in which the induction at 
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the element is B, is acted on by a force at right anglea to tlie 
element and the direction of the miignetic induction, of amoiint 
By Bin 6ds where dt in t)ie lengili of the element, itnd 6 the 
angle between its direction and that of the magnetic induction. 
We may o£ course suppoee the indoction at tlie element to be 
due to a single magnetic pole of proper strength, and properly 
situated in a field of uniforni permeability. The reaction of the 
clement on the magnetic system in the general case, and in this 
on the pole will therefore he By sin 6di. 

If we suppose the aclion on the element lo be n single force 
of magnitude By sin ftiff applied at the element itself, llie 
reaction on the pole will be an equal and opposite force at tlie 
elem&it, and this is equivalent to an equal foroe at the pole and 
a coupht. The inoineot of the integral couple due to the whole 
circuit is zero as has just been seen. We may therefore use the 
elementary forces on unit pole to calculate the magnetic action 
of the eirciiit upon it, that is the magnetic field -in tensity which 
the circuit there produces, with certainty that no action between 
the pole and the circuit will be neglected, although these, or any 
other terms which integrated round the circuit give a zero result, 
are left out of account. 

Thus we take as the intensity of the field produced at the pole 
by the element the expicsaioc By sin 6ds. But B is /iH where 
H is the intensity of the field produced at the element by the 
pole, and if a spherical surface of radius r equal to the distance 
between the pole and element be described round the pole aa 
centre, we shall haYe 47rr'B = iff, or 
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(42) 



and By sin Bds = ■ 
right angles to I 
juiDing its centre 
field-intensity dut 
immersed i ' 



sin Ods/r'. The direction of this force is at 
3 plane through the element and the line 
.0 the pole. To specify the direction of the 
to an clement let an obaerrer be supposed 
irrent in the element, so that it flows from 
his feet to bis head, and have his face turned towards the pole, 
then the latter, if positive or north -seeking, will tend to move 
towards bis right hand. 

It is to be observed that this result illustrates the fact stated 
at p. 116 above, that the action of a circuit on a magnetic pole 
and therefore on any other distribution of magnetism is in- 
dependent of the nature of the medium occupying the field. 

It also gives another definition of unit onrrent (which may be 
compared with that given at p. 105), as that current which 
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La^raage's Wa shall denote by ^, <}>, 6, &c., ^, ^, 6, &c., the generaliBed 

Dyna- coordinatee and velocities of a mHteriol system at any time, and 

mJcaJ 8uppoB6 tliese connected with the Cartesian coordinates f,, ^,, t^ 

Method, j-j, J.JI -J, Acj and the corresponding: velocities r,, ^|, ij, ij, ^j, ^ 

of different points of the system, by the equationB 



, 3^1 



+ &c.\ 



with similar equations for the other points. Here and in what 
follows the aymhol 9 deooteB partial differentiation with respect 
to any specified variable Rupposed explicitly appearing' in givsQ 
expressions for the quantities differentiated, while d is ueed to \ 
denote total differentials, and total differentiation with respect ' 
to any variable. Thus equations (1) presuppose that Ti,yi, x-i, ■ 
^i'Jfi' ^fi ^^- '^"^ ^^ expressed in terms of the generalised oo- ' 
ordinates ■^, ^, 6, &c. mitkout iavolving ^, i^, iC-c. Now if n,, - 
ntj, &c. be the musBes of partiolex having the coordinates Si, f„ 
^u Xj, ^3, ij, &c. we have for the kinetic energy 

T-JJm(J< + j? + i') (2) 

Substituting from (1) in this equation we get 

T - !!(+, +)+> + (*, «*■ + .... + 2(V., *)W + fa. (3) 

where (^, Jf), (0, <fi), &c. denote coefficients which are functions 
of the coordinates ^, <ft, &C, Thus the kinetic energy is a homo- 
geneous quadratic function of the generalised velocities. 

1 Let A\, I'j, Zi, Aj, J'a, Z.^, Soi. denote forces, according to the 
ordinary signification, which act on the particles m,, hIj, &e. ;' 

'■ then in any possible displacements &r„ Sy„ 8s,, Sj:^, S^j, 8rj, &c. 
of these particles, the work done by tho forces is 



djr = s{x&x + ye^ + zdz) . 



(4> 



^^'^'^^'^ + l^'^*+''4 . 
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Substituting from (5) in (4) and collecling terms wo 

3V S^ir d'^J dtp d<p d<f./ iaedCam 



poDinits of 



t-JU-S + J 



8+) 



&c. 



&c. 



&c. 



denote by f , su that we 



integml of any force * o 



a*/ 

^. I 

any interval r we sliall 



1-- 



*(/;. 



Thna "ff is eciiial to the total momentum Eenerated by tlie force 
in tbe time t. Tlie uae of the time-integral is, in general, con- 
fined to cases in wliicli a finite cbange of momentum ia produced 
in what may in the particular circumBtances of the case he 
regarded as an infinitely short time. It ia uBual to any that then Impulsiva 
the force is nn impulHee one ; and the time-integral is called the Fdrbb and 
impulte of the force in the interval r. The work IF done by an ImpuUe 
impulse ia of course given hy Work 

done by an 

W=j^^^,U (8) 

Now let (i/f) denote a value of -^ intermediate between Ihe 
velocity at tlie heginning of t and the velocity at the end, aueh 
that tbe work done ia {'\i) . ■f. If r he very small, (^) ia the 
arithmetic mean between these two velocities. For let ( be the 
time from the beginning to any instant of the interval r, the 
velocity -^ at that instant ia given by 



'!'='*'„ + t'J ■ 



•¥dt 



where ^. is tbe initial velocity, and (7 is a constant depending 
□pon the conditions to which the coordinate is subject. It is to 



Workdone 

Motion 
Rest, 



be i-euiarked that tlie Effect of the impulsive force in altering- the 
Telocity is giren by the second term on the right, only if tlie 
intetrd / is exceedingly ahort If the interval is Suite the 
eystem will after time ^ have moTed from its initial confi^ura- 
tion, and C in this case will he a variable quantity coming within 
the integration. Denoting the time-integral in the last equation 
by "Cii we have for the rate of working at time i, the value * 
X (y, + Cy,). Hence the whole work done in the interval t is 

[ * (J'l, + C*,) dt = *4r^ + C\ *, . ilV, 

which proves tlio stntement as to the value of (■^). 

The work done by the impulse mny thus be written in ths 
form y (^ + ^3^). Similarly if the other generalised eoniponeat 
forces act, the whole work doiie will he 

* (f + i^'i') + * {■^ + h^4>) + &c. 

Hence the work done in setting the system into motion froni 

i (-fij/ + ** + &C'.) 

and this is equal to the kinetic energj- which the system bui, 

T = \ {(^, f ) ^-. + {^,^)4>^ + .... + -2 ($, ^) ^^ + &c.! (10) 

K f, ^, &c., as here, be such as to produce from rest the given 
motion of the system, it is usual to denote the momenta which 
they produce by |, ij, f, &c. Thus we have the equations 






), V) ^ + &c. I 
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ised Com- 
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M omen- 



where of course ('J', ^) = {ip, t^) ; &c. The quantities on the 
right are called the components of momentum ; and are obtained 
from (10) by differentiation with respect to i^, i^, iSc. Thus we 



GENERALISED COORDINATES 

By means of these eijuatioiis another mode of expressing T ivhicli 
is very usefnl is obtained. Clearly dTjB^. &c. lire liuear ftinc- 
lioDB of U>, ^, &c. nnd tlie ci>efficieatij (^, y)' (V'i 0)i ^'^- Hence 
by equiitiona (2) 'J*, <^, &e. can be expressed 03 linear funetioiia 
M £, q, f, &c. aiui the eocfficienta. Thus hy subatitutioii m (10) 
tbe kinetic energy uan be expressed as u homogeneous quadratic 
function of the componeutB of momentiiru £, ij, f, &c. Denoting 
tha kinetic energy, wlien thus expressed, by Tm, we have 



= hU, +]f + [«. *]i' + . . . . + 3[*, «]£-; + . . - 



(13) 



in whtcli the coefficients are distinguished from those in the 
Dther expression by square brackets. Tn has been called the 
Ttaproeal function of T. 

Multiplying equations (12) by ■^j ij), S, &c. respectively, adding 
and remembering that Z* is a homogeneous function of the 
Velocities of the second degree, we hnvn 
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iT = ^-\-^ + id-\-kc. 



Hence denoting for cleirne 
terms of the velocities by Tv i 



• (") 

> Uie kiaetic energy espreascd in 
+ ,* + f(l + fc. . . . (15) 
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obtained gi 
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Binee i = dT„l3^. The equii 

These equations give the velocities produced by impulse 
tqual to f, 7, f, &c. when the kinetic energy is knoivn in term 
of the latter quantities. 

Again, (16) gives by differentiation with respect to any ca 
ordinate, y say, 
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which by (16) becomes 
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dyf 



a^ 



(17) 



This relation, wliich is very important, liolds of course for every 
coordinate. 

It may he noted that tlie differentiation of (16), by which (17) 
is obtained, ia performed upon Tm witti respect lo ^ regarded as 
occurring eiplieitly in Tm, and in f, which is a function of the 
velocities and coefflcients of Tv given by (10). This amounts to 
partial differentiation of TV willi respect to yjr, and therefore ^, 
(^, &c. on tlie right of (15) are in this operatioD not regarded as 
functions of ^. 

We may no\v establish Lagrangu's equatiouH of motion. By 
the Second Law of Motion for a syeteni of particles of masBes m^, 
/Hj, &c. we have the equations 



= X„ 



UT^f'j — A'o, &C, 1 



particles a 
applied t 



', S, denote the component noc el e rations. If the 

e free ,Y, V, J?, &c. are the components of the forces 

D the individual parlicles [ if they are not free, then 

.._! the forces which actually produce the accel era lions, 

that is the forces due to the eilernaliy applied forces and the 
constraints introduced by the conneetiona oi the system. From 
(18) and (7) we obtain 












and by (1) v 
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LAGRANGE'S EQUATIONS IW 

Dealing in the same way with the other quantities on the left 
in (19), and adding we find 

2„»(i.|+&c.)-s™{^^^(ig + &c.)-(i^ + &c.)} 

ddT ar , ,.,, 

"We have therefore finally 

ddT dT , ^ 

ddT dT y (21) Ugrange'8 

did^'d^" \ Equations. 

&c. &c. ^ 

which are Lagrange^s celebrated equations of motion.* 

If the forces *, ♦, &c., have a potential F then * = - dF/dylr, 
•4» = — dFld<Py &c., and since bFjd^ = 0, &c., we may, putting 
L= T- F, write (21) in the form 

dt d^ ^^^r ) 

^dZ__aZ^QV (22) 

di d4> d(/> \ 

&c. &c. ^ 

The meaning of the differential coefficients is to be here most 
carefully observed, otherwise the reader to whom this subject is 
new may very readily full into error. If the process given above 
be attentively examined it will be seen that the substitution of 
•dx/dylt for dxjb'^y &c., in obtaining (20) presupposes .r, &c. to be 
expressed as in (1). Thus we replace differentiation of any 
variable ar, with respect to any one of the new independent 
variables, ijfr say, hy partial differentiation of i with respect to ^ 
supposing X expressed as in (1). This gives dTId^ as the 



* This simple mode of deducing the equations of Lagrange from the 
equations of motion of a free particle was given first I believe in 
Thomson and Tail's Natural Philosophy (second edition), vol. i. part i. 
J). 302. 
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eqnivalent of 7;ij3j-/3^ + '^'^■i where T is expresaed, aa in (3), 
aa a homogeneotiB quivdratic function of tiie velocitiee obtained 
I bf taking the Equares of equationa (1). 

Again tlic reader should mark the subatitution 



This replaces the expression on tlie riglit by the partial differ- 
ential coefficient with respect to ^ of i- eipressed as in (I). 
Tills tau be jiiatified aa foltowa. Writing w for Si'/a^^, we have 



di^ 



^^ + i-c. 



.ultof 

n (3> t 



the value just found for ilwldt. Also by laultiplying d.i/d^, 
JQBt found, by the valuo of £ as given in (1) we get the result 
differentiating with respect to -^ the expression given in (3) 
for r. 
KaMingof It is important to notice that dT/df,.&c. in (21) are forces 
Terma in depending on the appearance of the coordinates in the co- 
^B"^ s efficients of the terms of the value of T aa given in (3) and 
Equations, tlierefore depend on the relations tu which the coordinates are 
Bubjected, If the particles are perfectly free and are referred to- 
Cartesian coordinates these forces are zero, since then the co- 
efficients do not involve the coordinates. The second terras on 
the left in (21) express generally tlie external forces required on 
account of the geometrical relationa of the system. 

It is alao to be noted that these substitutions are not affected 
by the explicit appearance of the time/ in the eqoatious con- 
necting the Cartesian with the generalised coordinates, and that 
the equationa therefore hold for this case also. 

Ab stated above Lagrange'e equations are as many in number 
aa there are coordinates left undetermined by the kinematioal 
conditions, and the determination of the state of the system is 
reduced to the solution of these equations. It is very remarkable 
that theee coordinates, as is evident from the process of deriva- 
tion given above, may be of any physicul nature whatever, and 
connect the corresponding phyBical state with the motions of 
particles composing the system. If we are given a sufficient 
number of kinematical equations Lagrange's equations enable u» 



LAGEANGE'S EQUATIONS APl'LIKD TO El. Et.TRICI Ti- 
to determine any required physical state of the syateni, sltliougli 
we have no means of obtaining any kiion'ledge of the actual 
motions of the parts uf the ayatem, ^om general considerations 
regarding which tliesc equations have been deduced. 
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I equations caa he put into a remarkable form, due Hunil- 
van Hamilton, wliicli is frequently more couveiiient. ton'a 
the components of momentum {, ij, &c. given by Equations 
chat if 

Hotian, ' 
rf rflV _ '/f I 

,11 d'\,~ i/t' 

&c. &t. ) 
ing (21) and (17) we have 

3* 



-■' + " 



I 



These are Lagrange's equations as modified by Hamilton. They 
express that the force applied in each case is equal to the time- 
rate of increase of the corresponding component of momentum, 
plus the rate of increase of the kinetic energy per unit of increase 
of the corresponding displacement. The term BTm/d^ is in 
another fonu the force required to balance the force of tj^ie ^ 
arising from the kinematical conditions to which the system is 
subject, and the time-rate of gain of momentum is equal to the 
difference botweon this term and the applied force. 

To apply Lagrange's equations to electrical and magnetic 
phenomena we have to consider what terms enter into the 
expression for tlie total kinetic energy T of a system of current- J 
carrying conductors. If we denote by p, q, r, 4c. the generalised ' 
coordinates of the system of conductors irrespective of currents, 
and by ^, 0, &c. the electrioal coordinates, we might expect T 
to be made up of three parts ?,, ?',, 1\, given by the equations 

n = iCj°.i')p' + -■■■ + (?.¥);'■/ + ■■•. 

so that Ti denotes the ordinary molar kinetic energy of the con- 
ductors, Tj the electro kinetic energy of the system, and T^ the 
energy depending on products of velocities corresponding to the 
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ordinary coord inntes, And velucitiea corresponding to the ele^ 

trical coordinatea. There is no reoson to believe that the part Ti 

esista,* and ns we are not coacemed with the part T^ in electrical 

inveatigations, we iiave only to conaider T^ 

Electricftl The question at once arises : wliiit we to be considered the 

Coor- electrical coordinates of the system ? Now all experience aliowa 

dioates, thai the state of the system (that is the eleetric condition of the 

conductors and tiie electric and magnetic states of the lieH) 

rptnains nnchanged, when the currents are kept coastanl, and 

tlie coofigumlioD of the conductors is maintained unaltered. 

Hence we are led at once to take the currents in the sevenl 

conductors aa i^, ^, &c., and to conclude that the coefficienta 

C^i V')' ■ ■ ■ (V'l ^) ■ ■ ■ in ?"» depend only on the coordinates ft 

q, &c., which tis the contiguration. 

In what has gone before we have regarded tlie energy of a I 
magnetic field as potential energy ; hut we shall now find that 1 
energy appeuring, with changed sign, as the electrokinetia | 
■mergy, or that part of it determined for us by the coordinates | 
which we have adopted as fixing the state of the Byatem. There | 
is not here any contradiction, only a change of point of view, j 
The fact is, that everything points to the conclusion that what i 
wo are in the habit of regarfing as potential energy is really 
kinetic energy. Every increase of scientitic knowledge of matter 
furnishea additional proof that all its properties haA-e their ex- 
planation in motion, and the conviction is being more and more 
forced upon every pliycical student that the ordinary division of 
energy into yiotentiat and kinetic resulte from our incomplete 
knowledge of the material eyateni considered. If we lind perfeot 
knowledge of the coordinates of all the parts of the system at a 
given instant, and further knew fully the conditions to which 
these coordinates are subject, wo ahonld ipso facto be able to 
define the configuration at any time of any portion of the system, 
and to state how at that time the whole kmetic energy is divided 
between that portion and the rest of the ayatem. Thus the 
ordinary transfonnation of potential into kinetic energy, and 
vice vena, is only a process of redistribution of kinetic energy 
between the different parts of the aystem. 

It can in fact be proved thatif a dynamical system be specified 
partly by a certain group of position coordinates of type rfi, and 
partly by velocities of other coordinates of type Tfr, so that the 
kinetic energy is the sum of two parts T^, T^. the first of which 
is expresBed as a quadratic function of the velocities of type ^, 
and the other oa n quadratic function of the momenta corre- 
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spoDding to the velocities of type yfty the alteration of the position 
coordinates will take place just as if the system had a quantity 
of kinetic energy T^, and a quantity of potential energy T^. 
We suppose that there is no potential energy, so that if T^ be the 
energy T^ expressed in terms of the velocities of type ^, we 
have by Lagrange's equations, for the motion corresponding to 
any ^-coordinate 

dt d^ d<f> 

Now by (17) above dT^/d<f> = - dT^/d<p, and since dT^/dtf) Ignoration 

= dTj,/d^ = 0, we may write (25) in the form of. Coo>^" 

^ a mates. 

ddin- 7W d(n-T^ ) ^ .^.. ^ Form of 

J, ~ aX~~^^ >i^ = . . . . (26) Lagrange's 

»^ ^* ^0 Equations. 

or 

di d^ d<l> d<l> 

which agrees exactly with the equation given by (22) above for 
the motion corresponding to a </> coordinate when the potential 
energy of the system is Tyj,, 

It may be remarked here that if a quantity of potential energy Ignoration 
F existed, then writing of Coor- 

dinates. 
L' = T4,^ T^ - r= L- Vr^ Routh's 

Modified 
we should have instead of (26) Form of 

^?£'_^' = (28) Lagran- 

dt d^ d(f> gian 

Function. 
Hence in the case in which the kinetic energy is expressed in 

terms of velocities corresponding to certain coordinates and the 
momenta corresponding to certain others, we can use the modified 
Lagrangian function Z' insteisid of L, and in precisely the same 
way. This very important theorem is due to Routh.* 

The above investigation shows how without knowing one set 
of coordinates we can still express the energy, and find the 
equations of motion for those coordinates we do know, and well 
illustrates the view suggested that ordinary potential energy is 



Stability of Motion, p. 61. 



»£■[,£,. be the electromo'ivi 
I et[iiation (33) gives for this case 
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forces, i?i, R^ tbe r 

The electromotive forces of the type dNiJdi are the parti of" 

the impressed electromotivs forces wiiich are employed in 

working against tlie electromotive forces due to induciion. Thas 

" — dNfildt is the type of the actual electromotive force due if 

induction. 
I The inductive electromotive forceis tims equal to the tims-rate 
} of diminution of tlie electromagnetic motneatum, and ie u 
reactiou against the applied electromotive force BiDalogous to 
the inertia reactiou of a particle against an applied force pro- 
ducing acceleration. It is audi an inductive electromotive force 
wliioli renders the rise or fall of the current in a circuit gradual 
when an external electromotive force is applied or removed. 

Again the forces wliich must be applied to worh against the 
similarly reacting internal eleclromagnetio forces are 



dT 



dT . 



where j:,, jt^, rSrc. are coordinates determining the geometrieaT 
positions of the circuits. Thus the mutual electromagnetic forces 
having equal and opposite values to these, are equal to the corre- 
sponding space-rates of inoreiise of tlie elect rokine tic energy, 
nittmica! The following dynamical illustrationa of inductive action 
lllustra- between two circuits have been suggested by Clerk Maxwell 
tions of and Lord Eayleigh. They are exceedingly valuable as helping 
Cnrreut the mind to picture the kind of dyniimical action which must 

go on in the medium surrounding the circuits. 
iduEtion. Maxwell constructed a dynamical model which is shown in 
Maxwell's Fig. 36. Two equal vertical wlieelsa and ft having a conmion axis 
Illnstra- are bevelled and tuothed so that nn equal third wheel eis geared 
with them, and mounted aa described below with its plane at 
right arieies to that of a ot i. a is fast to the horizontal axle, 

k which also has rigidly attached to it a cross of four bars of 
which two only are shown in the figure. These are furnished 
with sliding weights so that the moment of inertia of the crossi 
may be altered at will. One arm of the cross forma an nsle 
round which the wheel c turns freely. The wheel ft is mounted 
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on t loose sleeve turning on Ilie uxle nf a. J und II are twn 
imlisye grooved and fitted with rope brnkea ao tliat any required 
TmaUnce to their motion may be applied. A ie faat to tlie 
of tile wheel a, B to tiie sleeve ulao <:nrryitig b. In what ful 
M shall by the " wheel A " designnte the whole syBlein rigidly 
MUnected with the pulley A, and ao on the other eide by the 
"wheels." 

Tlie theory of this machine will form a good illustration of Iljnaniicd 
ligranga's dynaniical method. The kinetic energy T is enaily '^J'*"^? "' 
tomi. If J and S have angular velocities oi, and a, in the same J™**" " 




direction, and a be the radius of two equal circles round them 
which have contact with r, the tangential velocities of the two 
points of contact will be ujir, ib^ The arithmetical mean of 
theae muat clearly he the tangential velocity of the centre of 
the circle of contact of e. The angular velocity of the croas is 
thus -40(011 + i^la, or j(<B| + o)j), the mean of the angular 
velocitiea of the wheels. The angular velocity of the wheel e 
round its axis is clearly ^(a, — aij) since a is ita radius. Patting 
then Wji,', Mjij', "3*3°, mA', for the reapective moaienta of inertia 
VOL. n. M 
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rottnd their %xea o! the three wheelii J, B, e, and the crMt, I 



RepUotng the coelficients of Ui-, oi/, i<),aig hy £„ Zj, 2if respec- 
tively, we get 

T = ICZiBi' + 2J/o.iMa + ijftis') 

which is of precisely the name form as that given above fortta 1 
elactrokinetic energy of the ctirrents in two circuits. 

The wheelfl A ami B correspond to the two mutually in- 
fluencing circuits, and their angular velocities to the curreDts in 
them, while Z.,, Z,, M represent the coefficients of indaotion. 
The rotating arma and attached masses, carried round by the 
wheel c, and forming the connecting link between A and B, 
correspond to the medium in which the circuits are situated, 
and through which their mutual action is propagated, 
DTDsmicAl To make the analogy between the action of the mechaniBin 
Bquittiona perfect, we shall suppose the resisting forces applieil to A and 
of Modnl J to be proportional to the angular velocities. We shall there- 
analogous fore denote the resisting couple on A by iEioii. and that on B by 
to Equa- JJ^a,, where it,, R^ are r.onstanta. If then 6^ Qj denote the 
F°M F external couples applied to A and B, we have hy Lagrange's 
for 1^0 equations 
Cirouits. d ^ ., . _ ^ 

^j \ ■ ■ ■ (33") 



1(Z,», -|-J^fa,,)=e,- 



of Pri- 



which mutatis iKMtandis are nrecigely the equations of inductive 
electromotive force (33'i given above for two circuits. 

The interpretation of these equations is very simple. For 
exaiuple Mdwjdi is the applied force necessary to overcome the 
reaction on A produced by the acceleration dajdl in B ; or in 
other words if this acceleration exist in B, a force Mdajdi mnst 
be applied to A to prevent it from moving. Similarly for the 
other wheel. 

Interesting concliisiocB can easily be deduced from equations 
(33"), and the reader will do well to verify them by careful con- 
sideration of the mechanism. First let e, = U, and let the 
system be started from rest by impuning a positive angular 
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]upte e, to A. At the beginning 



v,? + ^V = «- 



^ dt 



dt 



Tlius the angular acceleration of B must be opposite to that of 
1, and a negative eiigi 1 1 ar velocity wiil begin to l>e generated in 
8. Thia will cuiitinuu to incTease so long na ili/a,,/dt is greater 
"inn £^, in numerical value, eince — Rfi^ ia now pusilivo. At 
tli« beginning when u, = 0, dujldt m greatest, snd d<t.Jdl has its 
grentest oeg&tive value. The cliangea afterwards may best be 
eCadied by integrating equations (33"), which may be done by 
itternate elimination of », and a^. Precisely Biinilar eqiiutlons 
[(65)] for the electric problem, are integrated on p. 180bi;low,nnd 
may be there studied. It will be seen that i£ e, be maintained 
constant, w, rises to a muiimuni, and gradually dies away to 
Mro as u, approaches its steady value. Tie wheel ji then 
rotates at constant speed while .S remaiiie at rest. 

This corresponds precisely to the gradual rise of the ouirent 
in tlie primary circuit to its final steady value while the back' 
ward induced current in the secondary rises to a maximum and 
thereafter dies away to zero. 

If after the steady state haa been reached A be retarded, it is T 
clear from the differential equations that £ will receive a j 
forward acceleration da^dl, and will acquire a velofity in tlie 
direction of motion of A, which, as A comes gradually to rest, 
will rise to a maximum, and then gradually die awky to nothing. 
It A be suddenly arrested the forward acceleration of B will, in 
consequence of the angular momentum of the rotating mass, be 
correspondingly great, and a great resisting force applied to Ji 
may be overcome. 

This corresponds precisely to what takes place when the 
primary circuit is broken. The electromotive force in the 
secondary circuit is greater the more sudden the break in thb 
primary, and depends also on the nature of the circuits and 
their surroundings, in a manner which auggests Mome motion of 
the medium analogous to the angular momentum of the system D 
set into motion by the bevel wheel e. j 

Again, let the coefficient S^ be so ^reat that even with a very i 
sraali value of u, the value of Rgo^ le considerable, then da^dl ^ 
is compsratively small, and consequently by the first equation 
dui/dl bas a much smaller positive value for the same applied 
couple tlian in the case in which S has a consideiahle havk- ^' 
ward acceleration. The reason is of course that now the wlieel 
M 2 
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J CHnnot turn without cairj'ing tlie massive croaa with it. On 
tlie oilier linnd, if tbe wheel A lie atupped suddenly the streM 
ilirown OD S will be very greiit, and it will bs forcibly' mored 
forwnrd. 

'IliiB currcBponds to a very liijyh reaistunce or air-hrenk in 
EiiuoDdnry, »o that a, spark is prevented when the I'iruuit h f. 
[ileted, wbile the Budden breaking of the circuit sends a current 
through a high resiutance, and a spark across an air-space u 
the secondary coil of an Inductorium. 



O 



J 



Fic;. 37. 



DynitDiical The charging and discharging of a Leyden jar id the secondary 

Analogue circuit may be represented by the mechaniBni. An arm attached 

of Leyden to the wheel B bears at each turn upon a spring attached to the 

Jar in framework. This spring resists the motion of the wheel until 

Secondary, the arm is released after turning through a certain angle. Thus 

if the motion of A is sufGcient the wheel S will be turned 

against tbe spring until the latter slips and recoils, while B runs 

on, to come round and repeat tbe same process so long as the 

acceleration of A endures. 

The bending of the spring is the analogue of the charging of 
the Leyden jar, the alip of a sudden discharge by a apark. The 
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amount of bending which the spring is capable of sustaining 
Wore slipping answers to the capacity of the jar. If it is so 
great as to entirely prevent the slip, the Reflection will attain n 
maxirauin, and then be gradually undone as the couple on B 
diminishes and the spring brings the wheel back. This is 
analogous to the silent discharge of the jar by backward con- 
duction through the secondary coil connecting its coatings. 

Lord Rayleigh* has employed Huyghens* gearing (represented Lord 
Jn Fig. 37) instead of the differential gearing described above. Rayleigh s 
The two equal pulleys ^, B, are loose on a round steel spindle. 11 lustra- 
Over them passes an endless cord which carries at its two bights u "i/^ i 
two equal movable pulleys C, D as shown. To these are attached q^. ni^fl!** 
equal weights E, F, This gives a sjrstem practically without '' *** 
potential energy, since whatever motion takes place, one of the 
weights must rise just as much as the other falls, and the 
weight of the cord may be neglected. 

The expression for the kinetic energy is of the same form as Dynamical 
before. Let m bo the mass of each movable pulley and attached Theory of 
Weight, m'k- the moment of inertia round its axis of each of the Ulustra- 
four pulleys, supposed here for simplicity all equal in every *^°^ 
respect. Then if oij, cug be the angular velocities of A and B^ 
and a their common radius, the linear velocity of each weight 
is \a{(o^ + wg), and the angular velocity of each of the pulleys 
C and D is i(a»i — og). Hence for the kinetic energy of the 
whole system we have 

or 

T = l{{\ma^ + %m'T(?) (0)^2 + wg^) + {ma^ - m'k^)<o^<c.i. 

Thus we have 

Xj = Zg = ima^ -{- ^m'k^, M = ma^ — m'k^y 

and the same equations as in (33") above. 

The action of the apparatus is very similar to that of the 
differential gearing, and we have the same analogies. Angular 
velocities of A and B represent currents in the primary and 
secondary circuits respectively. Frictional resistances may be 
applied to A and B to resist their motion as before, and thus to 
play the part of the resistances of the circuits. Whatever 
friction there is at the bearings serves this purpose so far as . 
it goes. 



Fhil, Mag. July 1890, p. 30. 



imply ft 
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If the Bystem be at rest a. sudden motion of A in either direc- 
pToducea ill consequence of the inertia of the masses S, F, 
'y ft turning: of their pnlleys and a moving round of tlie 
and therefore a hachward motion of the pulley £. As A 
^ »'"' ^, goes on moving however, one weight rises and the other falls, 
"Break. „^[j[ q„ jj,g attainment of sufficient velocity of the syBtem u 
much cord is gained by the rise of one weigh', as is required for 
the fall of the other, and there is no motion of the cord on B, 
which has come to rest. Thus we have the rise and gradnal 
dyin^ away of the induced current in the secondary as that in 
the primary attain a its steady stale. 

Again if J is suddenly stopped the masses C and D will go od 
moving, and tlie motion of the cord will be shifted to the poUey 
B, which will now turn in the same direction as A did formerly. 
This illuBtrates the induced current in the secondary on break of 
the primary. 

A condenser in the secondary rnay be represented as before by 
a spring pulled out by the pulley B as it turns, and let slip when 
a certitin amount of stretching (representing the capacity of the 
condenser) has been attained. 
IteUtion of We Bhall now investigate the relation between the coefficients 
Induction of self and nmtual induction and the intrinsic energy (supposed 
Coefii- in Chap. III. above to be potential) of the system, as found by 
ciouta to the analogy between a circuit carrying a current and a magnetic 
Euei^y of ahell. The value to be given to the energy on the assumption 
bystem. ji,at jj jg wholly kinetic will then immediately appear. 
Electro- It IB a well-known experimental result that any variation of 
molivB the current in ft conductor, or any displacement or deformation 
Forcasof of the circuit, produces an electromotive force in the circuit 
Induction, itself and in any neighbouring circuit We shall suppose that 
these electromotive forces are, in the case of variation of the 
Self. current, proportional to the rate of variation, that is, considering 
Indnetiou. ""y circuit in which the current at any instant has strength y„ 
wo suppose the electromotive force in the circuit itself to be 
Ady^jit, and in a neighbouring circuit Cdr/ildt. A and C are 
coeffacients which do not depend on the currents, but only on the 
configuration of the system. If y^ be the current in the neigh- 
bouring circuit at the same instant, tlien the electromotive forces 
due to the variation of the current in the second circuit are 
■SdyJdt in the second circuit itself, and C'dyjdl in the Bret. 

The proof of the validity of all these assumptions is to ba 
found in the cumulative evidence afforded by all the experi- 
ments which have been made on the effects of varying currents, 
and the agreement of tiie ouneeiiuenceR of the theory wilh 
observed facts. 



THEORY OF TWO CIRCUITS 

1 19 found that if the first circuit be deformpd no that 
, . a electromotivo force of amount y^dA!dl will, diirinn 

tiie change, exist in the first, and, in like manner, if tlie secDiid 
rircnit be deformed, an electromotive force of amount y^Bjdt 
will exist in tbs second. 
Let now the first circuit be held fixed and the second be 
' diaplaced relatively lo it, while the currents are not allowed to '' 
vsry. The circuit being changed in position without alteration 
of tba cnrrent, the coefBcients C, C are altered in a ebnrt 
ifltsrTal of time, dl, by the respective amoimtH dC, dC. We 
shall suppose that this gives rise to electromotive forces of 
smonnt y^Cjdt, y^dCjdl, in the first and second circuits re- 
Bpectiyely. 

The existence of the two last electromotive forces might be 
inferred with a certain amount of probability frotn the first, by 
ROpposing the circuits and currents to be first completely given 
in Bome specified arrangemeTit, then the currents to fade away in 
the given system while currents replaeinR ther 



lother system of circuits representing tlie former it 
or deformed state. 

Thus the inductive electromotive forces are ;- 
circuit 



^sdispkced 



I 



+'"i;+'" 



dl 



, Cnlcula- 
tion of 
Inductive 
E.M.F9. 



dl 



lUy^ + Cy.}; 



dl 

These electromotive forces fall to be added to the impressed 
electromotive forces E-^, E^ in the circuits. Thus we get, applying 
Ohm's law, which we here asBume as holding whatever the 
origin of the electromotive forces may be, 

* V .... (34) 

Now in the general case deformations and movements of the Work, 
circuits take place under the action of external ponderomotive dona by 
forces applied to the system, so that work is done by these forces External 
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on the flyatem, or bj tlie sjatem against thsse forces. TIib 
amount of this work is to he found us follows. Let E denote 
Analysia the quantity, called (p. 129 above) the potential energy of the 
of Energy Bystein, which gives the internnl ponderomotive forces on Ihe 
ofSystem, circuitu ; then regarding the two currents us two mutuilly 
acting niitgnetic ehelis, we see, as in tbe case of the two mutual]' 
acting magnetio systems discussed at pp. 35, 36, that E is niade 
up of three parts, one depending on'tbe first circuit alone, 
another on the second circuit alone, and the tliird on the mntuAl 
action of the circuits. By the espression for the mutnal 
potential energy given on p. 129 above we cnn easily see (and 
the proper expresaions will he developed presently), that the 
parts of tlie energy due to the esistence of the saunrnte cirunits 
apart from- tlieir mutual action, may be written jyi^i',, iyt'l'f 
where i',. i', are coefficients depending only upon tlie conKgam- 
tion of the system. The mutual potential energy is TiyJf' 
where - M' tienotes the integral in (19), p. 129. The value ot E 
is thus given by 



E = Wi'\ + iy^L'2 + viVi-V' . 



(35) 



Calcula- 
tion of 
Work of 
External 
Forces and 

Energy 
fnioisbed 
by Gsnera- 

Circntts. 



The work done by eiternal forces in time /il is equal to the 
increase of potential energy, depending on deformation or dis- 
placement, which takes place in that time, and ia 

WdL\ + \y.}dL\ + T,y,i3f . 

(Of course if this expression is negative it really expresseB 
work done by the system against external forces.) Thus there 
is furnished by the generators and external forces energy 
amounting to 



Xn Sf" '^"^^ ■*■ ^-^^''' + ^'^^'^ + *^=°''^'= "•" y^y-^^'- 

Flincipls This is used in generating bent of which the dynamical eqiii- 
flf Conser- valent is {Riy^ + Riy^)dl, and in increasing the total intrinsic 
vation of (potential) energy of the system by an anmunt ilE- Thus we get 
Energy. 

(B,y, + «,,,)« + i(y,W, + y.yU, + iy.y^M') 
- (%," + l!,y,VI + iE. 



But substituting in this the vahn 
by (34) we find 



of (-S|7i= + It^y/)ilt given 



iWdl\ + y,'dL; + 2y,y,dM'} 
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If the system be put through a complete cycle of changes of 
configuration and current, so that the physical state of the 
system at the end is the same as at the beginning, £ niiist have 
the same value as before, that is, dE is » perfect differential. 
We are at liberty to suppose that the cycle does not include any 
change of configuration, and in this case we* have by the last 
equation 



- ^E = {yiA + y^Ody^ + {y^B + y^C)dy, . 



(37) 



Proof of 
Existence 
of only 
cue Induc- 
tion Co- 
efficient 
between 

Two 
Circuits. 



The quantity on the left is a perfect differential, and therefore 
by the ordinary criterion 

C = C" (38) 



that is, the coefficient of induction of the first circuit on tlie 
second is equal to that of the second circuit on the first. Hence 
(37) integrated on the supposition that the configuration is not 
altered, gives 



- E = Mn' + i^r2' + ^7172 . 



(39) 



there being no constant or arbitrary function of integration, 
since E vanishes when y^ and y^ are zero. 
If now the configuration only varies 

- ^E = iWdA + y^dB + ly^y^dC), 



Equating this value of - fl?E to that given by (36) for the case Relation 

of Induc- 
tive 
KM.Fs. 
to Energy 

xlence 

dA = dL\ dB = efZ'g, dC = dM', 



in which y^, y^ are constant, we find 

y^dA + y^dB + ^y^y^C = y^dL^ + y^dL^ + 1y^y^M\ 



of System. 



Thus we conclude 



A = L\y B = L\, C = M* 



(40) 



since if we diminish the area embraced by each of the circuits 
A J L^ and B, L\ vanish together, and as we separate the circuits 
towards an infinite distance apart C and M decrease together 
towards zero. 

We see now by equations (33) and (34) that if we suppose the Relation of 
energy electrokinetic we have only to put Electro- 

rekinetic 
T=- E + constant (41) Energy to 
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Magnetic and the typical Lngrangian equations (21) or (24) with t , 
Knerny of potential energy taken as zero will give tlio electrumotiva and 
Systom ■ electroraagnelic foroea of the Hyatem. The value of the eon- 
T = - E. Biant is not required and we may take it as zero if we please. 
TliuB the value of the electrokinetic energy of tlie system may 
be regarded as simply — £. 

EquRtiun (41) IB in form nppnrently a Btatement of tlie con- 
servation of the energy of the system ; but it is to be CHrefally 
noticed that it only furnishes a value of T which used in tha 
Lagriingian equations witli the value of the potential ener^ 
taken as zero, gives dynamical equations expressing the results 
of experiment. 
Relation of It ia clear from equations (33') and (34) and the results ei- 
Induction pressed in (40) that 



MoguKlic 
Energy of 
System. 

Magnetic 

Theorema 
ijitrodnted 
on Basis of 
Eqni- 



Z, = 



- L\; L^ = - L\ ; 



-M' . 



(42) 



By the equivalence of a circuit and a mBgnelic shell, the 
eipression ^j for the magnetic induction through any circuit 
A due to a current y, in any other circuit B is given by 



(«) 



''-/{-^' + ''I. + «J>' 






Circuit 



where F, G, H are the components of vector potential produced 
by tli£ current in B at an element di-^ of A, and the integration 
\v taken round the circuit of ^. 

If H, V, IB, be the components of current in tlie tiret circuit aa 
these are delined on p. 114 above, this equation may be written 



-^i 



• i Ufu + Gv + Ha)da 
71 J 



(43') 



where d» is 
integration i 
current is n 
By (50) ; 
(43-) can be 



in element of volume of the first conductor and the 
I extended throughout the whole space in which the 

nd (51) of Chap. I. above, (43) and therefore also 






where 6 is the angle between two elements rfj,, di.^ of the respec- 
tive circuits, r the distance of these elemimts apart, and the in- 
tegration ia tiiken round both circuits. Similarly we should find 
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for the magnetic induction JVj ttirough B due to the current in A 
the equation 

^2 = 71 J J ^^ ^h^'2 (45) 



These equations may he written 



N, = My,, N, = My, 



if 



M 



2^ I j dnidx^ 



(46) 



(47) 



M is what has heen called above the coeflBcient of mutual 
induction of the two circuits, and may be interpreted as the 
magnetic induction through either of the circuits due to unit 
current in the other. 

The part of the eJectrokinetic energy which depends upon the 
existence of one current- carrying circuit in presence of the other 
is thus 

-3^7172 = ri'y2J j ^^ ^*i'^*2 (48) 

But the current in any one circuit produces a certain magnetic 
induction through its own circuit which may be calculated thus. 
Suppose the circuit to be built up of coincident lilaments each 
containing an element of current dy, and consider the increase 
dN of magnetic induction through the previously existing circuit 
due to the addition of a single such filament, we have 



General 

Expras- 

sions for 

Coeffi. 

cients of 

Induction. 

1. Mutual 

Induction. 



dN 



/{ 



Lidf 
ds 



dF'^-ri + dG^-^ + dH^4\d8 



d_£ 
JsJ 



or, since i/, v, w? = {ydx/ds^ ydylds^ ydz/ds)/ area of cross-section 

ydN = UudF + vdG + wdH)d& .... (49) 

Since all the filaments are coincident the components of vector 
potential at any element of the added filament due to the current 
in the previously existing circuit are F, (?, H. Hence the in- 
duction through the filament is N, and we have 



N = j(^F^ + ei^ + H^'Us 



ds 



ds 



) 
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Ndy = \ {Fdi + GdB + ffrf»)rfffl . 



But if T 

X\m one 
fi-idition 
hy C29') 


be the electrokinetic Pner^ so fn 
circuit nione. and ii'l\ he llie incre 
of tlie Slanieut carrying tlie ourr 


as it de 
ise of '1 
lit //y, 


pendB upnn 
due to tlie 
the II sini-a 


«-e finil from (49) and (60) 






rfr, 


= i(.Wr + r-f^) 








= l|{iV« + Bdo + ffrfw + Brff + rda + 


•cdn)il% 




= lij(/iFu+ Gv + H«:)da. 










Here ?", G, U arc the components of vector poteotiBi at any 
element ds of tlie circuit produced by the currant in the circuit 
ilbelf and therefore we can write 



d4d,- (51) 

ThuB for the coefficient 



= .y//"^ 



^U^^dids- . 



(52) 



In Cliapter YI. we shall proceed to the ottlculatinn of tlie 
values of L and M for circuits of different forms and arrange- 

The ooefiicient of self-induction for nny circuit may be defined 
as the coefScient of mutual induction between that circuit and a 
coincident circuit. It has therefore the value just given in (52) 
in which ds, dd are now to be taken as elementa of the two 
coincident circuits and tho integrtttions are performed roiiiid 
these circuita. 



VECTOR POTENTIAL OF SYSTEM OF CURRENTS 

This iden of two coincident cirt'uitH gives an easy mctlioil i>f 
deducing from the CKprBBHion for tlio mutual enerKy of two 
circuits the energy due [o tlie existence of a single circuit alone. 
For let di, d»' be any two coiucideut elements oi the tivo circuita 
and rf»i, rfs'j any two other coincident elements, and y, y', the 
currente in the circuits. Then if the circuits be deformed, and 
Btill kept coincident, the alteration of the mutual energy will be 
Ty'8«, in consequence of the action hetweeii the two elenienlK 
di, di!^, and yy'tniy, in consequence of the action between the two 
elements di', dsj, where n = cos ( dida'^/r, ffii ~ cos < dt' dijr^. 
The whole alteration of energy is therefore ■j7'fl{« + Wi} = 2y/8iH, 
since obviously a = m,. This gives i-fSiu if the curieiils be y 

On the other hand the alteration of energy due to the deforni- 
fttion of tither of these coincident circuits alone is y'Sa, or half 
the former amount. Hence if the currents be equiil tlie work 
done in establishing either circuit nlone,or its intrinsic energy, is 
half that spent in eEtablisliing either in presence of the other. 
But the latter is 



y' r I . di ii»' = y~L. 






Cakuk. 
lion of the 
Values oF 
F, 6,H 



(53) 



which applies to two linear circuits (not neceaearily of uniform 
cross- section) very important expressions for F, G, H can be 
deduced. Denoting by u', it*, in', and da' components of current 
and the cross-section at (x', /, c') of the conductor carrying the 
current y', we can write the first equation in the fonn 



-=//(7j- 



"J*j 



- -]dsdu' 



where ifti' ( = di' da') is an element of volume of the conductor, 
and the integration with respect to that conductor may therefore 
be taken as one throughout its volume, Jf then the circuit 
giving rise to F, G, H at the point (r, i/. r) of the other be non- 
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linear, and we asBiime that it can be reganied a 
of elementary circuits bounded by lineB of flow 



■^//(" 



+ - 



- - - ]di rfi 
r ihl 



lere % denotes aunimation of the integrals obtained h 
inenlary circuit. But elearly by integrating with reBpecllo 
', taking the coneaponding values of «', n', vf throughout tlie 
Q-linear conductor, we get rid of the Bummatioii and find 



By comparison of this \ 
(53) above, we obtain 



ith the second ralue of JV pvc 



F=j-da; G = f-ii»', U=jt-da' 



(64) 



where the integrnlioo is extended throughout all space in which 
the current (u', ii', to') differs from aero. To each of the expree- 
siona under the inlegral sign in (54) might of course be added 
any t«rm which givea a zero result when integrated round ths 
circuit ; but it will not in any of the following developments of 
the subject of electro magnetism be found necessary to do so. 

In the case of u system of currents, however complex, pro- 
ducing the components F, &. //of vector potentiiil at the point 
(.r, y, s), the expressions (54) will evidently stii! hold, for we 
liave only to sum the values of each of these expressions as foond 
fur each circuit; and this is done equally by extending the 
integration throughout ell space, taking at each point the actual 
values of the componente u', «', le' there, due to the whole 
complex system. This system will include any circnit coinciding 
with that through which the magnetic induction is taken, and 
carrying any current, and this includes the latter circuit with the 
current which actually exists in it. Hence we drop the accents 
in (54) and write 



= {-ds>, e=f'dtt, B=j-di 



(55) 



\ General ^'i^'B u, v, tc denote the components of current at the element of 

Values ot volume da, and r the distance of that element from jr,^, i, and 

F, Q, IT the integrals iire taken throughout the whole space in whicli 

for any currents exist. 
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I'he medium htiH been here supplied to hnve unit mn^etic 
'nductive capacity. If however the magnetic inductive citpacity 
i>e It (and be iiniforra tbrougiiout all apHCB nut at an infinite 
diaUnce from tlie system) Ihe equations become 

/■^J^rfa, G=j^~da, II^j^^s . . {550 

If the value of n be different in different parte of tbe field tlieaa 
eqnations must be modified by the addition of integrals over tbe 
Separating surfuces, but into these caaes we cannot here enter.* 
It may bo remarked however that in the case of continuous 
Variations of fi from point to point, if the magneti nation of the 
Inedium be Iniuellar and tbe medium fill tbe whole field, equations 
^55') Htill hold, while they must be corrected by certain simple 
integrals over tbe separating surfaces when different parte of the 
field are filled by different media. 

By equations (5) p. 116, we have by differentiation and ' 
addition 
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(56) 
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+ l^' = » 










(57) 





To find the value of F at the point {x + di, y, z) we may suppose 
tbe whole system of currents displaced througli a distance dx in 
the opposite direction. This will bring tbe point {x + dx, y, t) 
to coincidence with (x, y, j), and the value of F at the latter 
point will then be that previously existing for the former. 
But tbe values of » and F at any point will have become 
u + duldx . dx, and F + dFjdx . dx respectively. In the same 
way WB may deal with 6 and //. Hence we have 

/Bu rde /-Sk 

dx , dG e^ , dll \¥: , 

— da, -— ^ \ J-da, --- = da, 

r dy J r dz J r 



' See a paper by Prof, Schuster in the Fhit. Mag. for July, ISBl. 
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tt IB to be nolieed tliat, if (56) Jo not liold io any iptix, 
(57) will not either. In general (56) does hold (and the correal 
tlierefure is aniilogoua to tlieflowof bd incompressible fluid), htit 
tliere are cxceptiunnl cases in which it does not. forexampleit 
does not hold tlirouf^hoiit uny portion \it space eoclosing i 
critical point, such ns a source, or place where electricity is 
supposed to be K<>nerBte<l, or a nink, where electricity ig suppueed 
to be destroyed. The eorrectjons however in such oases tn 
easily made. 

We shall now illustrate the dynamical theory set fortli abovs 
by applying it to a few important particular cases. 

First take the ca»e of two circuits specified above by equati(mi 
(29') and (33'). 

We shiilj suppose the circuits rigid eo that £,, £, are tUTUi- 
able. Then if the circuits be subjected only to those changts 
which take place from their niutunl action, and dT be the cfcangt 
in r which takes place in a small interval of time H 

dT - Z.y.rfy. + j«i:yjrfy, + y.rfyj + ya^^M + X,7/y, (fiS) 

t£ a typical coordinate i, fixing the relafjve positions of the 
circuits (S3V in the case of two plane circuits maintained parallel 
10 one another, the distance between tliem) be altered at the sauw 
time by an amount dji, the work done by electromagnetic forces 
has the value bTjdj . dx. Calling this dff', und putting iif for 
'■ the corresponding change in M, we obtain 



dW = y,yid.V . 



any change 
accounted 



... (SO) 

This work is spent in producing kinetic energy in the displaced 
conductors, or if these are not free, in moving them egunrt 
external reaistance, or in both ways. 

The work done by the impressed electromotive forces over 
and above that dissipiited is 

(Si - B.yi>ri<'* + (ij - -So7!)V)''' 
which by (33') has the value 

L,y,'ly, + Miy,dy^ + y.r^y,) + 2y,y.'lM + l^y^dy, 

tliut the energy is all 



MUTUAL ACTION OF CIRCUIT AND MAGNETIC SHELL 

ThuB the impressed electromotive forces working ngaiiiBt Ilie 
^ductive electromotive forces do nn amoiiat of work wliicli is 
oted for by an increase dT of the electrokinetic energy, 
a amount of ■workrfff'doiio in displacing the circuits. The 
r quantity dT may be aeparnted into two parts, (1) the 
■Work done against the inductive electromotiTe forces which 
[depend only on changes of the eurrentSj and (2) an increase of 
I electrokinetic energy amounting to fxy^dM arising tlirougli 
[ iteration of tlie relative positions of the circuits. If the con- 

I- ductors are displaced from rest to rest again, so that y,, y^ have 
teeumed their eteadj' values (/yi = 0, rfyj = 0, and the energy 

• furnished by the batteries is 2yiy^M of which one-half is ao- 

• counted for in dT, the otlier in dlf^ which has its equivalent in 
, 'work done against the external resiatance hy which the con- 
-ductora were brought to rest. This result was pabiished by Sir 

■William Thomson in iSfil. 

According to Ampfcre's theory of magnetism each molecule of 
I a magnetiiied body is supposed to be the seat of a current of 
electricity which flows in an infiniteaimai circuit. When tlie 
)' positive faces of these circuits are turned in a common direction, 
. «r, if one direction preponderates, the circuits produce by their 
!■ combined influence a magnetic field, the intensity of which is 
^'finite in amount. If the arrangement of the molecules of the 
fttMdy remains unchanged, and the currents iu them are unaltered, 
[tlie resulting magnetic field is constant. 

I Knee there is supposed to be no progressive cliange in the 
Hnteraal state of a body permanently tnagnetized, and tliere is no 
Eexperimental evidence of such a change, there is neither con- 
bnmption nor production of energy in any of these circuits, so 
Kthat both the electromotive force and the resistance in each ar^ 
"supposed to be zero. A theory of electric cnrrentB will be 
I developed presently, which will throw some light on the state uf 
the medium within the magnetized body in relation to these 
currents : at present we shall take Amp^o'a theory for granted. 
Let us, then, consider as another application of the dynamical 
I theory, the case of the mutual action of an ordioary circuit and a 
I Inagnetic shell. As we have seen (p. 104) a magnetic shell is 
< equivalent to a current of strength equal to that of the shell 
circulating round its edge. Hence putting y^ for this current, 
and E« — 0, 7?2 = 0, we have instead of (33') above 
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CHAPTER V 
GEXERAL ELECTROMAGNETIC THEOnv 



IXDCCTIVE BIECTROMOTIVE FORCES IN A CONTISH0VS 
3IEDIUM. ELECTROMAGNETIC TBEORY OF LIGHT 

• We now proceed to the detennination of inductive electro- 
motive forces, first, in the circuit of a conductor, second, in * 
cootinitous mediiim. If Nf^ denote total magnetic induction 
ihrougli the circuit we have seen (p. 159 above) that the electro- 
motive force in the circuit is - rf-V^/rff. We have by («) of 
Chap, 1. above 



■/('•+"+">''•■''-/('■'£+ 4'+4>- 



(1) 

Now tho value of JV'j may be altered in two ways ; — (I) by 
motion of the circuit ; (2) by variation of the currents in tli» 
circuits producing the magnetic induction. Tlie currents being 
espreased in lermu of the time, tha time-rate of the latter 
variation lias the value 

due to '37 =.Ka7,/, + a7 7. + a77> ■ ■ ■ (^1 

Variation 

ofCurrent. pince while it ia taking pkce we suppose rfr/rfs, &c. to be 
constant. 

E.S1.F. To calculate the time-rate of variation of N^^ due to motion o( 

due to the circuit, let the resultant velocity of any element As of tha 

Motion of circuit be q, ivith components d;i, i. If 6 he the angle between 

_. .. the positive direction of B and ttie direction of motion of ds, tlie 

LmxM. direction cosines of a line at right angles to both >i iind ~ 
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bz — cj ex — az ay - hJc 
^/B sin ^ ^B sin ^ yB sin 6 

and tbe positive direction of this line is that in which a right- 
handed screw would advance^ if the handle were turned round 
O from the direction B to the direction q. Hence the revolved 




part (/«' of d%^ at right angles to the plane of B and q^ is 
given by 

The velocity with which this component cuts normally across 
the lines of magnetic induction is 5^ sin ^ ; and hence for the 
time-rate of the variation of N^ due to the motion of </a, wc 

have 

By sin ^ds' = di^4 {dz - cy) + ^^{cx - az) + ^^ {ay - bA . . (3) 

\d8 as as ) 

Thus for the total time-rate of variation of ]^\ we get finally 
the equation 



dt J\ ds^ ^ds di) 



(4) 



where 



P — cy — bz — 
Q = az — ex — 



di dx 
dG dyjr 
dt dy 



R ^ bx — ay — -— — 

•^ dt dz 



(5) 
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in wliicli for Ilie stike o£ generulitj* tlie coiiipcictnts - Wr,'3/i 
- B^lrldf, — difridi, of a ainglo valued functioa — ^ of the j 
courdinules liiive been introduced. They contribute notliiog to 
tlie integnil in (4), which is taken round ths circuit. ^ mayk 
taken as tlie potential of any electrostatic disti'ibution wliich mty 
exist in tlie field. 

P, Q. Ji, are cuUed the coinjionents of the electromotive forte 

at the element de. We sliull denote their resultant by E. ind 

osk the reader to carefully distinguiiih between it and the linf 

intef^ral of electromotive force tonnd a ciroiiit, which is cop- 

inonly called the electromotive force in the circuit. We slisll 

denote the latter hv E. The direction of the electromotive force 

E. at lit, ia that of' the current which it tends to produce. TbiH 

when a piirtlon of a circuit ia displaced in consequence of tin 

mutual action of the current and the magnetic field the diiecticn 

of the electromotive force is audi that tlie current is dirainisbed. 

Siimile '^° ^'^^^ ''° exaTuple, let the circuit consist of a pair of pKrallel 

Qtnen of rails AB, Cli, bridged across at one end by a fixed conductor, 

Induction, and elsewhere by a movable cross-bar or slider EF. and Ut t 

1. Eailfl current flow round in the direction of the arrows. Let eiao to 

and Slider fix the ideas the plane of the rails he horizontal, and the dirtc- 



B 



Z^^. 



tion of the magnetic induction he upward. Then the ti 
free to move will do ao towards £D, and the resulting el 
motive force will tend to produce a current in the oppo 
direction to that ahown by the arrows. 

If the alider be at right angles to the rails, and have a length 
/ from rail to rail, and a velocity r, and B be the (uniform) value 
of the induction, the time-rate of change of the total induction 
ihrougii tlie circuit is Wi', and this is the line integral, E, of the 
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botromotive force round the circuit. If ila lie (in element of 
yjth of the slider, B(/g . v is llio integral electromotive force in 
so that Bvis the value of £ at the element. 
it is to be observed that ibo expreeeion bere given for tlie 
■1 electromotive force E is complete, and includes the eSeot 
', only of change of the part of the total magnetic induction 
ougb the circuit due to currents in other circuita, but also of 
Ipartof the inductiondue to the current in the circuit moved. 
is latter part will be zero if there be no current in the dh- 
Bed circuit indepeudent of induction. If then s porti'in of 
t circuit be moved by external force in any direction tlie 
ntromotive force set up will produce a current in the opposite 
action to that which flowing in the circuit would have produced 
imutual action the motion of the element. 
in the preceding statement the induction thiough a closed 
ICuit has been regarded as undergoing variation. It is not 
Wever necessary for the production of electromotive force nt a 
int, that there should he a closed conducting circuit, nor that 
7 actual current should flow. Wherever a portion of matter, 
uther conducting or insulating, is in motion in a magnetic 
3d, in such a manner tiiat it cuts across lioes of magnetic 
rce, tijere inductive electromotive force is produced. If the 
STJDg substance is a portion of a linear conductor, a difference 
'potential between its extremities is produced, which it is always 
•iBistent with experience to take as the line-integral of E along 
S conductor. This difference of potential of course tends lo 
Odace a backward current in the eonductor, and thus to annul 
Wit An electric field is thus produced which is maintained by 
^inductive action. 

A simple but very important case of this kind is furnished by 
tnetal disk spun round an axis so that its plane cuts across the 
tea of magnetic induction. If the disk he circular and spin 
iind its centre with its plane at right angles to the msgnetic 
faction B, supposed uniform, a difference of potential will be 
Qdaced between its centre and its edge, which can be measured 
rtneana of a sufficiently sensitive electrometer. If le be (he 
^lar velocity, and r the radius of the disc the value of £ at 
point on any rsdiuB at a distance f from tlie centre is kxB. 
incB the total difference of potential between the centre and 
t enter extremity of the radius is 
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k if V be the velocity of the rim of the disk, the difference of 
BDtential between the rim and the centre is inrB. 
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With the (Hak in this state no work in npetit in driving il 
beyond that expended in overcoming friction. If iiowevar tlm 
value of B is not the same nt every point of the disk, intemil 
currenta will be set up in the nietnl, the mutual action between 
whidi and the magnetic field will oppose the motion. Thiu 
energy will he consumed in driving the diak acroea tUe lines of 
induction in tlie field, und this will have its eijuivalent in heil 
produced in the metal. For example, very marked lifisting 
effeciA oan be produced in a cupper diak by placing it au Iliil i 
portion of it only, between the centre and one part of the rim, is 
in an intense niagnetio finld, and rotating it rapidly in titat 

" Bitemal circuit be arranged by connecting one end of i 
the edge of tlie disk the other to its centre, a cnrrenl 
' for wbicb E will have the value ^rrB just found, and 
itance will be the aum of the tesistancee of the wire aod 
the disk. The latter would in an actual case be difficult lo 
reckon, aa the current would spread laterally in the disk abnut 
the rndiul portion connecting the contacts, and would depend OR 
the positions and nature of the contBCts themselver. 

But if an electromotive force equa] and opposite to tb»t due 
to the rotation be placed in the wire, the current will be reduced 
to zero, and the latter electromotive force ulll be obtainable is 
absolute unite by calculation from the rotation and other cir- 
cumatances of tlie diak. Tliis process has been applied to tlie 
delernmmtioR of resistances in absolute measnre(Eee Chap. XIU 

On the equations (5) above of electromotive force, Cleis 
Maxwell has based a very remarkable theory of the propagatioa 
of disturbance in the electromagnetic field. It will be con- 
venient to give a short statement of this theory here, reserving 
au Bccuuni of its recent experimental veritication by Hertz to a 
later chapter. 

We suppose the medium to be at rest and to be isotropic, and 
assume that the equations of electromotive force (5) hold at every 
point of it. Then at any point 
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Maxwell assumes that the true cunenb at any point of the 
medium, supposed partially conducting, is made up of two parts, 
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one the tme conduction current (comparatively email in a good 
insulator)^ the other (compararively small in a good conductor) 
the time-rate of variation there of the electric displacement. If 
E be the electromotive force at the point the electric displace- 
ment there is taken as in the direction of E, and as having the 
value K^I^TT where K is the specific inductive capacity of the 
medium. Thus the components of the electric displacement are 



Total 
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Displace- 
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Conduc- 
tion 
Current. 



/=r.^'^ = £«' * = s^- 



• (7) 



Hence the components of the displacement current are 
given by 

f^IZ^i d'^IZ^.y ^==4"-^- ' • • 



47r 



4w 



(8) 



where the Newtonian flnxional notation is adopted for brevity 
to denote time-rate of variation of a quantity at a given point 
The components of the conduction current at the point in 
question are kP, JcQ, TeR where h is the specific conductivity of 
the medium. The components of the total current are therefore 



K ■ \ 
u=^kP +r-P 

K . 

47r 



(9) 



By (6), and assuming that d^jdxj &c. are independent of the 
time, and therefore play no part in periodic phenou^ena, we may 
write 



An 



An 

J\. 

An 



(10) 



But assuming that displacement currents produce magnetic 
effects according to the same laws as those which hold for 
ordinary conduction currents, we have by (6) of Chapter II. and 
(50) of Chapter I., since a = /xa, &c. 

O 2 
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where / denotes dP/Sx + SGjdf + 3/T/B2:, and V* «« "sial tk 
operator SyBi' + B'/By" + B^/di:*. Similar equations are found 
in tlie Siime way for and m. Thus we have tJie three eqaBtioM 
of currents ^^h 
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Kquating these valncB of «, v, w, to those given in {lO) 
we find 
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These are Maswell's differential equntiona of propagation of an 
electromagnetic diBtnrhance of any type.* 
L It is easy to see that the qniuitity / which appears in them 

(13) differentiated with respect to x, y, z, and added give 




*"'4'+''''S'-° <»' 




of which the solution is 


ta 


J=C+ C'e^p.{-MilK) .... (16) 


• Fkil. Traw. R. S. vol. civ. (1865), or F^rint of Scientific Fapm, 
vol. i. p. 578 ; also El. and Mag. vol. ii. p. 395 (Sec. Ed.), 
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t if F^ Gy Hf are periodic functions / must also be a periodic 
iction, which is inconsistent with (15). / must therefore be 
o. When A; = 0, that is, when the medium is au insulator, 
J solution of (14) has the form 

i thus again if F^ Gy H^ are periodic functions / must be zero, 
us in the propagation of periodic disturbances the terms in- 
lying / in equations (13) may be disregarded. We might of 
irse by equation (57) of Chapter IV. have taken / to be zero 
once, since we have assumed all the laws of induction 
ablished above to hold in wholly or partially insulating 
^dia. 

If F, Gf H be solutions of equations (13) their difEerential 
efificients of any given order, and any linear function of these 
ear difEerential coefiBcients, are also solutions. It will be 
eful to verify this for the value of a given by (60) of Chapter I. 
e shall thereby obtain the difEerential equation for the pro- 
gation of magnetic induction. We have 



^""^^ % 



a (dH dG\ 



. J & fdH dG 



dzJ 



. ,d^a ^ &^/dH dG\ 



dy 
3nce adding and rearranging we get 






lus we have the three equations 



dz 






dc d c 



(16) 
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Again tlie first of equations (9) differentiated with ri 
the time gives 

and the first of (12) gives likewise since / 



B suppose that ^'{d'ti/Sj^) = 



V-P-Tr.v/, 



t every point considered. 



, of PtOpB- 

gnlion of 

Elflotiic I 
DispUce- 



4n-V 









which are the liilTerentiH! equations of propagation of electric 
displacement and tlierefore also at electromotive force. 

We select equEitioTiH (13) for solution und suppose a periodic 
didturhanee produced in the field to be propag-ated aloDg the 
aiia of t, and the wave front at each instant to he a plane 
perpendicular to the asis of i. These conditions render f, f ' 
in<lependent of x and y, and since therefore 



a^If BJ d fBF , 
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These equations have the periodic solution 

(F, G) -= {Fq, Gq) exp. i{mz - nt) , . . . (18) 

where e = v — 1, and 2ir/« is the period of vibration. Substi- 
tuting in the differential equation, we find the equation of 
condition 

m^ - i^K\k — ^kfMJii = 0. 

Thus since we suppose n to be real, m* is essentially a complex 
number, and therefore so also is m. If we write m — q — pi 
'We get by squaring and equating real and imaginary parts 

q^ - p^ = n^Kyif pq =^ — 2irkfiH, 

From these equations, remembering that p^ must be a positive 
quantity since j9 is real, we obtain after reduction 



n»Ju 






(19) 



where the positive sign is to be given to the radicals in each 
case, and p is made negative for the reason stated below. Thus 
the solution becomes 

{F, G) = {F^, Go) exp. i{(q - pi)z - nt\ 

= (Fq, Gq) exp. pz exp. i(qz - nt) . . (20) 

We are only concerned with the real part of (20) and hence 

(Fy G) = (^0' ^o) exp. pz cos {pz - nf) . , (20') 

Thus the zero of time is so chosen that F^y Gq are the maximum 
values of F, G, at the point z = 0. 

If the disturbance is not to increase in intensity as it travels 
out from the source p must be taken negative, and thus q is 
positive. Hence for the wave length X, and velocity of propa- 
gation F the values are obtained 



r«v 



X = 27r/q = 27r/|^ ( J^^ ^ UnV/n^ + X)A 
F=nlq = 1/|-^(V'a'2+ 167r2>fcV«2 + A')*} 



(21) 
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un<i for tlie rxtio, at o given time, of the amplitude at uny point 
; + \ to tbs amplitudtt at uoy point t, 

exp.^ = e.p.-?!l:^^^^^i-^'. . (22) 
(Vi:" + 16,r'i»/»* + A')* 
Perfectly From tbese results we see tliat the wave length and vBloCity 
InButatinfj of propiigation are less, and the rate of diminution of amplitude 
laotmpic with distitoce from the anurce is greater, the greater the con- 
MeJioni. ductivily, other things rBmainiiig the same. 

Further if i- = 0, that ia if tlie medium is an inaalator, we 

,,.0,,..'Ji;,''--J— .... (23) 

In this case tlie olevtric displucement and magnetic induction ^ 
agree in phase, while tlie displacement euirent and magnetic in- , 
duelion difEar in phase by a qmirtar period. 

We obtain of course aimilar Holutions for the propagation of 
electric displacement and magnetic induction. For the case 
supposed of a plane wave udvanciug parallel to j, we may, (if we 
put ( — for each quantity separately, bo as to coincide with ■ 
maxiinurii vjilue of the quantity at f= 0), combine all the solu- 
tions for them in the single expression 

™™,i^' ('',''./.j.».*)-(.''..o»/i,j«".,'.)«p.p"«p.''(?'-»') m 

Displace- where p, q have tlie values given in (19) and for which X and V 
niont anil are given by (21). By the equations connecting/, g, with F, G, 
Magnetic it is seen at once that the resultants of these pairs of components 

Induction are in the same direction. But with regard to the miignetio 

in Elsotrn- iinJuction w ' ' 



have, by {2fl) 
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Thus if e, 0, be the angles wiiich the resultants of J 
and 6 respectively make with the asis o{ x, we have 



Hence the direction of the magnetic induction is at right angles 
to that of tlie electric disturbance whicii is propHgaled niong 
with it. 
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So far we have followed on the whole the theory as given by 
Maxwell himself^ but a very symmetrical and instructive form 
of the equations of propagation which has been used by 
Heaviside and by Hertz in their investigations must not be 
passed over. By equations (9) above, and (5) of Chapter II. 
we have, when there is no electromotive force due to motion of 
the medium 
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\ ^ ^dt) 47r\ay dz) 
\ AirdiJ An\dx dy 



da\ 



(27) 



But we find also by differentiating equations (50) of Chapter 
I., and using (9) above 



47r ht 47r ^ hy dz ) 

ii ?? = - L(^ -. — ^ 
47r dt ^n^bz dx' 

J!L?y =- L(^ - aPv 

47r dt 47rV6jr dy ' 



(27') 



By differentiating the three equations of (9) with respect to x, 
yy z respectively, and using the relation [at once obtained from 
(5) of Chapter IL] dujdx + do/dy + dw/dz = wo find tlie 
condition 



SP.dQ.dR^Q 
dx 9y dz 
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which expresses that there is no electrification at the point 
A similar condition 
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(28') 



is fulfilled by the magnetic force H, since that being purely 
inductive, must, like the magnetic induction B, and the electric 
force E, satisfy the solenoidal condition at every point except 
at the (vortex) origin of the disturbance. 






GENERAL ELECTROMAGNETIC THEORY 

Tliere ia thus a remarkable correepoiidence between tLe two 
qunntitiee E and H, oe shown by the f uregoiiig equations in-- 

a volvinjt their components P, O, Ji, a, j8, y. This is broiiglil oot 
more distinctly by Oliver Henviside (who lirst employed s 

^ similar set of relstioDB for the investigation o£ electromiLgtietiD 
waves) by the introduction of a non-existent factor j on the left 
of (27^ to correspond to k in (27), so that (27') becomes 

_ J. ,afl_aQo 

&c. &o. ) 

Thus the quantities on the left of (27), which ore the coto- 

pooeots of electric current, correBpond to those on the left ol 

Analogy (27") ; and hence Heaviside has called the latter, from analogy, 

hettreen tlie magnetic currents, and ^ the magnetic conductivity.* By 

Electric means uf this analogy it is poesible to obtain a set of electric 

and theorems from tlie magnetic theorems given above, am^ 
Mutnetic g\,g\\ return to the Bubject later. As one result we are 
Forca. („ j^jg^ in the nest section of this chapter from the value 
found for the electrokinetic energy, the existence of an exactly 
analoguUH quantity of electric energy. 

By means of these equationa we can at once investigate the 
propagation of electriu and magnetic force. By differentiating 
the first of (27') with respect to the time, the second of (27) willi 
respect to i, and the third of (27) with respect to y, subtracting 
the result of the last of these operations from that of the second, 
and liaving regard to the relation, dajd-r -j- fl^/ay + dy/ds = 0, 
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and similarly we obtain tw( 

These are precisely equation 

In exactly the same way ^ 



(■2S) 



correaponding y and s equations. 
(13) 
e obtain the equations 

Jri'?|-''-Pl . . _ . ram 



* The cecilirooal of thin would he the apeoific magnatie 
roagnetic resistivity. This is the proper magnetic analogue of eUutrio 
reBlstance, not that popularly regarded bb such. See Heavisida " On 
the Self Induction of Wires, " Fhil. Mag. Aug. 18B8. The reader should 
conault also, on the aubject of this chapter, Heaviaide'a nunierona 
papers in the Phil. Maj. and Eltctrician paaaim, during the last sii 




INSULATING ^OLOTROFIC MEDIUM 

which are the equalions of propagation of eleelTomotive force. 
.The BolutionB anil reaults giren above (18) - . . (24) are mutatis 
nmlandig at once applicable. 

Heaviside usea equBtiona equivalent to (27) and {27') nbovo 
U the etarting point of his very important and interesting 
reeearchea regarding the propagatioD of electro luagnetic wavas. 
They have the advantage of giving the directly nbaervable 
physical quantities E, H instead of tlie more abatract F, 0, H, 
which are attendpd, as he putsit, by a paraaitical ^, the meaning 
of which ie not clearly delinable. 

Equationa (27) and (27") are of the same form as thoae used 
by Hertz in hia preaentation of Maxwell's Theory, and, with 
t ■= 0, are those from which he deduced liia solution of the 
problem of the radiation of electrical energy from a aiinple 
dumb-bell ah aped vi lira tor.* 

In the case of an solotropic medium the resitltant electric 
diaplacement ia not generally in the direction of the resultant 
fileotromotive force. We shall auppose that the rectangular 
components of the displacement at any point are linear functions 
of the component electromotive forces, and write therefore 

4ws= r'F + k-^Q + tR 

4jrA = a'P + I'Q + k^R 
where the coefficients, apparently 9 in number, are constants. 
There are however in reality only 6 coefficienta. For let/', g, h, 
he increased by amall amounts df, rfg, dh. The work done by Reduction 
the electromotive foroea ia effecting tiie displacement a ia of 

Pdf + qdg + Rdh, or, by (27), {Pk, + Qr' + iis')^^ Number of 
+ {Pr + Qk. -I- RqdO + (Ps + ^i + Rk^dR. and this for „Cii- 
conservation of'energy muat he a perfect d'ifEerential, since the efficients, 
whole work in a complete cycle of changes must be Ksro. The 
conditiona nccesaary for this are expressed by 

3(PA-i + gr^ + -gj') d{Pr + gfr, + Rf) 

dq " dp 

and two similar equations. Theae give r" = r, i' » s, f = /, bo 
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= k,P+ Tq+ aR■^ 
-- rP + (-,«-!- IR\ 
= eP+ tQ + k^R ) 
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., 1889. Ste also \ie\ow Clinp. XVI. 



GEXERiL ELECTEOJUGNETIC THEORY 

wliere tlie integrnl is taken round tlie circuit in wliioh^ flows, 
If instead of any oiiireiit y we substitute its componentB tlang 



= «///(. 



- Ov + ffa)datlydi 



where the integral is extended thrnughout t1ie whole snbBttince 
i>f the ciin-eiit carrying conductor. If the integration is regiiriled 
aa eilending over tlie whole space in which currents eiiat we 
omit the aymbol of summation, and write 

T = i[jj(Fn + Ge + Hic)didyd2 . 

Kow we hare found thnt 

4n-\3y d:)' " By Bz 
&c. &c. 

Hence substituting in (37), renrranging, and integrating wHbi&'V 
It closed surface, we get 

T - jjlji."" + is + cy)d^'!^d, 

+ l-jjw^^ - Or) + "'{jv - ■s"") + "(ff" - m]ds . m 

The surface integrftl vaninhes when the surface In taken in- 
finitely fur from t!ie eyBtein of carrentH, for, in the limit, if r 
denote the distance of dS from any point of the Hysteni of 
currents, ". 3, V are of the order of magnitude I/r', while rfS is 
of the order r°. Hence if, as supposed, the integral is taken 
throughout all space, 
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mm If, according to Ampere's theory, we suppoae all magnetic 

^^H force to be due to B3~steinB of currents, T will include the 



DOUBLE REFRACTION IN jEOLOTROPIC MEDIU] 

^Kow consider a plane wave tnivelling at rigli 

M li -\- mf + at = 0, with velouity F. Then the Sisturbi 
nybe expreeaerl by the equal: 

(?, G, m = (fo, G„ S-„) exp. i^ (/^ + «^ + B 

I yriting o,*, V. fj' S l/fifi, l/i>, J/JEjM, we get, by BubHtitii- 
""^n of tbeae valuea of F, U, H in (31), equationa which may be 
' 'n the form 

(r* - r,*)F + v^l{lF + mO + nJT) 

(F« - ,.,»)(? + vM'f+ "ff + «i/) - ^ ,' 

:e (iivideil by F— n^*, &c., multiplied by /. w, ■, and added, 



This may be writteUj aince P + «j' + n' 




-. = -!■ 
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-s+ 



A^'- 



(33') 



which ia Fresners equation connecting the velocity of light in 
sn Eolotropio body with the direction of propagation, when 
W|', Hj', rv* are the squareB of the principal velocities along the 
Siea. These are the velocitiea of an ordinary wave in these 
directions, that is the velocities in isotropic media characterized 
by the constants A",, K^, K,. 

The direction of the electric diaplacement may be found as 
follows. Let X, fi, p be its direction cosines. The cotuponents 



of current are proportional to KjP, X^Q, A'^if, that it 



o Flv^\ 



fl/V. -ff/Oa', nr by (33) to W'-vC), >»l(F"-v^^), -/(r'-V)- 
Hence by (33') A + m^ + «<< = 0, or the displacement is in the 
plane of the wave front. 

Let the direction of propagation be the asis of e, then in (33') < 
above we must put » = 1, / = m = 0. If the direction of a 
diaplacement be that of f, it = 1, X = c = 0. But since ' 
^ « ib/(F' - tij'), and w = 0, we must have F= w,. Similarly 



GENERAL ELECTRO MAGlfET I C THBOBT 

when the di a placement is in ttie direction atx, V= t>,, Intba 
furaier esse we have an ordinary wave travelling along >. But 
by optical experiment it ia known tliiit an ordinary ray of light 
travelling parallel to a principal nxis cf a crytitnl, for eiBinple 
at right angles to the optic axis of a uniaxal crystal, aunh u 
Iceland spar, ie polarized in a plane parallel to the axie and to 
the direction of propagation. Hence the electromagnetic theory 
giree the direction of electric diaplnccment aa at right aogleB to 
the plane of poluriziition. This conclusion haa been verihed by 
the eiperimentb of Hertz. 

We have seen that the velocity of prupsgation nf the die- 
turbance throngli an insulating medium is l/vAji. Tha 
numerical value of this velocity for a medium such as air haa 
been obtained in the following niuuuer. If the units of measan- 
ment are electromagnetic the value of y, for air is unity (see 
Chap. XII, below). Now using electrostatic units we haie for 
the force upon a point-charge of electricity g placed in the 
field due to another point-charge q', at a distance r from the 
former, is gq'IK^, if K, be the value of the specific inductive 
capacity oE tlie medium in electrostatic units. Now changing 
to electromagnetic units and putting Q, Q", K for the 
spending quantities, we obtain for the numerical exprei 
tlie same force as before QQ/Kf'. Hence 



and therefore for a 
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(34) 



if V denote t!ia ratio of the numerical esprcasion of a given 
quantity of electricity in electrostatic units, to the numerical 
expresHion of the same quantity in electromagnetic units. Thus 
V ia numerically equal to the velocity of propagation of an 
eleotromagnotio disturbance in a medium, which has specific 
inductive capacity in electrostatic units, and magnetic inductive 
capncity in electromagnetic units, each equal to unity, or 
such that their product ia unity. The value of ti has been 
experimentally determined by a number of experimenters 
working in several different ways with strikingly concurrent 
results. A complete table of the principal reBults, with the 
names of the eiperimenters is given in Cliapter XIII,, where 
the methods of measurement are described. Here however 



ENERGY OF THE MEDIUM 

1 hnve to note the reraarltiiblB fiict thut the velocity of 
pruptigatioD thus given for an electrumitgnetio diBturbance, 
almost exactly coincides witli the velocity of light t Maxwell, 
indeed, regsrded light as an electro magnetic diBturbance in the 
luminiferouH ether, and put forward hia theory as one of tlie 






:e Chapter XVI.). 



ELECTROSTATIC AND ELECTEOKINETIC EKEEGV OF 

TEB MEDIUM. MOTION OF ENERQi' IN THE ELECTICO- 

MAGNETIC FIELD 

We have now to consider the energy of the electromagnetic ] 
field. It consists of two parte, the eleotric energy, depending 
on the electrornotivB force, however producedj at each point of 
the field, and the magnetic or eleotrokinettc energy. The i 
fonaer which we denote by E, is given (Vol. I. p. 33) by the 

E. -Jj"j"i (-!"+<? + iP)"ji" ■ • '■'** 

the integral being taken throughout the whole field, that ia 
wherever P, Q, R differ from zero. Here it is aBaumed that P, 
Q, R are the total component electrta forces in the field, and that 
these used in the formula for the electrostatic energy give the 
eleotric energy. This point requires eiaminntion. We ehitll, 
however, infer the existence of the amount of electric energy 
presently fjom the analogy between electric and magnetic 

A similar expression can be found for the electromagnetic 
energy T. Wa have seen that 
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where Nt, is the total magnetic indue 
which a current ^* is flowing. No 
ponents of vector potential at the 




on through any circuit in 
if F. G, H be the coin- 
circuit, we have by (1) 



ut 



GENERAL ELECTROMACHETIC THEOKY 



ir th^ niitKnetixatioD be carried tliroagh a. closed cycle, so that 
tlie inmiium is brought bnck to the same state aa at Sret, th« 
pleotrokinetic energjr returns to the same value, and tba integral 
of the quantity within the inner brackets in (47) whiub is 

Eiprot- rf(BH) U zero. Thua the energy furnished to the medium in 

*"». f th* closed cycle is 



J Di'»- 



LJIH!' 



where tha i 

cycle. 



r integral is taken with respect to B round tbe 



e take the chani^es per unit of volame at a place wliere 
the induction is B and the mae'netic force H. we have for the 
energy given to the medium, the value SdBlirr, aod for the 




increftse of electrokinetio energy rf(BH)/8ir. Therefore tlie 
energy dV epent otherwise than in increasing the electro kinetic 
Energy energy is given by the equation 

™ted«r dr = iHrfB-i(HdB + B<fH) . . . («) 

Unit of 4ir Off 

Closed Henee if PQ (Fig. 39) be two points in a curve of which the 
Cycle, abscissffi are values of H, and tlie ordinates values of B, we 



FLOW OF ENERGY IN FIELD 218 

have for the whole energy 7" spent otherwise than in increasing 
T^ in this part of the curve the value 

r = ^ I l^'HdB - i|^'(HtiB +B^H) J . (50) 
that is by Fig. 39 

r ^^ (area F^SR - \ area NQSRPM). 

The second area vanishes when Q coincides with P as it does 
when the curve forms a closed cycle, for example the loop F'P". 

If the magnetic permeability is a constant there is no loop, 
and thus the energy dissipated in any cycle of changes is zero. 

On the assumption made above that the electric and magnetic Motion of 
energies may be regarded as stored up in the medium, so that Energy in 
at any point the amount of electric energy, is KW/Sn, and of Electro- 
magnetic energy HB/Stt, per unit of volume in each case, we ma^etic 
may inquire how the energy moves in the electromagnetic field Field, 
when any change takes place; We have, supposing that K and 
fi do not vary with the time 

+(4/ +4' +4;)}"'* • <"> 

But if u^ p, w, p, q, r, be the components of the total current and 
the conduction current respectively (the latter, in the general case, 
not merely generating heat in the conductor), we have for those 
of the displacement current 

47r dt ^ ^ 477 \ay dz) ^ 

477 d^ ^ 4n\dz dx) ^ 

47r dl 47r \9ar dyj 

Also if we write equations (5) in the form 
F.Q.R^^P' + cy- bz, Q' + az- ex, R' + bx - a^ , . (52) 
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MAGNETIC ACTION OF COIl 

Equation (37) is applicable to tlie detenu in ation of the crm^fe' 
(Ills to tlio notion of a coil on ei uniformly niagnetixed thin 
magnet the centre of wliicii is on the origin. We have only to 
Huppose anolher eoil equal in all reapect? to the smaller plwed 
coaxial with tlie latter on the other aide of the origin at a. me&D 
distance ( from that point, and further suppose a current of the 
Theory of "'""^ strangth to flow in like directions round both. The couple 
Two Coils **-'*'''S "" *l>s second coil will be got from that on the firet bj- 
inerely supposing tlie angle to bo increased by 180°, snd the 
current in it to be reversed. But changing tjt into i + 180= 
changes the HignH of ^\, tZ"^, &a., and taking into account tha 
change of sign of the current and of sin (j>, we have for the couple, 
8i say, ou the second coil 

e, = -.V«7y' sin ^ {G,;?,. 4^-, -G^y,. 4^-2+ G.yj^. tZ-^-&>:.\ 

Uonce for the total oouple we get 

e + e,= -2Ab^' ein "f ((?i?i- 4^, + Sj^j. *^'a + fie } (41) 

But the double coil here supposed to exist ia equivalent to n 
needle with its centre at the origin, and of moment M = 2jro'iiy'. 
Also if we make the section of each coil very small, and the 
radius a very small, but preaerVB Zira^sy' a finite qunntity, wu 
may regard the pair of coils as equivalent to a uniformly mag- 
netized magnet of moment STu'^wy', and of length 2^, and put, in 
the Taluea of ff[, ff^, &c., 3 = 0, fi = 0, Ma? = 0, &c. In this 
way we shall obtain from (41) a formula equivalent to that givea 
in (12) when Uie latter is corrected for the finite croaa-eection of 
the largo coil. 
Electro- If instead of two single coils, one fixed and the other movablB, 

Dynamo. i\,g Helmholtii double urrangeraent ia adopted for both the fiied 
n^terwith ^j,^ movable parts of the dynamometer, so that the centreg of 
UouWe- jjjjjjj j^j,g made coincident with the origin,* the expreeeions for 
°' their mutual action are much simplified. 

Let jf, £ Fig. 61 denote the large coils ji', B', the small coils. 
Tlien the mutual energy of A and A', and the uouple on jf due 
to the action of A, are equal in numerical amount and sign to 
those of B and B'. These are given by (39) and (40). Henoe 
for these two pairs of coils the energy is 

ar = 1iNnyy\G,g, . ^Z, + G.^,. ^Z, + G,ff, . 4Z3 + . . .} (41) 

* This waa the arrangement adopted for the Absolute Hefltw 
dynamometer made by Mr, Latimer Clark for the British AssodltJon 
Committee on Electrical Standards. See Chapter TI. below. 
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FLOW OF ENEIiGV IN FIELD 

he direction in -which a right-handed aorew would move if Elxpresacd 
handle were turned round in the plane of £' and H, from tlie bb at 
of H to that of E", the element of the surface integral Entrgy 
On the right has the value HE' sin 6(11' + mm' + »in')/4iT, "'"" 
wiieh ahowH that the rate ot flow of energy per unit of area in 
'epresented in magnitude and direction by the vector product of 'i- -. - 
H and £■ (that IB the vector HE' ain fl at right angles to the ="""=«■ 

of H and E'), divided by 4ir. The component of flow 

a-croBs unit of area at right anglea to the direction (f, m' n') ia 

1 e(ll' + mm' + 7!n')/4ir. The direction of flow is 



oppoaite lo that in which the line (f, m', n') is drnwn na apecified 
above. Thiia in the diagrnni, if the resultant H be along Oy, 
nnd B" along Oi, the flom- of energy ia in the direction s-0. 

It is to he remarked that the first term on the left of (54) is 
the rate of increase of the electric and magnetic energies within 
the closed apace, the aeeond term the rate at which work is done 
by elactromagiietic forces, and the third the rale at which energy InterpTe- 
is dissipated, and the rate at which it is expended in effecting 

.chemical changes, and the eqiialion asserts that these rates 
combined are equal to that of the flow of energy across the 

■ surface given hy the integral on the right-hand aide. This very 
important theorem is due to Professor J, H. Poynting.* 
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GENERAL ELECTROMAGNETIC THEORY 

ItmiiBt benoticedthsttlieadditionof any term (/<^+>R;y-fTl^}if^ 
of proper dimensions, to the element of the integral woula Dot 
alter the value of the jntegml over tlie cloaed surfMce provided 
<J>i X< V' '"'^ functions of the coordinates ful&lling the condition 
a^/aj-+3y/a^+3^/a.- = 0. That the actual flow acroaa a gh-en 
element of the closed surface is that stated above is not sliictlj 
demonstrated, but the assumption that it is, is here made. The 
following examples, agreeing as they do with known facte, so 
far beiir out the assumption. 
a As an eiampte consider the flow of energy at the enrface of n 
if long Htrnight wire of circular section of radius r,- iu which t 



steady current of strenglh y is flowing. Since the displacement 
is maintained constant there is no displacement current, and the 
direction of the magnetic force (shown in Fig. 42) is tangential 
to a normal cross-section of the conductor and of amount 2-y/f ; 
that of the electiic force is parallel to the conductor, and of 
amount equal to the current per unit of area divided by the 
specific conducting power of the conductor, that is ■y/nr'i. 
Tha rate of flow of energy across nnit of area is Ihns 
{(2y/r) X (7/irHA)}/4ir=y3/2ji VA-, and the direction of flow ic, by 



the rule found above, iuwardfi from the aiirrounding niedium to 
tha wire. The rate of flow of energy, iiiwnrds upon unit lenglb 
of the wire, is thus y'/2irT^fr, and across I unita of length m 
■fljvr'k, or -fR if ^ is tlie resistance of the length l of the 
wire. This is the well-known amount of energy traiisfofnied 
into heat in the wire per unit of time. 

According to tliis tlieory our conception of a current in a con- 
ductor muBt not involve any notion of the transport of energy 
actually along the conductor. The manner of urrangenient of 
tlia electric and magnetic equipotential surfuces in the iietd ih 
conditioned by tlie existence and position of the conducting 
wire, which tlierefore also controls tie Sow of energy. Thus in 
a metallic conductor there is dissipation of energy received from 
the medEum ; and further, if at any place electrical energy is 
utilised in doing work, this, by the theory, does not come along 
the condnctor but from the surrounding medium, being guided 
to the reqaired place by the conformation of the equipotential 
surfaces produced by the conductor. 

Consider as another example the case of a charged condenser 
the plates of which are connected by wires to another pair of 
plates, so that the capacity of the cond(?nser is increased. The 
tubes of force, formerly existing for the most part in the portion 
of the medium between the conducting plates of the original 
condenser, and entirely depending for their arrangement on 
these plates, which thus localised the energy of strain in the 
medium, have moved out sideways with their ends on the con- 
necting conductors until the state of strain has been set up 
between the other pair of plates. Along with this motion is 
produced magnetic action in the medium which dies away as the 
motion of the tubes of force ceases. 

As however the tubes of force move out guided by the con- 
ductors, points on the wire connecting the inaolated plates iimst 
be at potentials intennediate between the potentials of these 
plates, and so some of the equipotential surfaces which pofs 
between the plnleB of the original condeneer must cut the con- 
ducting wire. Thus there is, by the theory given above, a flow 
of energy into the conducting wire, which, dipsipaled in itc 
substance, gives the heat commonly said to be produced by the 
current. 

This view of the matter seems exceedingly reasonable. The 
medium was, we know, in a state of strain between the plates of 
the originsl condenser, and must therefore have contained a 
corresponding quantity of energy ; and this state of strain has 
been communicated to the medium between tlie plates of the 
other coudeneer. The lesult has been a diminution in ' 
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GENERAL ELBCTROMAONETIC THEOEY 

inlcnsily of tlie strain between the plates of the original eon- 
denser, or, tts we Bny, thb electric force at each point of the 
medium, or, otherwiee, the difference of potential between the 
plates, has been diminished. Now it is very difficult to suppose 
that the energ'7 has been transferred along the conductor to the 
other condenser, and there inserted ae energy of strain between 
the plates. In fact we know that, pari iiattu with the prooeu 
of charging the other .condenser, has gone on the growth of 
electric strain in the medium between the eonductors ; and sinn 




the energy is undoubtedly stored np in the strain of the medium, 

it is rational to regard the strain as being propagated through 

tiie medium under the guidance of the conductors which as we 

have seen localise it. 

3. Con- If the condenser have, as shown in Pig. 43, its plates J, B 

denser connected by a wire LMlif, the procesB of discharge will consist 

Dis- in the passage outwards of the tubes of force with their ends on 

"''"■■'B'ng the wire at each instant and everywhere at right angles to tlie 

thmugli equiputontial surfaces for the time being. The flow of energy 



ILLUSTRATIONS OF FLOW OF ENERGY 

1 parallel to tliefla aurfaces, or ratlier parallel alite lo the 
electric and tlie magnetic equipotential surfaces. The tubes of 
electric force sink into the conductor, and thus shorten as Ihey 
adTance, antil at a point on the conductor midway between the 
plates as regards potential, the last remnant disappears laterally 
into the conductor. The magnetic tubes of force which encircle 
the conductor contract down upon it and disappear within it, 
giving up also their energy as they do so. 

Kelt consider a single voltaic cell, for aimplicity a cell con- 
HiBting of plates of copper and zinc immersed in a dilute acid 
and connected by a wire. The arrangement of the equipotential 
surfaces is shown in Fig. 44. All these surfaces are there sbown 
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paaaing between the line plate and the acid, and closed by 
returning, some (of which specimens are numbered I — 7) so as 
to intersect the conducting wire, otliers (8 — 10) between the 
copper and the acid, and the remainder through the acid. Now 
according to the contact theory of voitaic sclion there esists a 
certain difference of potential on the two sides of each of the 
separating surfaces of diHsimilar substances. According to tlie 
theory of the motion of energy there ought to he at every such 
surface a gain or loss of energy, from or to the Burronnding 
mediuni. If going round the circuit in the direction in which 
the current (in tlie ordinary sense) flows, an electric force i 
encountered at any such surface opposed in direction to the 
current, the impressed electromotive force, whatever i 
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does work tbere and aenda energy out from that part of th« 
ciroait tu the medium. Such a surface we have between the , 
KiDC and the acid in the cell. The line integral of the electrio 
force serosa the surface is the difference of potential V on ilB 
two sides uud the line integral of the magnetic force round the 
conductor ie \iry. Hence by the rule (p. 215 above) the energj' 
sent out per unit of time from this part of the circuit in 
y X iyr/lin = Fy, which is the well-known rate of working 
against the opposing difference of potential. Fart of this puH« 
info tlie connecting wire which forma the external resistance 
since there the electric force is mth the current and is converted 
into beat ; part is sent into the .surface separating the capper 
from tlie acid, nnit goes to supply the potential energy required 
for the separated hydrogen given off at the copper plate ; the 
remainder passes to the acid to be dissipated in heat or used in 
effecting any chemical change which may there take place. It 
is to be observed that, as before, the quantity dissipated in beat 
in the conductor is equal to the line integral of the electric I 
force along it {that is llie difference of potential between its 
extremities) multiplied by l/iir of the line integral of the mag- 
netic force round the conductor, that ia by y. 

It must be noticed tliat the theory appears to negative tha 
view that there exists on the two sides of the surface of separsi- 
tion of the zinc and copper a finite difference of potential. For 
if the theory be true there is no real transference of energy along 
the conductor, and the energy, if any, received at the junction 
between the zinc and copper ought to produce tbere some effect 
The drop in potential from zinc to copper shown by ordinary 
contact methods is so considerable, that, on the supposition of 
its reality, the energy there received should form a large pro- 
portion of tlie total energy given out elsewhere. No effect ia 
however observed. This reault does notjin view of the observed 
contact difference of potentials, necessarily decide against tha 
theory of flow of energy, as the apparent contact difTeiencs 
between zinc and copper involves zinc-air and air-copper contact 
differences of potential which as yet we have no means of 
directly measuring. 

If work is done at any part of the circuit otherwise than ia 
generating heat, as for example in driving a motor, or in 
effecting chemical decomposition, there is a flow of energy to 
that part of the circuit corresponding to the difference o( 

Eotential which existe between its terminals. Such a case may 
e taken us illustrated by the equipotential surfaces 4, 5, S 
shown in Fig. 46, proceeding to one part of the circuit from 
that part through which pass all the equipotential surfaces, sod 



ILLUSTRATIONS OF FLOW OF ENERGY 

rhich ia the aoorce of the energy. Along these Hrirfares energy 
from the Hource and Howb into the conductor in amoant 
|ual to that locally used up. 

In reality Fig. 44 illuatrBtes n thermoelectric circuit of two a. Thet- 
italB .^ (sfty copper) and S (iron). One junction ie hot, the moalac- 

cold. At the hot Junction where the current flows from trie Circuit 
, ,)er to iron heat is absorhed, and at the cold junction heat ia of Two 
rolved. In the real of the circuit heat ia generated nccording Matak. 
tha ordinary Iriw, and it ia supposed that tlie Thomaon effecl 

■' ' ' neither absorption nor evolution of 

VB from cold to hot or from hot to 
the equipotential surfaces 1, 2, &p., 



^ zt.ro, that is, that thi 
Qteat where the curreni 
'Dold in the metnls, 1 




IlG. 45. 

pass out from the hot junction and interpcct the conriuttor, a 
■ number of ihem concentrating on the cold junction where there 
ia a finite step of potential downward from the iron io the 
copper. The Peltier effect is illustrated in Fig. 46 which sliowa 
I a circoit of two metals A (copper) and If (iron), as before, but 
' with a voltaic cell placed in the latter part of the circuit. The 
junctions apart from the eRecls of the current are auppoaed to 
fie at the same temperature. At Ihe junction B, which eorre- 
Monds to the former cold junction, heat is evolved, at the other, 
ti^ heat is absorbed. Thus the junction J) ia heated, and the 
|nnotian C is cooled when the current paasea, provided, of 
'<^9ane, tbe temperatures he below the neutral teniperati 
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Bearing ot tlie roetak in question (see Chap. X.). There is a finite step 

this down of potential from Jl to A ^l I), and k finite step up nf 

Theory on potential from A to B M C. Tiiua the equipotential euificei 

Peltier which converge on D interaeet the circuit only once after leaving 

effect. |j,g gource, while those which pass through C interaeet it three 

8, Ther- tim^B, once at C, and once on each of the two aides of C. Eo«t^ 

moelm:' flows out from the cell imd from C HloDg these surfaces, and ii 




received hy the conductor at each of the other poinis of inter- 
aeotion. 

Lastly, a very interesting cane is shown in Fig. 47. A£, CO 
are anppoaed to be two metals in which no Thomson effect 
occutB, that is, two metala of the lead type, while SC joining' 
them is a metal of the iron type in which a current flowing from 
hot to cold absorbs heat. B is a hot junction, C a cold junction. 
e«cb supposed to be at the neutral temperature for the p«r of 



ELECTEOMAGNETIC WAVE 

metals id contact. Thus if a current flow from a battery in 
the circuit there is no convergence of equipotentia! BurfuceH 
upon B or C, and neither absorption nor evoJiition of heat at 
those places. If the resistance of BC be sufGciently small there 
will be a. gradual rise of potential in the metal from B to C, and 
the gradient of elsctromotivs force being opposed to the curreni, 
heat will he absorbed there, transformed into electric energy, and 
carried out through the medium to the conductor where it ia 
dissipated. Thus the equipotential surfaces which pass through 
BC will cut the circuit twice elsewhere (besides at the battery), 
e beyond B, and once beyond C. In conaeqnence however 
of the resistance of tlie conductor, there is a fall of potential 
trom5 to C super'mposed on the rise produced by the Tliomson 
effect and a corresponding evolution of heat ; anci it is possible 




BO to adjust matters that the rise shall juit balance flie fall of 
potential ; and the evolution of heat just balance the absorpti 
at every point. In that case we should have the curious case 
a homogeneous conductor throughout at one potential witl 
current flowing through it. It is to be observed however that 
there is a graiiient of temperature along BC, so that there is no 
real paradox in the result. 

We may apply the theory of the flow of energy to the deter- 
mination of the rate of transmission of electromagnetic waves 
through an insulating medium. Consider a plane wave in which 
the electric and magnetic forces are at right angles to 
another in the plane of the wave front. Let F be the elec 
force, |S the magnetic. Then the total energy in unit volumi 
the medium ia (Xi" + w3=)/8b-. If T be the Telocity of w 
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transmisaion the energy will travel fnrwiird a distance Vdi in 
time dt, and an amount of energy {JP^ + ^)ydtl8w will pass 
auroBB anit of area o£ a tised pkne in tbat time. But by 
Poynting'a theorem the time-nite of flow of energ-y across na'' 
nf area is Fii/hr. Uence equating tlieae two expreHsionH v 
find 

But the current, which is one of displacement, ig A'(3/'/30/4ir, 
where dP/dl denotfls the rate of variation of P with time at a 
given point in ap'tce, and if we take a distance lix in the direc- 
tion of propagation, and dy in that of the magnetic force, the 
current through the rectangle dydz is K{dPj3t)dyd^liir. But the 
line-integral of magnetic force round the rectangle, t^ken with 
due regard to the relation of the directions of the current and 
[Dugnetic force, i 



- »'hj + W - g^*L-)rfy 



dijdz- 



By the nature of a wave the value of any quantity charaoteriBtio 
of it at a given point and instant, is found after an interval dt at 
a distance Vdt in advance of the former point in the direction of 

fropagation. Hence if at any point z, the value of the electric 
irce he P at a given instant, its value at the same instant at a 
gdot dlaUnt Vdl heliind the former point ia P - (dP/BzyVdt. 
encB the change which P undergoes at a in time dl ia 
-{dP/di)Vdt. But this is also 3P/8(. lit Thus we have 



3P 



r^ 



and therefore by (66) 



eincB the arbitrary functioi 
the integration must he ze: 



of ( and constant which enter 
0, as both P and fi arc zero in regioni 



■1^^ 



Its before. 

It is to be carefully noted that the result expressed in (67) Energyper 
which WH8 obtained by ii method independent of the theory of Unit of 
flow of energy, taken with the value of the velocity of propaga- Volume of 
tion found above leads to the theorem that the energy per unit J*^"™ " 
of Tolume at any point in the wave is half electric and half bftlf Elec* 
magnetic. For wa have '^^^^ 

Bit 8>r Sir 

which proves the theorem. 
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We give here a Bhort account of the theory of the rotation Turning of 
of the plane of polarized light by passage aloug the lines of Plane of 
force in a magnetic field. It waa discovered by Faraday that Polariza- 
a beam of plane polarized light sent through perforated pole *|on of 
pieces so as to pass from end to end along a prism of a certain I'iRht in 
kind of heavy glaas, placed parallel to the lines of force of a ^'"Snetie 
powerful elect romaguet, had its plane of polarization rotated ^'b'*'- 
through an angle, which observation showed to be dependent on 
the wave length of the light and the intensity of the magnetic 
field. The usual method adopted was to polarize the ligTtt by 
means of a Nicol'a prism, and adjust a second prism sn as to 
receive the light and produce extinction of the beam after its 
passage througti the glass with the magnet uneicited, then to 
excite the magnet and rotate the analysing prism until eztinc- ' 

tion was again produced, noting the angle of turning. 

It was found that the effect was produced in a large number 
of anbstanees each of which gave an amount of rotation depend- 
ing in the same way on the wave length of the light employed 
and the intensity of the magnetic field, hut differing for difierent 

VOL, n. Q 



22t MAGNETO-OPTIC EOTATION 

L«w or till! aubstiiiic^eB. Measiireroenta made by Terdet gave resalta sgree- 
Phenomv- ing fairly well witli tlio formula 

•-""^S^-^-S |"> 

where 6 ie the angle of rotation, / the length of the path in Ib^ 
medium, H the inteneitj of the magnetic field, X. the vite 
length of the light in air, r the index of refraction of Iha ligbi 
in the inediuui, and n> a constant depending on the nature c ' ' 
eubetBDce. 

The following table gives a compariaon of the resuUs iritli 
the formula : — 

Bisulphide of Carbon at 24°-9 C. 
Line of the spectrum, . . C D B F G 

Observed rotation . . . . B92 768 1000 1234 1704 

Calculated 589 760 1000 1234 1713 

notation of ray B 25' 88'. | 

,t 24=-3 C. 

C D E F G 
Ohaerved rotation . . . 573 758 lOOO 1241 1723 

Caloulated 617 780 lOOO 1210 1603 

Rotation of ray E 21° 58'. 

Other two formulas which have been proposed may be obtiuneil 

by replacing the factor r'/Xa* of (59) by 1/X,", or by 1. Tbesedu 

not agree nearly ao well with the results of experiment. 

Verdet's The amount of rotation per unit of IS. for light of given wave 

Conatant, length nnd for a given aahstunoe ia called Verdet'a constant for 

that light and aubatance. It is thus the amount of turning pru- 

duced in unit length of beam when unit difference of magnetic 

potential exists between its extremitica. 

Nou-mag- Turning of the plane of polarization of light ia shown also by 

netic quartz, aolutions of sugar, tartaric acid, &c., and the amount of 

Turning of turning follows apparently a similar law to that stated above 

Plnne oi f^j ji,g magaetic effect. But between the phenomenon in socli 

Polanza- cases and that in a magnetic field there is an essential difference. 

tion. >ji[jg turning of the plane in apace is in the same direction in a 

aon'or'phe- '"^g^st''' S^'"* whether the ray be travelling with or against Uie 

nomena direction of the magnetic force. In the otheroaaes the direction 

of turning is reversed by reversing the ray. Thus if a ray after 

passage through the field be reversed by reflection, and sent 

back again, the effect of the second paaange in turning the plane 
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r of polarization will be tlia eame as bcfure, aad the plane uf 
I polirizstioii of tlie emergent beam will hsre been turned by the 

paBsage tliroiigli a double angle. Tbiin by repeBted reflection 
i from the silvered ends of a piece of heavy glttsH iia indicated in 

Fig. 48, a considerable effect can be obtained by the addition of 
I the turnings produced by hi 




This difference between the two kinds of turning of the plane phyaicai 
points to an eeaential difference between the molecular condition Interpre- 
of the substances concerned. In the case of quartz, sugar Bulu- tatjon of 
tiona, &c., the phenomenon can be explained by Buppoeing the their 
Bubataneea to have some kind of helit'al structure, so that the Pointa of 
restJtutional forces, for displacements of the nature of Bhenra in Difference. 

Sarallel planes, are ^eater when tile diNpJacemenlB arc in one 
irection than when they ure in the opposite direction. 
Thus, in a medium poeaeasing this property, particles displaced Optical 
from a Btraight line, bo as to be situated on a helix round tlie hne Bohaviour 
nn axis, will be acted on by greater restitutional forces when the "^ Sugar 
helix is a riglit-hunded onn than when it is a left-handed one, or Solntious, 
rice versd, according to the structure. ■' 

For eiample, iu diagram (2) of Fig. 49, particles displaced Xtt^ 
from the asis, so as to occupy the positions there Bho«-n, will, ofMedium 
acoordingtoourauppositionaa tothe structure of the medium, be of Helical 
flubjected to (say) greater elastic forces than if tiie displacements Stnictari.- 
were bb shown in diagram (1). 

In conaequence of these forces the particles in diagram (2) Motionfi nf 

moving under elastic forces in the circular orbits indicated by Particles 

' the closed curves move, we suppose, more quickly than those in 

[ diagram (1), whether the motion be clockwise or counter-clook- 

' wise. To tix the ideas let the motion of the particles be, a 

shown in Pig, 49, clockwise in (1) and counter-clockwise in (2). 

The configurations will after a given time have advanced in the 

direction from J to C and from fi to D, but (because of the 

difference of configuration, not of motion) through a greater 

Q 2 
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distance in tlie latter crbh than in the former. Each of these 
iiiotiona will represent preciaely the propagBtion of a w 




This Figure rqireaento particles mi 
olruulMlj' roUriMd llsht. The cum 



circularly polarized light, and the wave rcpreaented in (2) travels 
more qnickly than that represented by (1), 
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etllnre: 



But now let the waves be reilected from tho ends C, 1), «b 
from the surface of a rarer mediuiu, each after travelling the 
Hanie distance. Tlie reflected rays are shown in dingrania (3) and 
(4) respectirely of Fig. 49. The right-li»iided and left-handed con- 
iigurationB(viewed in thesBmedirection) have become left-hunded 
and right-handed, with the aacie directionB of motion as before. 

Thus the coniiguratioQ in diagram (4) travels from 1/ i 
more slowly than that in (3) does from C to A', so that the gain 
by (2) of distance traversed in a given time in one direction ii 
just balanced by tlie loss in (4) of distance traversed in tht 
opposite direction; and there is the same relation of phasi 
between the terminal particles at A' and ff in the return waves ai 
there was in the advancing waves at A and B. 

In the magnetic phenomenon on the other hand the velocity Dyu 
of the particles depends only on the direction of motion, for the eu I 
relative speeds of propagation of a right-handed circularly ence from 
polarized ray and a lef^handed • one are the same whether the Magnetic 
ray is direct or reflected. Thus, referring to Fig. 48, the ray ' 
represented in (2) and (4) travels faster or slower thnu the other 
in both cases, and by the same amount. If then two such rays 
travel eimultuneously from one end of the medium to the ottier, 
and back again after reflection, the difference io phase produced 
by the forward will be doubled by the backward passage. The 
same flna1 result will be found on examination to hold for reflec- 
tion from a denser medium. 

In a diamagnetic medium such as Faraday's heavy glass, 
carbon-disulphide, &c., that ray travels faster, the direction of 
motion of the particles in which is round in the direction of the 
ourrerit producing the field. The reverse is the case for a mag- 
netic substance. 

These results, as was originally pointed out by Sir William 
Thornson,f indicate tho existence of a motion in the magnetic 
field capable of being compounded with that motion of the 
medium which constitutes light. This remark was of extreme 
importance as forming the first step towards a dynamical theory 
of magnetic action, and since its publication considerable pro- 
gress has been made with the application of dynamical prin- 
ciples to the explanation of the observed phenomena. Wc 
conclude the present chapter with a short account of this theory. 

* That is as speciEed by the direction of the orbital motion of each 
particle, as seen by an observer imagined looking always from the same 
side of the piano of the orbit. 

+ Ptoc. H. S. June 1B56. See also Rep. El. and Mag. p. 423 (and 
edn,], footnote; and Baltimore Lecltiren on Molecular Dyitamiai 
(Papyrograph Report), p. 241 tl aeq. 
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MAGNETOOPTIC ROTATION 

Tlie tundameiital idea of the theory is contained in the follow- 
ing extract from Thoiuson'H paper ; " Tlie inagnedc influence on 
light discovered by Faradaj depends on tlie direction of motion 
uf moving particles. For instance, in s inediuiti possessing it, 

S articles in a straight Una parallel to the lines of miignetic forco 
isplaced to a. helix round this line as axis, and then projected 
tangentiaily with such velocities as to describe circles, will hsre 
iliifercQt velocities according us their motions are round in one 
direction (the some as the nominal direction of the galvanii; 
enrrent in the magnetizing coil) or in the coatraij' direction 
But the elastic reaction of the medium must be the same foi the 
same displacements whatever be the velocities and directions of 
the particles, that is to say, the forces which are balanced by 
centrifugal forces of the circular motions are equal, while th« 
luminiferous motions are unequal. The absolute circular motiooe 
being therefore either equal or snch as to transmit equal centri- 
fugal forces to the particles initially considered, it follows that 
the luminiferous motions are only components of the whole 
motion ; and that a less luminiferous component in one direction, 
compounded with a motion existing in the medium when trans- 
mitting no light, gives an equal resultant to that of a greater 
luminiferous motion in the contrary direction compounded with 
the same non -luminous motion." 

It is worthy of special note that this dynamical explanation 
of the phenunienoo is inconsistent with the explanation of the 
diatnaguetism of a substance as a differential effect due to the 
greater magnetization of the surrounding medium. If admitted 
it decides that the difference between paramagnetic and dia- 
magnetic substances is due to an absolute difference between the 
states of motion of their particles. 

We have now to consider these luminiferous motions. The 
displacement of each particle of the medium in a ray of plane 
polarized light may be regarded as compounded of displacements 
corresponding to two circularly polarized rays of equal amplitude 
and period (see p. 228), but one right-handed and the other left- 
handed. To prove this it is only necessary to note that if the 
positions of a given particle iu its orbit in obeying the two 
motions be as shown in the diagram, the component displace- 
ments (from the centre) at right angles to the diameter which 
bisects the arc of the orbit between the two positions cancel one 
another, while the components along that diameter are equal 
and in the same direction, and therefore give by their addition 
a double displacement. 

The positions and motions of the particles of the medium on 
a ray of circularly polarized light travelling along the axis of t. 
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may, if ^j r) denote the displacements parallel to the axis of .r Displace- 
and y, be represented by the equations ments of 

Particle of 
Medium in 



^ = a cos 



' 2ir 1 >( Meaium m 

. r-{z - vt) +e \ Circularlv 

. J I /CAN Polarized 

. r27r, ,x , If Ray- 

Tj = asm } ^(z ^vt) + e\ \ 1. Right- 

^ ^ J ^ handed 

as this gives for each particle, at a given distance z from the 
zero plane, motion in a circular orbit with periodic time \/v, 
and radial displacement a. This represents, to a person looking 
in the direction in which the wave is travelling, a right-handed 
circular motion. 

A left-handed wave travelling in the same direction, and 2e 
in phase-angle behind the former wave at the plane z^ is repre- 
sented by 

., f 27r , ,. I ^ 2. Left- 

^ =tfcos^ (z-vt)-eK ^^^^^ 

. . L, , p (^^) ^^- 

i; = — asm < — {z — vt)—e \ 

Compounding these two motions we get for the components of 
the resultant 

In "1 

^ + ^' = 2« cos — (j - vt),cose 

\ (62) Resultant 

n + T)' = 2tfcos -(^r - v*).8inc of two 

' X J Opposite 

Circular 

which show that the resultant displacement is along a diameter .^^^o^^o^^s 

making an angle e with the axis of x. That is, the compounded is Recti- 
• 1 1 * J jmeara 

ray is plane polarized. 

Now considering two opposite circularly polarized rays, of the Opposite 
same period, travelling at different speeds v, v', through the Circulaily 
medium, we get instead of (62) for the resultant displace- Polarized 
ments Rays of 

Different 
Velocities 



'/ + l' = " pin/ j^ (« - "0 + 4 ~ ^"4 j7 (^ ~ "') 



(63) 
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r (witii tlie I'oncJitifHi expressed tliat X/r = X'/"' -= T) 

'+'—'((^^.)-?)"»(-(rx^)-+-)l" 

This represents as before a plane polarized my the direction of 
vibration in which makes an angle ir(l/X — lA-') s + e with tlie 
ftxis. This angle increases with i, that is tlie directions of vibra- | 
lion for successive points along the raj lie on a screw surface <if , 
constant twist round [he axis of z. 
Prop«;,"i- 1**> obtain a dynamical explanation of this action, wo shall 
tion of consider the transmissioD of waves of transverse displiicemeat 
IJght in through an elastic medium in which are imbedded small mole- 
Medium cules rapidly rotating round theuiiHofj. We shall suppose 
^ containing that thesn molecules are very small in volume, as compared witli 
mniUrly the volume of the rest of the medium, and of so slight mass as 
*|^™ not npprecinbly to ^d the medium, and are uniformly distri- 
*™'!°B buted ; BO that we may regard each element of the medium an 
" *■ conlnininfiJ a large number of them, and as homogeneous in 
quality. The precence of these rotating particles will modify 
the equations of motion in a peculiar manner, in consequence of 
the exislence of "gjTOBtatic domination" produced by their 

"Gyro- A gyrostat (Fig, 50) is compoaed of a fly-wheel of great 

atst," or moment of inertia pivoted within a case so that the instrument 
ToRwithin can he handled and moved about at pleasure. When the fly- 
Closed wheel is spun so as to rotnte veir rapidly very curious dy- 
RoD-rotat- namical results are obtained. It is found to rest in stable 
ing Oase. equilibrium in positions which without rotation would be easeo- 
tiully unstable ; for example when supported, as shown in Fig. 
50, on a glass plate by the thin edge passing symmetrically round 
thecasf, or placed with its axis of rotation vertical and supporuid 
on a universal joint in the line of the axis and beloa the 
gyrostat. 

Again, and this is most importunt for our present purpose, if 
to the rapidly rotating gyrostat a couple be applied, so us tn 

* Sea Sir W. ThoniBon's Baltimore Lectures on MoUealar Dyvamia 
p. 241 et seq. : aUo ThomHoa and Tait's Nai. Phil. 2nd ed. Fart I. 
I 84E. See also an important paper bv Dr. Larmor, Frof. London 
Math. Soc. No. 398 (18S0) ou lioMary Folarizaiuin, ilhistralfd by the 
VWrahotts of it Gyrostalitally Loaded Cliain. 
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igukr momenttim round an axis makiog an angle Uotion or 
;i8 of rotation of the fly-wheel, the axis of an^lar Qjroatat. 
will, in a Bmall ioterval of time, change iCa position 




I Tlila Flgnn shows a gTCOstiit reBting on a thin edgo on a glass pUte. The u 
npresented as cut open to show Che Br-nhiel, whli^h Is piyoted on a spiadle tui 
!□ heBdagB attacbcu to the case. As ths Brctjnn indtrates, ths fly-wheel \a a 
disk wlUi a miissive rim. [This cut !a reduced tma Thomuu and Talc's Nai 
PWlDMpfcs (Vol. 1. Part 1, p. 397), to which the reader may rster for further int 



through an angle which ia found by compounding the inicial 
angular momBntum with that generated by the couple in the 
interval. Thus if G be the moment of the couple, the angular 




momentum generated by it in the fly-wheel in time dl h Qdt. Let 
this be repreeeuted by OS,Fig. 61, drawnin theuaualwayin the 
direction of the axis of thecouple so as to represent the direction 
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of rotation, nnd the magnitude of the ang^ularmomentiun. LetO^ 
in the same wa^ represent tlie angular luomeDtum of the &J- 
wlieel, which, if m be tlie m«8H of tlie wheel, k its radiiu of 
gyration round the axle, and ai ite angular velocity, is numeri- 
Cftily mlAa. Then OA and OB can he compounded according Id 
the ordinary parallelogram kw, »nd give a resultant OC which 
represents the new angular momentum in magnitude awi 
direction. By the diagram ive hare, approximately. 



or denoting COA hy dO, and proceeding to the limit win 
inlitlitoly Hmall, we have accurately 



mlc'^ 



(65) 
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the angular velocity with which the axis o£ angular 
;um turns in the plane of itself and the axis of the oounle. 
Fur example, if the gyrostat referred to ahove be auafiended hy 
a cord attached to the case at some point in tlie prolongation of 
the axis, and the axis be placed in a horizontal position, the 
weight of the inBtiunieot acting downwards will give a oonpte 
round a horJKontal axis at right angles to that of rotation. IE the 
rotation be very rapid, the axis of the fly-wheel will remaiii 
approximately horizontal, while the whole instrument tumealowl; 
round in azimuth ahout a Tertical axis with angular velocity 
O—GJeifa. This a/imuthal motion corresponds to the preeea- 
sionai motion (of period nearly 26,000 years)which the earth htsin 
consequence of the differential couple, due to attractional forces, 
tending to bring the planes of the equator and ecliptic into coin- 
cidence. 
II Conversely, if a motion of the axis of rotation take place, the 
Coiglfldue gyrostat will react on the constraining system with a couple 
^ f th"" ^1"^' "■'^^ opposite to that given by the construction in Fig. 51 
or the above. Thus if the angular velocity with which the direction 
of the axis of rotation changes he O, the magnitude of the couple 
round a moving axis al ri^ht angles to the axis of rotation and 
the instant&neouB axis, with which the gyrontat will react on it^ 
supports, will be given by 



We shall now apply this result to form the equations of motion 
'or a wave of transverse displacement through the medium 



TRANSVERSE WAVE IH GYR03TATIC MEDIU] 

referred to above. Ab befure let tbe direction of propagation I* 
iilong tbe nxis of t, and uoniiider a tranaveree diaplacement of the 
medium of Hinoimt | parallel to tbe axis of x, at a distance i 
from the zero plane of x, y. Tbe strain at Ibat pfiint h d^/Sc. 
At a distance dm in advance along tbe ray tlie strain is 
d^/Bi + S^ild!^,d^. ThuH by tbe aappoBilions made on p. 232 
above, tbe elastic force producing acceleration, in tlie positive 
direction of £, of tlie matter between tbe acctions is nd'f/Sr' ■ dt, 
per unit of area of the cross aectiona, if n denote the proper 
elastic modulus. 

But besides this elastic force there is a gyroatatic reaction duo 
to tbe angular motion produced in tbe portion of the medium by 
the strain in the direction of ij. The velocity of displacement 
at s is drildt, and atz + dz is a>)/d( + ShijBiSl . dt. Hence the 
rate at which the element ia changing direction ia 3^/dzdt. The 
reacting gyrostatic couple per unit of volume is by (66) epBhi/didt, 
if ep be tbe angular momeotiim of the rotating matter in unit of 
volume. Each force of this couple ia parallel to §, and it muat 
be balanced by the action of tbe surrounding medium exerted 
aeroBs tbe ends of the element considered. The resulting gyro- 
static couple per unit of volume of the next element ia, if ea be 
constant, cp {Shj/BiBt + Bhi/a^Bl . dz). Thus the mutual force 
between the successive elements is cpdh/ldt^dl. If tlie direction 
of rotation of tbe molecules be rigbt-banded, as seen by an 
observer looking in the direction in which the wave is travelling, 
thia force will be in the positive direction along x. Thus we 
have finally if p be the density of the medium 




ieaotiou. 
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''dp Bz''^ '^Bz'dt ' 
e should find for tbe i] equatio 
ffh, ^ ^ _ B^_ 



(67) 



These equations are satisfied by tbe values of f, i; given by S 
(60) above. Substituting we get from each the equation of 



The equation of condition for a left-handed vibration is by 
(68) evidently to be obtained by simply changing the sign of c, 
and ia therefore 
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'^ + '=r'-- = » 

3 p 

ThuB for the right-hanUed rny we have 

• = *-r-*yp? m 

and for the left-hnnded ray, 

■•■-*^^v/p?^ ('» 

Now by the result on p. 23'2 the alteration 6, of directJon of 
vibrktion, per unit of distance travelled through the medium, ii 
n-{l/X' - 1/X). Hence equations (71) and (72) give 
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Now if rbetlie index of refraction of theaubstance with rsBpecl 
to air and X the length of & wave in the medium which has length 
Xo in air we have Xq = rX. Moreover 7' = X/tr = Aa/ru, in which 
we may put */'i>/p for r, since the velocities in opposite direc- 
tions differ only very slightly. Also if fbe the velocity of light 
in air, v = F/r. Hence we get finally 



fl=f-. 



r(.- 






P4) 



which agrees with the formula (fl9) above, in giving rotation of 
the direction of vibration inversely as the square of the wave 
length. The rotation also depends on the direction of vibra' 
tioo, not on that of propagation. It is to be observed however 
that the medium as we have supposed it conetituted does not 
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produce ordinary dispersion, and therefore the remaining factor 
)f the expression for 6 in (74) does not here find any explanation. 
Che effect is very small in all ordinary transparent suhstances 
*or which it has heen investigated ; and this of course is in ac- 
cordance with what we should expect, taking into account the 
smallness of the magnetization (or diamagnetization) of these 
mbstances. But it ought to be great in a highly magnetized 
substance such as iron, and this has been found by Kundt * to be 
the case for a thin film of metallic iron magnetized transversely. 



Magnitude 
of Effect in 
Diamag- 
netic and 
Paramag- 
netic Suh- 
stances. 




Fig. 52. 



When the substance is magnetized the already existing mag- 
netic molecules turn round towards coincidence of direction of 
their axes, and this must involve some freedom of motion of the 
particles relatively to the medium in which they are imbedded. 

Sir William Thomson f has suggested a fonn of gyrostatic Gyrostatic 
' Molecule. 

* Phil. Mag, Oct. 1884. 

t Battimore Lectures, p. 320. ^ 
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Diitlcnile, cunsisting (Fig. 5S) of a spherii'iil sheath enclosing tvu 
eqnal gyrostata. Bach gyrostat is nttaclied at obo eitrainity ot 
its axis of rot&tion to the case by a boll-and-BOcket joint, and tk 
two are connected together by another hall-and-BOckat juint 
anitirig their other eitreniities. The littachments to the case 
are iit opposite extremities of a diameter, so that the gyroststa 
when their axes are in line huve the (lentres of the fly-wbeeli on 
the dlainet«r. 

Supposing n couple applied to the ease so as to turn it ronnii 
nny axis through its centre, no diaalignment of the gyrostaU 
would take plnce, and it would tutu simply as a rigid body. If 
however the case were made to undergo traDslation in any 
direction, except along the line of the axis, the gyrostats would 
lag behind, and the twu-link chain which thej form would bend 
at the centre. This bending, however, wonid be resisted by tbe 
■lUBsi-rigidlty of the chain produced by the rotation, and the 
gyrostats would react on the sheath at the ball-and-aocket joinle, 
with forces nt right angles to the plane in which the bending 
takes place. 

The result when worked out is that if the centre of the 
gyrostatic molecule be carried round with uniform velocity in a 
circle in a plane at right angles to tlie diameter joining the ball- 
and-socket joints, the neceBaary centreward force is greater or 
less according as the direction in which the molecule is carried 
round is with or against the direction of rotation of the gyrostats. 
In other words the effect ot the rotation is to virtually increase 
the inertia of the molecule in the one case and diminish it in the 
other, by a certain amount. If the molecule be small enough the 
effect of any rotation on the slieath is infinitesimal in comparison 
with that of translation ; which is found to produce the required 
magneto-optic effect. The sheath might therefore be smooth. 

This modification of the molecule seemsimportant, as it accounts 
for the magoeto-optic effect, while rendering it possible for the 
molecules to turn round in obedience to magnetizing force 
towards coincidence of direction so that the medium becomes 
magnetized. 

It is obviously suggested by the ffyrostatic investigation that 

it ought to be possible to explain the magneto-optic rotation on 

"e electromagnetic theory of light as a consequence of the 

..-istence of the small magnets imbedded in the medium with 

Th3v ""f '*'*''■ "^^^ '" *''* '^''■^"tio" "^ propagation of the ray, and there- 

Tia\t f*""^ producing a component of magnetization in that direction.* 
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■eleotkomagxetic theory ^^^^^^H 

In cnnBequence of the motions of the ether tlie direction of Diiplace 
the ohains of these molecules wliich we aupposQ to exist aloa^ mtnt of 
the axis of i in the uudiHturbed state of the medium are con- Maf;- 
tinaally undergoing clinnge at every point, nnd thus the direction uot'ied 
of the axial magnetic force along esch chain oIho undergoes M^ninj 
Blteration. It is obvious that if tlie displacementB be everywhere ""''' 
small the actual magnitude of this force will not suRtain iiny 
sensible change, but that each email change of direction will 
produce acomponent magnetic force in each of the two directions 
at right angles to the nxia. The calling into existence of these 
components will produce corresponding electromotive forces 
tending to increase the electric displacements. We shall a»mm» 
that the electric displacements are in the same direction as, and 
proportional to the displacements of the medium in which the 
majmetized molecules are supposed imbedded. 

Tlie electromotive force in the direction of y is given, (5) 
above, hy 

where dGjdt stands for the total time late of change of G. Also prodaces 

«inoe H does not perceptibly vary along *, if the direction of "ftanaverBa 

propagation bo, as taiien here, along' z, —B6/ds denotes magnetic Blectrc- 

mdnction through unit of area in the plane of yr. Hence any motivB 

part of the total time rate of variation of - BG/di: will denote the Forcee. 
space rate of variation in the direction of z of an electromotive 
force parallel to :, provided the time and space differentiations 
of the part are commutative. 

Now if tlie displacements of the ether particles from their Calcnla- 

ondisturhed positions be taken as parallel and proportional to Ihe ^'en of 

■electric displacement, and C be the component of magnetization TransverBe 

of the substance in the direction of a due to the existence of the EUctro- 

raolecular magnets, the component magnetic force in the direction motive 

otx will be approximately eCd/jdz, and thus the maEnetic indue- "'^"^ 
tion through unit of area in the plane ofyz is /leCd/ldz. The time 
rate of variation of tliis is 

L ''a a"' 



Complei Eeadaa. Thia theory itself is not given in M. PoineaTe's 
book, and I have not seen the paper ; but the treatment of the matter 
given above occurred to me after reading M. Poinuar^'s statement of 
the results. 
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MAGNETO-OPTIC KOTATION 
But we hove by (5), Chapter II. 

dt 4n \ dy dz ) 




■Urdi 



(76) 



(76) 



since there is no conduction current. 

Further, by (50) p. 33, ^^{iFliz)Jti, and therefore (75) 
becomes 

^^ 1 Vf 

Xow BJnce the differentiation ot J with respect to t is partial 
only, we may use tlie iubstitution, 

3; dt ~ dl Sz' 



k ■"" 


(76) gives 

^S 3/ eC93f 
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^^^r which gives 




4iJ 
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since there ea 
cemed. Hen 


n be no constant or arbitrary time function 
e we hi>ve finally 






„ as eCd^F d-^ 
^ Bt i^ 9t' dy 






and therefore 










Si dt" Att 8td:- 
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But by (9) and (10), 








K dQ_d„ _ J d^G 








Aw Bt dt 4>r/. ~3l' ' 
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which used in 


(77) gives, 

3'e 1 B'O eC B^F 
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Similarly for the other component in the case of circularly 
polarized light we find the equation 



32?' ^ 1_ a2A' eC d^G_ 
^'2" 'a> dz^ "^ 47r dldz^ 



dt^ 



. . (79) 



These two equations are identical in form with those already 
found, and of course lead to the same results, namely, magneto- 
optic rotation independent of whether the ray is direct or 
reflected. 

This is the proper place in which to refer to the phenomenon Hall's 
discovered by Hall (as the result of a research undertaken at the Phenome- 
suggestion of Professor Rowland), that in a conductor carrying non. 
a current in a magnetic field a component electromotive force is 
produced in the direction of the electromagnetic force. The 
experimental arrangement used by Hall is shown in Fig. 53. A 



£ 



^-ii^mn 




V" 



Fig. 53. 



cross consisting of a thin film of the conductor, deposited, or 
fixed in some other manner, on glass, is placed with its plane at 
right angles to the lines offeree m the field, which is produced 
by an electromagnet, and a current is sent along the arm AB. 
The terminals of a sensitive galvanometer are placed at two such 
points, at the extremities of the arm CD, that no current flows 
through it when the magnet is not excited. The magnet is now 
excited, and a current is found to flow through the galvano- 
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JIAGNETO-OPTIC ROTATION 

meter, proving tiiat its pointB of attiicLinetit are no longer it 
tlie same potential ; tlmt ia, a component of electron>otive force 
ituroBs the direction of tlie current in tlie plane of the SltD has 
been produced. When tlie current Hows from A xo B und ^e 
direction of the lines of magnetic force ia upwards through the 
pnper, the direction of tlie electromotive force produced ia from 
C\o D. 

With thia nmugement the field was not uniform hut was 
concentmted on the central portion of the lilm. The arrange- 
ment of the conductor in a very thin film is neceeaary for lli<i 
production of un observable effect. 

This result haa been attributed hy several phyaiciata ta 
inequality of strain in the material set up by the unequal action 
of the electromagnetic force on the matter of the film, ind 
Shelford Bidivell has suggested thermoelectric action dua lu 
the current flowing through the no longer homogeneous aub- 
htancn aa the immediate cause. Thia view however does not 
uppear to be shared by Rowland and Hall. It would seem to 
he poaaible to test its accuracy by properly arranging a film w 
that it ahouM be wholly within a uniform field of BufflcieDl 
intensity and observing whether or not the effect i% produced. 

If an electromotive force proportional to the electromagnelio 
force (X, Y, Z) exists at each point io a homogeneous madiunip 






3- 



where e" ia a constant, Tliiia, * being used to denote electro- 
static potential, produced by a battery or otherwise, inde- 
pendently of ordinary magnetic induction, the equations of 
electromotive force [(5) p. 191] are now 



and if a, h, c bo the componenta of total magnetic indi 
d', V, e' those of the part due to the couatant field. 
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dz 



a 



/>= — - 



Tz 



+ "' 
+i>' 



c = 






a A' 



(82) 



For a plane wave travelling in the direction of z through an Rowland's 

insulating medium showing the Hall phenomenon, (82) Theory of 

becomes Plane 

QQ ^ Wave 

a =— — '{- a' through 

^^ Medium 

showing 

" dz^ Effect. 



c = c. 



Hence the equations of electromotive force (81) become, since 
10 = and H = 0, 

p = - ?^ _ ^'^' ^^^' _ ^^ 
dt 47r/i dz-^ d.v 



and therefore 



0= - ?^4-i^?^_ ^ 
dt 4wfji dz'^ dy 



dP 
In 



d^F e'c' b^G 



dt'^ 47r/x dtdz^ 

dQ^ _d^G e^' d^ 

dt d?~ "^ 47r/i did~z^ 

But we have by (9) p. 195 



dP_47ru 
dt ~ K 



Kyi. dz 



1 d^ 
A'jx dz^ 



(83) 



aQ __ 47r<; ^ \ dfi 1 d'^G 

dt" K All dz ~ 'a)i a;-^ * 

Hence substituting from these equations in (83) and rearranging 
we find 

r2 
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atA'_ 1 3^' ^ a^ 

~dP ~ K^dt' ~ 4b/i dtde 

aj"^ V as' "*" 4^ didr 

whirh are Bquatioos of the some form hb before obtained, Mii 
bIiow that ill suoh a medium a magneto- optic effect would be 
produced. 

Dr. JobnKerr, of GIftBgow,(liBcovered about fifteen years ago* 
ihat when plane polarized light id incident an the polished pule I 
of a magnet, Bo that the wavefront is not parallel to the direction 
of magnetization, tlie reflected beam is elliptically polarized. 
Thia result lias been explained by Profeaaor 6. F. Fitzgernldf 
in accordance with Maxwell's Electromagnetic Theory of Light ; 
but want of apace prevents our giving here a aketch of Mb 
investigation. The effect lias been used by Dr. H. Dubois aa 
the foundation of a method of measuring magnetic permeability 
described below iu the Chapter on Magnetic Measurements. 

Dr. Kerr had previously discovered J that when a beam of 
polarized liglit is incident upon n tranepurunt medium subjected 
to elflctroatatic strain the transmitted beam is is general ellipti- 
cally polarized. The rauximum effect is produced when tlie 
wave front ia parallel to the direction of the lines of force, and 
the plane of polarization inclined to them at an angle of 4S°. 
No effect is produced when the pkne of polnrizatiou is eitber 
parallel or at right angles to the lines of force. 



* Phil. Mag. May IS77. and Marcli 1878. 
+ Fhil. Trapj-. li. S. Ft. 11. 1880. 
J riiH. Mag. Nov. 1875. 



CHAPTEK VI. 

CALCULATION OF CONSTANTS OF COILS AND CO- 
EFFICIENTS OF INDUCTION 

Section T. 
MAGNETIC ACTION OF CIRCUITS AND COILS, 

It has been proved above [(81) p. 47] that the solid angle Solid 
subtended by a circle at any point is given by the equation* Angle sub- 
tended by 
Circle. 



iu 



-» 2;r I 1 - cos V^ + sin V^] . ^Z'i . ^Z,(^)* | . (1) 



where (Fig. 54) <t> is the angle between CP and the axis, ^ the 
angle between CA and the axis, ^Zi the zonal spherical har- 
monic of order i, xi,Z'i the differential coefficient of ^^i with 
respect to cos \/r, p the distance F'F^ and r the distance F'A, 
If as indicated in the figure we take </> = 90°, then all the zonal 
harmonics of odd order vanish,f and the general expression of 
the zonal harmonic of even order 2» is 

il^...(2.--l)^ 
^ ^ 2 . 4 . . . . 2» 



* It is to he noted that (81), p. 47, is given for the case (Fig. 9) of 
P' on the opposite side of the shell from the point C, and so (p. 46) 
the angle ;3 at P' is used. Here the solid angle is taken from F coinci- 
dent with (7 of Fig. 9, and is 2ir(l - cos i|/). It would have been better 
to have taken F in Fig. 9, on the same side of the circle as C. Then 
in (78) and (81) we should have had - cos a instead of + cos a, cor- 
responding to - cos \l/ above, and + sin^ a for - sin^ a in the third term. 

t See Appendix on Spherical Harmonics. 
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PotDntiitl Now the solid angle subtcDd^d al naj point by 8 cloud curve 
at uy U equal to the potcutUI which a unit current flowing in Ihe 
Point dne L-arve would produce at tlint point. Hence if a current vfli)v 
todtculii' ill the circle, and Q be the potential which the current proaucea, 
Carrvnt. ^o have, writingy for P'P in the particular case in which it '" 
at right angles to Ihe uxia, and x for OP', 



= 2,rTU-^- - 






r(3«= 



/-) 



2'.4*.6»H» 



- -:— ■!- «V(35«' - UOaV + 56.1*) - ...} (i) 



a Beriei which ia convergent if y < r. 

This equation can be found aa fullows witlioul the use of 
zonal hanrionics, und ii comparison of the procesHes givcH reanlts 
which will be of great service in eome more complex applico 
tiODB of zonal harmonics later in the present chapter. 
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Consider the potential produced at any point P (Fig. 64) at a 
distance y from the nxia of the circle by n circular plane distri- 
bution of magnetism. Let the dimenaiona be as in Fig. 54, and 
denote by a the suri'ace density of the magnetic distribution, 
and by rfF the potential at F' produced by a narrow concantrie 
ring of the magnetism of radius^ and breadth dp. Then' 

Jr. 2., , '"''' . 
>>' + »■ 

Hence integrating item p = 0, ta p = a, ws Rni 

r. »,,(>', 

for ihe potential at P' due 




POTENTIAL DUE TO THIK CJKCOLAR COIL 
Now aaaume for tlio potential at P 

r = 2,r<r{.io + As"" + -*=y + ■ ■ .) ■ ■ ■ (3) 
where Aa, -A^, . . . are functions of x. No ndil powers of v can 
enter, eiace the potential n not nltered by reveraing the tii^n of 
g ; and since when j = 0, the valae of V reduces to that for F' 

A^ = s'a' + t" - X (4) 

At all poiuta external to tlie distribution V must batisly 
Laplace's equatioa, which, for the case of aymnietry round tlic 



ia of i 



, takes the form 



DifferenliatiaE(3) and ( 



, 3=r 1 hV 

^f ~S h 

batituting 



9v'/„ 



au, 



/ + 



(4) 



+ 2../, + 3.4J,^^ + 5■«-^l^'^ + 
^- 2.A + 4Jji^ + fiA^" + 
The coefficienta of the different powers 
eqnated separately to zero give 

A ^-- — " A = ^ ^' 

Hence finally 



•" = an-(r( J, 







where J^ = \ o^ + .r'^ - x. 

From (6) cf course bj- diffierontiatioti with respect to x and y 
respectively, the axial and radial component forces at the point 
X, y. cun be obtained for the given distribution. 

If now another circular plane distribution, of eigiin! density 
but opposite sign, be supposed placed coa^iial with and at u 
distance — dx from the former, its potential at the point (a-,y) 
will be the same aa that produced Kt the point (4^ -]- dx, y) by the 
former distribution, except that the sign will be changed. Tbua 
it ia - |T+ dFt^x . dx). The potential at the point (r, v), dne 
to the two plane distributions together, is thus - dF/dx . ^.r. 
Calling this Q we have 
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This IB ilie potenlifti at j'.,i' uf a magnetic ahell nf etrengtli 
gdr. If tliB abetl be replaced by a current of Htrength y Soving; 
in ncircle coinciding with the edge of the shell, we have adx^f. 
Perfomimg tlien the differentiationH vt J^, (writing for brevltj 
r for *a" + i^, and replacing a-dx bj y) we find again (2). 

By compariaun of (I) and (7) rememo Bring' that <p is now 90°, 
and p = f, Vie see lliat 



I - 



3-^ 



a general result whicii enables / U^^tl'^* "*" ^J*^ '° ^* caloolBtod 
for any value of ■' by aucoeaaive differentiation of J^ We ohill 
bIiow when we come to nse thie resnlt that a aimilur tbeoram ii 
true fur zoaal hannoniua of odd order. 

The axial and rodiiil oomponent forces F, Jt, are ~ SOjBi, 
6 - dQ/Bjr respectively. These could be obtained directly from 
' (2), but it is cnsier to differentiate (7) with respect toz and;, 
' and insert the differential coefficients of Jg in the result. Thus 
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current actually flowing at any instant. Thus if E be the Investiga- 
electromotive force at a point on the surface of the conductor, tion of 

Induct- 
1 ance. 

E = r (^1 cos nt + O2 sin n^ + Ay 

r = a. 
But by (173) 

y = izri:; (sin ^^j-^' ^* + cos ntj-^ ds) 



2fik 
Therefore 



^TTfiJcn 

= TT-n \ sm ^* — r- + cos nt-rr" \ 
2iik \ ar dr J 



E 



=i{(<'.+if )«»•'+(''.+ ^t)-'-"')- 



The maximum non-inductive electromotive force at each point 
is thus 

K«.-+<'.-+$"{(t)"+©Vf(«.1&+''.f)] 

Hence as stated above 

^,. j;^.. z, [«,+«, 4 ^{(f )■+($)•) 

and therefore by (174) applied to a right circular cylinder 

r = a. 
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l.'uii|)]i? nn From these reaiilLs we could calculate tbe couple on k thin 
Hignetiv unifunnly tiiagnetiEed needle J, B (Fig. 56) placed with ibi 
Ke«dl« ceotre on tbe bxIb, iind deflected into any given position ; but 
pfodoced i|,c following inotliod is preferable. Let 2/ be the length of tlie 
byCircnIar 
Cumiit. 



■7^^- 



! plane of I 



needle, und 6 the angle which ita axis makes with the plan 
the circuit. The coordinates of its ends are x -\- I sin B, I cos B, 
for J, and r - / ain 6,-1 cos 6 for S. Now if Q„ a, be the 
potentials at A and B respectively we have by Tnyiur's theorBm 



Tiitis if the strength of eaclt pole of the needle be m, the 
energy of tbe needio in the given position is m(Qj - Q,), sup- 
posing tbe positive emi iit B. By (11) we have, writing tf, 
the inugnetic moment of tlie needle, for ^ml 
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W where y is replaced by /cosfl. I£ inatead of a single turn of 
I wire there be N tiima, whicb may be taken aa uoiQcident, we 

tnuel write Ny inetesd uf y in tliis equation. 
The couple Q nciing on the needle is thux given numerically 

by 



«^^?^> = 2^A'yMco«fiJ{t + |^(«'-4^^(l-5sii.>S) 



f 2".4'/« 



(a*-12flV + 8^) (1 - U Bin ^6 + 21 Bm*S} + ...) (13) 

a formula of great importance in galvanometry. 

Jf the needle be not uniformly magnetized the value of I \b not 
definite. It ia easy to uee however that U, the magnetic moment 
of the magnet, should he need in the flrat term. In the other 
terras l", I*, iSc. should be replaced by quantities depending on 
the distribution of iiingnotiBm on the needle. This howover it is 
ia general impoaaihle to determine for a email needle. 

if Z bo very Bmoll the expreaaion on the right of (13) reduces 
to the first term approximately ; and if also i = 0, that is, if ihe 
eentre of the needle is at the centre of the oircle, we have 

e = 2irNyM ooe fl/o (I.^') 

Tiie principal term in the expression on the right of (13) is the Mndilifn- 

first SjrNyM cos fo^r^, which, by (9) and (10), is the value of the tion of 

couple when / ia so amall that the component Ji of magnetic Formului 

force ia negligible, and the value which F has at the centre of *" aUow 

the needle is taken as the force at each pole. Now we have for forDimeii- 

the couple in tliat case f^°'i\ 
e = -IwKyM cos Ba^lr^ = FM coa 6 t'""- 

so that F = Sn-jVyn^//^. We have to find what takes the place 
of 2jfjVyfl'/r3, or P, in (13) when the coil cannot be treated as a 
simple aircular conductor. For the other terms unleas the 
dimanaioiiB of the bobbin are largor than usnal the coil may be 
taken as a single circular conductor coinciding with the mean 
circle of the bobbin, and carrying the whole current. Tte case 
- of a long bobbin we shall consider specially. 

Let the breadth in the direction of the axis of the cross-section 
of the coil by a plane through the asis be 24, and the radial depth 
of the section 2rf, Let BG (Fig. 66) he a radiua drawn from the 
centre C of the coil in that plane which cuts the coil into two 
equal and similar coils, and taking DE(= i), CD{= k) at right 
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^ es lo one another, we have dlidk for the iireu of the eleinenl 

I J of the croM-aection of the ooil by u plane passing tliroiigt tbe 

I axiH and through BC- Also P£» ~ {x - i)* + V. Le^ further, 

f II lip the number of turns crosniog' unit of area of croBB-BCctioii, 

_ il y the current in each. The current crossing the element S 

IB nydhdk, fur we here suppose the wire ho fine that we msy 

Biip]ioac the current everywhere croaaiiig' any area of oroBS- 

Bcclion proporlional to that area.* Hence by the low (p. W3 

above) which we iiiny u^ume oa to the magnetic action of tbe 



liifc- 



it magnetio pBl^^ 



elenients of a circuit, the force exerted on a unit nL_„ _ 

' Kt P, hy an element, of area dhdk and length ds, at right angles 
o the plane of the paper is Hydtdhdkl\(x - hf + h^\^. Hence if 
dF be the cumponent in this direction due to the whole ring, of 



The whole raagoetic force parallel to the axis is therefore 
F = 2irJJ7. -, 



I 



* When the layers Df wire fotni each a helix we here neclect the 
I axial oomponent of (low. Hoiv this may bu com pensatecf will he 
I fizplained in tbe next chapter. 
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= 2n-ny|(,):- 



and when i [ind rf ai 



+ rf+ s/(r + 4)'+ta + ii)> 


-i+ ^(, + »)' + (»-J)> 


+ i + y(»-4)> + (» + i)>| 


0,10 


,„• + ■'+-'(• + .')' + 4" 


all enough to 
F - 2,AV« 



(IG) 

where JV Eh the totiil tiutnbcr of turnn in llie coil. 

The vnUiB cf f in ( 14) is to he used, when required, instead of 
2jrjVya'//^, So far as the first term of the series for F is conecrned ; 
the remainder of the series is to he retained without alteration as 
attfBciently accurate for practical purposes. 

The second term of the series in (13), involving the product I 
(a* — ix*) (1 - 6sin*fl), maj- be mude to vanish b3' arranging so o 
that one or hoth of the factors may vanish. The value uf tlie ' 
eecond factor ia 1 when 6=0, and diminishes as (w)ietlicr ^ 
positive or negative) increases in nuinorical value, until, when 
fl=±Bin-i{l/\'5) = ± 26° 34', it ia zero. Thereafter it becomes 
negative, and approaches — 4 bb fl approaches 90°. At 45° its 
vaTue is - 3/2. 

The first factor may he made to vanish by placing the needle G 
80 that a "■ o/2. This waa done byGaugain in his galvanometer, ' 
which consisted of a vertical coil ivith n needle so suspended 
that itB centre was as nearly aa possible on the nsis of the coil, 
at a distance equal to half its radius. The imcertainty as to the 
proper distance, caused by the dimensions of the cross-section 
of the coil itself, was got over by winding the ivire on a conical 
surface of semi-verlical angle tB0-i2, so that the distance of 
the needle, suspended with its centre as nearly as possible at the 
vertex, might t>e in the proper position relatively to each spire. 
With proper arrangements this winding of the coil, though 
more difficult than that of an ordinary bobbin, might be carried 
out with siiflicient oxactneas ; but any inaccuracy in tlie placing 
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of tlm medlG is Beriona, For by (13) the value of 36/3* li 
- tirSyU cns6 2ifjt* .irlSx^nnA llierefore 9 requires oorrecdoii 
for an error dx in plucinfc the needle, by multiplit^ation by the 
fAPtor 1 + 1/e . 3e/9j; . di, or 1 — Ztdxlr*, or since s = a/i, by 
the factor 1 - Gdxl^a. Tims if dx is aeoBible, tliis fnclor, d«- 
[lending as it does on I/0, scrioDsly affeula the value of e. 

Qsugain's galvanometer has been improved upon by von 
HelniliullK, in whose iirrangement two equal psrallcl coils are 
placed with tlicir roedinl plancx at a distance apart equal to their 
mean radius. The needle is Hunpended with its centre as nearly 
09 may be on the axis, at a point about which the nrrnngement 
of coils is symmetrical ; and the coila are eo joined that the 
I'UtTent flows in the same direction round botli. This makes 
a* — 4^* — 0, very approximately, in 6, and further obviates the 
uncertainty just referred \xi. For uny diBplncement of the 
nee<lle towardo the coil is attended by a diminution of the couple 
dne to the other coil, and a very nearly equal iocreaae of the 
couple due to that which is approached. 

The field due to the arrangement is shown in Fig. 58* nnd 
may be contrasted with that for a simple coil shown in Fig, &E. 
It will be seen from the diagram of lines of force, and the same 
thing is obvious from (10) (since the values of * for the two 
coils ore equal and opposite), that R is zero at every point io tlie 
plane midway between the coils, and passing therefore (apprcxi- 
malely) through the centre of the needle, and also very nearly 
zero at points even at some distance on either aiiie of this plane. 
Thua over quite a considerable space surrounding the centre of 
the needle, the field due to the coils is practically uniform and 
parallel to the axis, and the couple practically independent of 8. 
and unafi'ected by an error in centring the needle which would 
have « serious eftect on the couple in the case of a single coil. 

It is clear that the energy of the needle in the field of the 
double coil is that given in (12). For the energy of the positive 
pole, supposed nearer to the coil from which it is repelled, is 
niQ, in the Geld of that coil, and — mU^ in the field of the other 
coil. The energy of the other pole haa evidently the same 
value, 80 that the whole energy la 2ni(Dj — JJ,). The couple is 
thus 28, where e is given by (l-l), subject to tiie condition that 
It raay he written therefore to terms of the fourth 



order inclut 



.sfli^fl-l 



45 /*a* 



(l-Usin'fl-f 



>'")} (17) 
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MAGNETIC ACTION OP COILS 

where since b' = 4^'', r- = 5«', and JV is the number of tnma b 
taeh coil. 

ValuesofflwltiulisatiBfytlieeqiiatioDl— 14sin^i9-f Sl8i&<fi=l}, 
render the factor of the aecond term in brackets zero. TUase 
vftlues are 16° 34' and 49° 55'. The factor in brackets lias H-a 
mazimum numerical values, via. 8 for fl = ± 90°, and - 4/3 for 
fl = ± 35' 16'. 

To take into accouot the distribution of the wire ocer the 
finite crcBH-sectioD of the bobbin, wc may take the coil just con- 
sidered as an elenJentaty Ting of the rual coil, and, regaiding thci 
distance x and radius a o{ this ring as subject to variatioD, find 
from each term in the expreHsion of any effect produced on the 
needle by the central ring, the corresponding term of the effect 
produced by any other parallel ring of the coil. From this we 
can find an expressioQ for the average value of the term for the 
whole coil. 

ThuH let P^ denote any term of the expression for the action, 
whatever its noture, on the needle produced by the centra] 
circular filamenL If then P be the corresponding term for a 
filament the coordinates of which reckoned from the centre of 
the c rose- section coil are h, i, and the area of cross-section of 
which is dA/lt, P the average term for the action of the whole 
coil, and %b, 2d be the axial breadth and radial depth of the 
coil, we have by detinition 



UdP 



-il 



pdm . 



(IB) 



But, since the value of P for this term is obtained by substi- 
tuting in the expression a^ — i for :r and « + i for t, by Taylm's 

ds da \ .'i dx- 1.2 da^ 

Multiplyiug tliis value of P by dhdk, and integrating as indicated 
in (18) between the limits - i, -f i for 4, and ~d, -\- dim k 



4bdr = 4irfP„ -f- 



44V d-Pa Ud^ ^^Po 



" "5T Sx* '^ 6! e,r 
IS of odd order vanish i: 



5! da< 
the integration. 
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We apply this result to the correction of the values of F and First Cor- 
L given in (9) and (13) by treating the terms separately as rection. 
follows. It will suffice to take F^ as the results obtained will Terms for 
apply at once to e also. Simple 

A first approximation to F' for the whole coil is obtained by ^°^- 
writing ^abny (or Ny if N is the whole number of turns) for 
7, since this is the whole current flowing across each section. 
To correct for the distribution of the turns, we take first 
the factor a^fr^ and call it Pq, Differentiating we find d'^PJdx^ 
= 3flr2(4a?3 - J)lrT, d^PJdoT- = (2^?* - 1 larV + '^a^)lr\ so that 
taking the first three terms of (19) 

P = -, + | ^(4:r2-«2) +li (2^:4 _ 11^2^2 + 2«4) . (20) 

and this takes the place of a^JT^ in (9) and (13). 

If the coil is a Helmholtz arrangement, in which Ax^ — «2, the -^Pplica- 
second term disappears, and we have after reduction H*/^^*?f 

Q 1 ^2\ Double- 

and the first term of F takes the corrected form 

bsllcS 15 «v 

where iVis the number of turns in each of the two coils. 

The second term of jP may be corrected in tlie same way by Second 
taking ^2(^2 _ 4^2)/^? for p^. We have d'^P^jdx^ = - 3 . 5^2(8.^4 - Correction. 
12:pV+flf4)/rii, and d'^P^Ida^^ - (8ar« - n^ai^a^+lb^x^a^ - I2a^)/r% Terms for 
so that to three terms Single 

Coil. 

P = ^ («2 _ 4^2) _ ^-^^2 (8^4 _ 12:r2«2 + fl4) 

r' 6 r^^ 

>72 1 
- ^ — (8a:« - UGx^a^ + 159x^a^ - Ucfi) (21) 

which takes the place of a*{a^ — ix^)/r'^ wherever the latter 
occurs. 

Again, if the coil is a Helmholtz arrangement, this value of P 
is simplified. Its first term disappears altogether on account of 

VOL. II. S 
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llie nlnlion is^ = u=, wliicii also roducea 
rerme >o Ihnt 

/^ = p"g,^,(36is-31^ .... {!!) 

wlmri' r' — 5/4 . a . 

Ueocc, Uking in uTi'y aecon J powers of b and d, and the 6rel 
three terms of (9)i we linve for the Helmlioltz arrange inent 



'-W'-hih$>'--''^- 



6= 



I Farthw Tlie valae of J* in (2S), nnd therefore also the second tenn of 

tiftmollan F for any arranKemeot can be made to vanish by congliuuting 

b? Pro- the coil so that ft* = 31/36 . if. If this is done for a Hebnholti 

perly Pro- galvanometer, the value is, for that instrument, given to a very 

1 1**^!^""^ nigh liegree of approximation by 



_ 32.rAVIf COB e 



<'-f.S) 



-y^^o- 



14sin'fl + 21ain*dj} 



(24) 



Oalrano- 



If the length of the needle, as it ought always to be, is small in | 
comparison with 17, the value of efor tlie Holniholtn urrangeiDent 
may, wilhin tbe limits of errors of obEervation, he taken as given 
by the formula obtained by omitting the term involving /•/a' on 
the right in (24). 

If four coaxial coils be arranged so that tha current flows 
.hrough them all in the same direction, the values of f at the 
same point due to the separate coils will have the same sign. 
Consider then the component magnetic force at a point O sym- 
Coaiial metrically situated with reference to the coila, which are arranged 
CoILh. in pairs, those of each pair having equal radii, and being at equal 
distances along tbe axis on opposite aides of the point at which 
F is taken. Let a, a, be the radii of the coila, r, J, the distances 
of their planes from 0, N, jV', the number of turns in each, and 
r' = ^ -f a', p» = !> + n-*. Then to three terms 



i.t 1,11 pii fj 



2". 4* U" 
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Now we cnn impose the condition that r = p, tlint is, tliat liie Conditiooa 
eoila should lie on n ppliere having its centre at 0, and bo choose thntTenns 
a, a, !e, f, that the coefficients of y^,y*, may vanisli identically, iuj/'iuiily* 
We thuH have fulfilled by these four quantities tha equations should 

Na\a* - 12aV + Bx*) + A"<i=(a' - 12Q'g* + 8gi) = 0. 

We may ^Tiite a" - 4a;* = 5o= - 4^", and a' - 12a'2' + 8*' = 
21a* - 28o«r2 + 8r*, so that calling 0, 0', the angles which the 
radii of the coils subtend at 0, and putting ra for Jv'/A', we may 
write.the equations in the form 



1^.^(4 - 68in=0) + Biii^<^'(4 - 5sin=f) = 
a* $ (21 sin^ c^ - 28 Bi[|2 </> + 8) 

-I- Bin^ 0'(2I Bin* ^' - 28 aiu= ^' + 8) = 



!} '"' 



sin^, Bin</)' can never exceed 1, these equations ne- 
tlie fulfilment of certain conditions tiy m, sin A, sin tp', 
and, Hubject to these, any number of urrangements can he found 
t« carry out the object stated. If however sin = 1, so that o 



21 si 



- 33 si 



1^' + 12 = 



which 18 satisfied hy sin' 0' = 4/7, or by sin^ rji' = 1. 
I The second aolution, in which all the coils are round the 
! equator of the sphere, ia not relevant, inasmuch as it would 
I make m = - 1, which may be interpreted to raean that the 

I number o£ turns on each coil should be the same, and that the 
currents should fiow in opposite directions, that is that there 
shotild he no current nt all on the whole, and therefore no 
magnetic efiect. 
The solution sin^ 0' = 4/7, gives m = 32/49, that is, the circles 
surrounding the centre should each contain 32 turns for every 
49 turns contained in each of the others, and the latter should 
) be placed on the two sides of the great circle of the sphere 
bisecting the axis, at a diatance in each ease of V3/7 of liie 
radius, and have a corresponding radius of 2/ v^T of that of the 

We now consider a long right cylindrical solenoid. Such a 
solenoid can be very approximately constructed hy winding a 
single layer of fine wire, so that the mean radius of the 
rgle layer may be token with sufficient accuracy as the radiug 
S 2 
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lit llje wirp, and ihe wire may be regaided as everywhere iit 
riglit angles to the dxIb. Such a single iHydr coil is very t^on* 
venieiit for accurate work Binee tbere can be no uocertainty is , 
to the winding. 

The value of F for a single turn of Hucli a coil ia given by (9), 
which, taking here for convenience the origin of coordinates at ' 
the centre of the coil, and r, f, as the asiul distances of the | 
point P considered, and the turn in question, we may write i 

where r' = o'+(j--fj=. 

Similarly the value of the radial cotnpouent, B, may be 
written down. The value o£ the couple e exerted on the needle 
could easily be found also ; but it will be given later [see 
equation (54) below]. 

If then H be the number of turns per unit of length y we have 
to replace y by tiyd$. Hence if 21 be the axial length of the 
ooil we have for the total force 



■y}"^$b 



•-i'-()'}+.--2 »"'! 



But clearly the expansion in (27) is — BQI8,t. if O be given 
by (2) with x replaced by x ~ ^. But - dil/Sx, ia + BalS£, 
BO that (3) givesat once the integral 4- 2 for (27'). Hence taking 
the integral between the li mits — /and + i for f , and writing 
r, = Vfl^ + (x- [f, Ti = -Ja^ -i- {x + If, we find 



= 2vny ["— 



+ / 



T- I , 



3^ \ r^- r/ j 



. ha — 



_+/, 



^ 2= . 42 

- ^'(3fl^ - 4(,r - 
which Uolda for »II points wliclher 



!»■ - 4(1 + If) ^H 

')')) + ...] . . . (28) 
iBidp or outside the solenoid. 
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If y = this gives 

F = 27rny('^-^-~~-) .... (28') 

that is if the point at which F is taken be on the axis, and ^i, 
i/^2 he the angles which r^, rg make with the axis, as shown in 
Fig. 59. 

F = 27rwy (cos f,^ — cos V^i) . . • . (28") 

If the coil be very long r^, fg, approximate for internal points 
not near the ends, more and more nearly to ar + Z, Z — ar, so that 
all terms vanish in (28) except the first two. For such points 
.r — Z is negative, and approximately (x + Q/rj — (x — Q/rg = 2. 
Thus the field within a long coil is uniform except near the ends 
and its intensity is given by 

F = 47r?iy (29) 

To take into account different layers if there are more than 
one, the best course in any practical case is (since only a limited 
number of layers would be employed) to calculate F, by (27) 
above, for each, and add the results together. 






Fig. 59. 



The result expressed in (28") can of course be obtained at Direct 

once by direct calculation. The potential due to a circular Calcula- 

current of strength nydx, at a point F' (Fig. 59) on the axis at tion for 

numerical distance x from the plane of the circle is nycadxy Potential 

where a is the solid angle subtended at the point by the circle. ^^^ Force 

But if ^ be the angle subtended by the radius of the circle ^^ Centre 

0) = 27r(l — cos yf/). Thus if Q be the potential of magnetic in- °* ^**^^- 
duction due to the whole solenoid 
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,yj (l - 



Q ia also Uie mutual energy <if tlio solenoid and a imitpols 
placed at F". Reckoning then 3 as the dislance of any tutn 
from I", the force in the direction of x on the solenoid (lliHt U 
[torn the polo towards tlie solenoid) is — dQ/d^, aod this is the 
forue f on the pole at J" in the opposite direction. Thus 






lS'^)il,r = Sirny (cob^";] ■ 



Or Q and F may be found thus. The potential produced h; i 
circular disk of positive magnetism of surface deneitj jty and 
radius a, at a point on the axis distant a: from the dislc is 
iwyi Vo" +^ - x). The repulsio n due t o the disk on unit 
poleatf'.isthereforeairayCl - r/ i^a^ + x^) = 2my{l - coa^). 
Hence for two equal positive and negative coasial disks suo- 
teading angles ^|, ^^ respectively at P', ond at distances r^, *i, 
the potential and forue arc Siriiy { Vb"+ j-j* - a-j - ( •^a^+:rf-x^ \ 
and 2irny(coB^2 ~ cos^,). 

The magnetic potential and fon:e at a point at distance ,r 
from the axis oan also be found as follows. It has been shown 
(p. 43 above), that tlie energy of a magnetic shell in a tnagnetie 
field is equal to the total induction through the sheil multiplied 
by the stoength of the shell. Uence in order to find the force 
on a pole placed in the field of the solenoid we have to calculate 
the magnetic induction &t the point 
9 Solenoid Now we may regard t!ie solenoid as n lamellar dislrihution of 
( rBgnrdad magnetism, the direction of magnetization of wliich is every- 
M?™»''"' "''^'■^ parallel to the axis. Hence by (68) and (70) of Chap. I. 
above, if □ be the potential of magnetic induction in the interior 
of the solenoid 

Q = r - 4ni^ 

vbere 0(= fdtp'dx. rlx) is the sum of the strengths of the 
sheila traversed by a point imagined to move parallel to the 
axis from an adopted zero, to t)<e point where the potential is to 
be found. But i£ we suppose j- to increase from the negative 



I Magnet. 
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towards the positive end of the solenoid, we have d<f>/djr = wy, 
and hence reckoning from the zero of a*, iirfj) = Annya:, 

V in the present case is simply the potential due to the ends 
of the solenoid, which may be regarded as two uniform parallel 
circular disks of magnetism having densities <r, — <r, respec- 
tively. Hence if Fi be the potential due to the positive disk, 
F2 that due to the negative F = ^1 — F^^ and 



F^— F^ — Aimyx 



(30) 



For an external point O = F^ — F2 simply. The values of ^„ 
F2 can be found from (6) above and the value of F then found 
by differentiation of (30). The result, as the reader may verify, 
agrees with (28). 

The method described above (p. 256) may also, if desired, be 
employed to take into account the radial depth of the coil. 
Supposing the number of layers per unit of depth to be n', the 
number in unit area of cross-section is nn'. Thus if 2fi? be the 
depth of the coil, the number of turns in unit of length is 
2nn'di and this must replace n in (27). Taking then as P© any 
term of the expression for the effect of the mean coaxial current 

sheet, the average value, P, of the term, for all the coaxial 
sheets into which the coil may be supposed divided, is given by 
the equation 



Potential 

at 

Internal 
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Taking first from (28) 



JTq — 



we have 



a: — I 






- (.r - /) 



2«2 - (.r - D' 



Therefore to the second power of d 



P = 



X + I X - I . iP^ 



^2 6 



+f((*+/) 



2//2 - (.r + /)2 



-(^-/) 



2fl2 _ {x - /)2 



) 
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Next taking the second tenn of (28), 

a\x ■+• /) a\x - V) 



^^0 = 



and therefore 



- — ,- (12tf* - 21«2(.r - Z)2 + 2(ar - Z)*)!- 

Hence to terras in d^ and y^, (27) becomes (ar^ being put for 
2nn'dy the number of terms per unit length) 



L. r. 






-i^ + D' 



-{x-l) 



To 



+ 



3 Ja\x+l) a\x-T) .d^x+l 



3 o/?!(f±i)_ 
22 ''^ \ ri^ 



+ 7r 



6 r^fi 



(12^^*- 21tf2(:p+0^+2(a:+0*) 



</2.r-Z 
67/ 



(12a*-2lfl2(.r-Z)2+2(;r-0*)| . . • (31) 



Potential, 
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Circular 

Current. 
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Equations equivalent to (2), (9), (10), (12) maybe obtained by 
first expanding Aq in ascending powers of x or a according as 
X <. ov > a. These equations are convenient only when the 
point considered is near to or far from the plane of the circular 
current, as only then are the series sufficiently convergent. We 
have 

Aq= V«2 _|» ,2:2 — ^ . 

/ ,;r2 l.l.r4 1.1.3^6_ \_ 

(x< a) 1 . (32) 

/■^r/2 1.1^< 1.1.3^^ _ \ 
~'^l-.r2 274.t^"*"2.4.6.t6 ""/ 



X > a 
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Calculating dJJdx, d^J^jdx^y &c. from these and substituting Expan- 
in (6), we find ii x < a sions for 

^ ^' Potential. 

22 tf3 \ "1 a^ 2.4: a* J 

, 1 // , ^o . , 1.3.5«.7ar3 1.3.5.7«.9 ar«' \ 

+ 2^T^^sV"^-^^-^''^ 2 ^ 271 7* ■^•••7 

+ } (33) 

Or if a: > a 

^ „ r, «2 1 . 3 fl* 1 . 3 . 5 fl« 

2^xA ' x^"^ 2 :r* 2.4 x^ "") 

^22.42ar4\ x^ 2 or*^ 2.4 ar« / 

+ } (330 

Henco since F ^ - dQ/dx Expan- 

sions for 
^ „ 1/, 1.3 ar2 , 1.3.5 ar* 4^ial 

F = 27ry-{1 --5- -2 + 
ay 2 a^ 



2.4 «* 



I l^Vi Q _ 1.32.5 .r2^ 1.3.52.7 .r4_ \ 
■^22an^-^ "~2~"«2+ 2.4 ^* •••7 

1 // 2 ^_ 1.32.52.7 .^2^ 1.3.52.72.9 .r^ N 

■^2"2:42«A '"^ • 2 ^2+ 274 «4 "") 

+ } (34) 
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If inHteitdof aairiglo tarnof wire, thecircleconaist of J? tiirti!-, 
each carrying a current y, the ahove expreasioiiH muat of courea 
ba multiplied by N. 

FinnUy, multiplyiog those values of F bj' M coh 6 the second 
lerm in each by (I - SbIii'S), the third tenns by 1 — 14 sin' fl 
+ 21 Bin* a, and changing ^ into i, we get the values of e for the 
respective cases x <i a,T > a. 

It JH to be cnrefuliy observed that in all these expresaions it is 
necessary for convergence that g < a wlien x <, a, and y < i 

It will be seen that the formulas just obtained are simply 
those previously found for the different cases, with the finite 
expresaions which constitute the different terms in the latter 
replaced by infinite series. In the majority of practical cases it 
is much more convenient to calculate nnmerically the valnes of 
the fmite eiipressions. Tlie series are tn fact only useful for 
points very near the plane of the circle, or very far from it. In 
the former case equations (33), (34) are applicable, in the latter 
(33'), (34'). 

When the coil has a finite cross-section the last found expres- 
aions may he readily corrected by direct integration ; or the 
process explained at p. S56 above may be used. We cannot here 
affonl spaoe for the corrected expressions, which would seldom be 
needed ; but the reader will have no difficulty in writing them 
down for himself. 

It has been shown (p. 48 above) that the mutual potentin! 
energy of two circular magnetic shells is given by the equation* 
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- 4772*$ sin2 ^ 8in2 V^'p^v^ .^- J -) . ^Z'i . ^^Z'i . ^Zi(^J (35) 

(r >p) 



if ^, >//•', Fiff. 60, denote the angles which the radii of the shells 
subtend at the intersection of their axes, r, p the distances of the 
circular arcs from the origin, </> the angle between the axes of 
the shells (denoted by 6 in Fig. 10 above), and ^^i the zonal 
surface harmonic of the i*^ order taken for the angle </>, and 
similarly for the others as explained at p. 47. This value 
of E with its sign changed, and y, y' written for *, *', is the 
mutual electrokinetic energy T of two circular currents and is at 
once available for the calculation of their mutual action. The 
result enables the mutual action of two coils to be found, and is 
therefore the foundation of the theory of absolute electro- 
dynamometers and current balances, which measure currents in 
absolute units by the forces exerted on a movable coil by a fixed 
coil, through both of which the current to be measured is 
flowing, or in which the currents flowing have a certain known 
ratio. 




Fig. 60. 



Putting then (Fig. 60) a, a, for the radii of the larger and 
smaller circles respectively, and a?, f, for the distances of their 
planes from the origin, we have sin yjr = a/r, and sin yjr' = a/p, 
and substituting in the zonal hannonic expressions, as given in 
the Appendix on Spherical Harmonics, their values in terms of 



<y, 



ar, a, i, we have 
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Energy of 

Two 

Circular 
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-(r-8P«' + a')(=08'*-5c. 



Ah explained at p. 160 the caiipla 6 due to the mutuzLl action 
of the two circuits tending to increase i^ dl'/dip. Hsnce for 
this couple we have ' 



- (? - i"") ■ 2 . 3 (cosV - i Bill" </>) 



'{(P-J»').2.5™»(eM'*-J.in'») 



1 



Attraction The Bttractioa between the circuita when tiiey are coaxial, 
m"™" I'lat 'B wlieo « = 0, may be found hy putting fl) = in (36), and 
cnlculatiug BT/ag. We have 



Two 

Panllel 
Circular 



?'='rVy-r '■- + 2.3lg + 3.4-' 
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We may now proceed from two simple circles to two mutually Action 
influencing coils. This may be done by direct integration with between 
respect to x, «, and ^, a, in the two cases, or by the method Two Coils 
explained above and already used for a coil and a magnet. of Finite 

Preceding first according to the latter method and dealing Cross- 
with the terms of (36) separately, putting for the axial breadth Section, 
and radial depth 2b y 2d in the case of the larger coil, 2/3, 2d in 
the case of the smaller (both being supposed of rectangular 
cross-section), while ar, «, g, a, are retained for the mean filaments 
in the two cases, we find if N^ «, be the numbers of turns in the 
two coils, larger and smaller respectively 

T = Nnyy'lG^g^i • 4>^i + G^9<i • <^^2 + ^^3^3 • <^^3 + • • • I • (39) CoU of 

Fmite 
where 

2 Q/2 ,72 Section. 

G^. = 27r - |l + — (4r2 - tf2) I. _^ „ i^^a _ 11^2^2 • 2^4\ 4. . . I Value of 
1 r»i ^ 6ri^ ^ 6tfV^ ^ « T a ; t . . . ^ Electro- 

kinetic 

G = Zid^^x"" - fl2) -I- ^il^^ (8^ _ x2x^a^ + aS) 
r' '■ 6r* 

//2 

+ ^ (8;r'5 - 136:r^a2 + 159A*- 12«6) + . . . } 

g^ = 7r(a2 + i/32 + . . .) 
g^ = 27r^a2 + J/32 + . . .) 

Hence we have from (35) Value of 

. the 

e= - Nnyy' sin </) jG^i^i . ^^'1 + G^g^ . ,^^'2 + ^3^3 • ^^'z Turning 

+ } (40) ""aSf 

Attraction 
which is the corrected form of (37). Similarly we could write of one 
down from (38) the corrected value of the attraction between ^oil on 
the coils. *^® ot^er. 
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MAGNETIC ACTION OF COILS 

Equatidii (37) is applicable to tlie delenuination of the coaple 
due to tho action of a coit on a uniformly magnetized uin 
tiiagnot the centre of which is on the origin. We have onljr to 
Hiippose anollier coil equal in all respect? to the smsllei placed 
coaxial wilh the latter on tha other aide of the origin at a mean 
tlintance ( from tiiat point, and further suppose a current of the 
aiirne strength to flow in like directions round both. The coaple 
acting on the aecoiid coil will be got from that on the first bj 
merely supposing the angle to he increaaed by 180°, and the 
I'Urrent in it to be revereed. But changing i^ into ^ -\- 180° 
elianges the signs of ^Z\, ^Z'p &c., and tuking into account the 
change of eign of the current and of sin ip, we have for the couple, 
Oi Bay, on the Hecond coil 

n, ^ - .Vsyy' Bin {<?.;-,. ^^'i - Gjy, . 4^-j + &,j,3 . 4Z'3 - &c,} 

Hence for the total couple we get 

e + e,^-iy>.yy'siu<f,{G,ff,.^Z, + G,ff,.i!!\ + &L-} (41) 

But the double coil here Buppoaed to exist is equivalent to n 

needle with ils centre at the origin, and of moment M = 2ira''ry'. 

' AIbo if we make the eectioti of eaoh coil very email, and the 

(radius d very small, hut preserve Bira'iiy' a finite qujiotity, wo 
may regard the pair of coils as equivalent to a uniformly mag- 
netized magnet of moment Zva^iy', and of length 2£, and put, in 
the valuea of o„ ^r,, fie, ^ = 0, 3 = 0, Ma.^ = 0, &c. In this 
way we shall obtain from (41) a formula equivalent to that given 
in (13) when the latter is corrected for the finite cross-section of 
the large coil. 
Eloctro- If instead of two single coils, one fixed and the other movable, 
Dynamo- t]|g Helmholtz double arrangement is adopted for bolli the fixed 
melarwitn ,jf,j movable parts of the dynamometer, so that the centres ot 
Qril'' '"*''' ""^^ made coincident with the origin,* the eipreBBions for 
their mutual action are much simplified. 

Let A, B Fig. 61 denote the large coils A', B', the small coils. 
Then the mutual energy of A and A', and the couple on Jf due 
to the action of A, are equal in numerical amount and sign to 
thoHe afS and W. These are given by (39) and (40). Hence 
for these two pairs of coils the energy is 

ar = 2JVsTy'{eiiJ, . 4^, + G^g^ . 42, -h 03?3 ■ *^a + - ■ -I i^) 

• This was the arrangement adopted for tbo Absolute Electro- 
dynamometer made by Mr. Latimer Clark for the British Association 
Committee on Electrical Standards. See Chapter VI. btlow. 
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where (j) is the angle JCA^ indicated in Fig. 60, and a^ 6= 4a^''^, 
a^ S3 4^. Now the mutaal energy of the coils B'y J, is that which 
the value of T would become for A' and J ii B were increased by 
180° and the current in A' were then reversed. The mutual 
electrokinetic energy of B and J' has evidently the same value. 
But cos {(j) + 180°) = — cos 0, so that the zonal harmonics of odd 



-B 




¥ 










^ -■'a— ^- 



b 



Fig. 61. 



order change sign. Hence taking into account the change of 
sign of current, we have for the eleclrokinetic energy of the 
other two pairs of coils A^ B' and A'y B the value 

2Ti = 2iV«>y'{(?i^i • <^^i - ^2^2 • *^2 + (^^z • 4>Zz - <^c.} (43) Mutual 

Energy of?: 
where all the quantities have the same values as before. Hence Coil 
for the total energy of the arrangement we have Systems. 

KT+T;)=Als'nyy\G^g^,^Z^+G^^,^Z^+G,g,.4,Z, + &c) (44) ' 

and the turning couple on the pair of small coils is ' 

e = - ANnyy' sin <p[G^g^ . ^Z\ + G.g^ . ^Z\ + G^g^ . *^V/ (45) 



272 

Tnrniug 

MovkUe 
CoiL 

Effrut of 
Amnfpi- 

Simplify- 
in); Cnlcii. 



MAGNETIC ACTION OF COILS 



Mutul 

Energy of 
Two Long 

Uyer 

Coils. 



TI.e viiluea of 0„ G^ Cj , ^,. g^, g^, , are given Oi 

p. 269 above, and it is to be noticed that in these 4r' - d' 
und 4£* - n" = 0, 80 that to a considerable degree of approii- 
mation G, aod g^ vanieb, and the couple reduces to 

e = - 4,V«yy' sin (?^, . d^-, («) 

or neglecting tlie correction terms in i*, a', &c., to 

e = - 64A'Hyy' — ^ sin * ... . (46') ' 

Considering the movable coii-syetem as equivalent to a needle 
of moment 2ay'iia*, lliia agrees with (24) above. 

In the same manner as at p. 270 we could deduce the action 
of u Helmboltz doubie-coU on a magnetic needle, with its centre 
at the centre of symmetry, from the theory of the double electro- 
dynamometer just given. 

From (36) we can find an ezpresaion for the mutual energy of 
two long cylindrical coils, consisting each of a single layer of 
fine wire, carrying currents y, y', and so placed that tbeir axes 
intersect at an angle ip, as shown in Fig. 60. Such coils are 
capable of lieing constructed with very great accuracy, and the 
expression of the electrokinetic energy of tlie arrangBment 
enables tbe coefficients of mutual and self-induction to ne ob- 
tained for a number of important cases. 

Let 1',, f„ £„ £2, be the distances of the nearer and farther ends 
of the coil from the intersection o£ their axes, x, f, those of two 



circular elements of lengths dx, /i$. If n, a', y, V, be the 
numbers of turns per unit length and the currents in the two 
coils, the currents in the elements are-Byi&, n'-/d^. Writing 
down then by (35) the expression for the energy of the two 
elements, and integrating from z = ji, to z = r^ in the one case, 
and from ^ = ^, to S = Ss ■" the other, we get for the mutual 
electro kinetio energy of the two coils of lengths x^ ~ Xj, g^ - f^ 
the expression 



— -s^-io-M/:^-) 



1*2'^, ^'Z\ can be found by differentiation with respect t 
cosi/f, cosi/'', of the well-known expreifsions for ^Zi, ^'Zi, nni 
tlie integrals then got by direct integration ; but the tlieorei 
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expressed by (8) above, together with a supplementary theorem 
for the zonal harmonics of odd order, which we shall now prove, 
yields at once the indefinite integrals required. 
Assume'that * Zonal Har- 

found by 
where A is a. constant. Then. differentiating we find by (8) Differenti- 

ation. 

■^ -W^ - "a^2i " ^^' ^^ • J ;.2i+2 ""^ 

and therefore also 
^{(l-^2)^^"2,_i-(2i+l)M.^^'2,_i|=-(2.--l)!«2.«^'2j. (49) 

The assumption made in (48) will be justified if the relation 
just found holds for a constant value of A. Now if Zi denote 
a zonal harmonic of any order ?, we have by the fundamental 
relations of zonal harmonics (writing fi for cos ^) 

^Zi - Zt_i = - ^ (1 - p.^)Z', 

Eliminating from these first Zi^ then Zi-\^ we find 

Zi-i = ] {Z'^ - ^^'._,) (50 

Z^^\(iiZ'-^Z'._^) (50') 

Differentiating (60) and (50') with respect to ^x, and eliminating 
Z"i from the resulting equations, we obtain the relation 

(1 - ^^)Z\_^ - Ki + \)Z\_^ =-{i- 1)/'. 

which with 2? written for «, agrees with (49), if we put 

A = {2i - 2) TdK - 
VOL. II. T 
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the assumption U justified, aod we have 
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where t is any integer. 




Zonal 
itoili<A 


Integrating, we get from (53) 





ao that BUOoeBsive differentiation of Aa{,= •Ja* + 3* — *) pW* 
the first set of integrals required for (47). Ttie differentia oo- I 
efficients aa far as the 1 1th are given in the Appendix on Spheriod | 
Hannooics. 

The Heeond sot uf integrals is also very easily ubtaioed by 
cBlciilating ^iZ'i by (52), modified by putting f for g, a for a, 
«nd a for r. Or lliey may be found by differentiation of Iba 
Konal bnmionic expressions given iu tenns of u in tlie Appendix, 
substitution of £/p for fi in the i«Bult, and integration with 
respect to f. The factor p*'' converts in each case the espres- 
sion to be mtegrated into a rational integral function of £, so 
tliat the integration presents do difficulty. 
i Thus we obtain 




^MUTUAL TURNING MOMENT OF TWO COII,S 
!{-' (!,,• - 6r.%'+ !„■) _ -L (-l,r,' - 6.,,V + »')), 

*' " ^ H$' <■*■'•' * '"'■■'"' + 1 "■' - ,'" <-"■'■' - '«'.'•'+ 5«')), 
'i - %' - cy." + i {,.' - it,' + SftV ^ I !,.<. 

». - !y - 1? f.V + '4 S,V - 2^.. + 1? (,V - 'f i 



f,V4 



. «.'.' 



_S6, 



= -ir^»(i'Yy'aVsin0{ir,*i.t^'j + ^^45.^^', + .. , 



• (54) 

e tlie values of the quantitieB A'„ A',, . . , t,, to, . . . 
we see that if one nt least of the cuils (say that of radius a) be 
placed BO that its ceotre is at the intersection of the axes, the 
even terms in (53) and (54) will all vanish, since then gj= — |j, 
Pi = Pi- ^^ besides being so placed this coil have its leugtli 
2|, = iJ'J.a, the third terra will vanish ; and the fifth tenn aJso 
disappears when the larger coil fulfils the same conditions. 
Further, if both coils are thus placed, the even terms, so to 
speak, doubly vanish, so that any little error in tlje placing of 
the coils con only ineenaibly afEect the vanishing ot the even 

With coils thus constructed aod placed, the next term of the 
series in 153), (54), after the first is the seventh, and only the odd 
T 2 
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Viiibililiif; tenuB aSlvT llmt lisve any value, aiid tbia lioldB whatever the 
■>r Ti'rnu atiftle b«ti«M<n tlie axes of the coils. The seventh term amoiinte 
of S«i™ ti. only about 1/27000 of the first if the ratio of the radii ot the 
till coiU be 1/2, or t<i about 1/4700 if tlie ratio be 2/3. Witlj tlie 
^riicoiat formc'r ratio of rnilii, the error made in taking only the first tarn 
Anwige- (jf j|,a i^tricii amoiinta thufl to a quantity (juite inappreciable in 
u™*tnu^ the elactllL'al tneasurementB made with Btandnrd coils, and an 
(inn of i"ip*'Ttnni apulicalioti of the result might be made in the con- 
ttruction of electro-dynamometers. 

Two aingle-Iayer coils could be accurately inade, of radii dif- 
fering very considerably but each having the ratio o/ljl at 
length to radiuB, and of dimensions so great in each case as to be 
determinable with accuracy. If placed concentrically the fiied 
Dynami- coil will act on the movable n-ith a couple given by (64) in vfhitll 
mvtvr. iijg Qfgf xpy^ only need be taken. Tlius for auch en arrungs- 
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(56) 



Alwolate A eiugle-layer coil mode hs heio of cousiderable length seems 

iDalvano- very auilable also for use as an absolute galvauometer. It ha^ 
nuterwitti suAicienl uniformity of field to render the very exact placing of 
Coil of the needle at tlie centre quite unesvential, and it can be made 
one l<aycr sufficiently sensitive, so that it posBesaes most of tlie advantagea 
of the Helmholtz double-coil arrangement, withont the uncer- 
tainty which esista in the latter as to the distribution of llie 
different turns of wire in the two multiple-layer bobbinfi, or 
requiring the correction terms which the bobbins involve on 
account of their finite cross-section. 
Coiiplo oil We may find the couple acting on the needle of BUoh h 
Nt«edl(>. galvanometer as follows, provided the needle be suspended will 
its axis intersecting that of tlie coil. The suspended coil in the 
above discussion may be taken as a solenoidal magnet of magiielic 
moment na^n'y per unit of length, and therefore of total magnetii- 
moment M =iraVy(f j - f). Hence by (54) 



-_- JAV,-*-^. + A"X-*^:-l-.- ■ 



from which by means of the values of A',, Aj, . . , k,, i-^, . . , 
given above the value of e in the general case can be 
calcnlated. 

If the coil and solenoidal magnet be concentric all the even 
terms vanish as before, and by making the length of the coil 
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^/S" times iU radius wo can cauBe the fifth term to disappenr. C'oup3o i 
The couple therefore to the seventh temi inclusive is given Needle 
\fY Coniuutiii 



-S-)'^^}- 



(07) 



With an actual magnet it is impossible to set up Miy definite Siinplificai 

icktion between gj and a ; but by using- a thin uniform needle *'<"■ 1°'' 

it is possible to make 2o, which is a quantity of the onJer of mag- 3^°^} 

uitude of the thickness, aniall compared with fa and therefore ^*™^ 
practically zero. Then by making £j, which fur a tliiii needle 
i>f uniform thioknesa is approximately its half-length, small in 
comparison with r.g the second and third terms in (57) may he 
made quite negligible. For eTample, if a needle 1 cm. long be 
used in a coil of 20 cms. radius, and therefore of axini length 
34 iM cms., and the value of i^ be approxlmntely 90°, the aeconil 
term in (67) is only rihout 1/(6600) of the first, 

We may notice hero (though the subject of induction coefR- Coefficient 

cientB belongs to next flection of this chapter), that in (53) T/yy' of Mntuil 

is the coefficientof mutual induction of the two coils. Thua if Inaction 

Iwo coils of considerably different radii, but euch having its S. j " 

length •J^ times its radiua, be urranged concentrically, their Layer 

mutual induction coefficient is given for any angle between their Cous : 

axes with great accuracy by the first term fif (53). In this way Standards 

standards of mutual inductance could be made with very con- of In- 

nderable exactnesa. iloctanne. 

By supposing the coils equal in every respect and coincident, 

we can calculate the self-induction coeRiciont of each, by taking ^h 

the value of T/yy^ given by (53). In this case however the ^^M 

first term does not give a result nearer the truth than to about ^^H 

! per cent., and it is necessary to toke in at least one more tenu ^^^| 

of the series. ^" 

With a certain amount of accuracy the single-layer coils dis- Multiple- 
cussed above might be replaced by coila consisting of several ^ I-ayer 
layers, the ends of the channel in each case being frustums of a t'''i's> ^»oh 
cone having its vertex at the common centre and semi-vertical ^J.^' 
angle equal to tan-i2/v3. This makes each layer (unless a Length = 
whole number of turns cannot be made in each case to fulfil the BiKfina 
relation), have its length equal to v3 times its radius. The x iJs. 
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MAGNETIC ACTION OF COILS 

niutUHl vnciuy iind the ac-Uun i>f uoe coil on tlie other can iheo 
be calciilitted by conBiileriiig separately each pair of Bmgle-Iajer ' 
coils which CAD be Conned by takiDfi; OQe layer in eiich coil. In 
audi Jtn nrranKeiQeDt, however, as in all inaltiple layer coils, the 
dittribation of the wires would be in a certain extent uncertain. 

Vfi) have now discutiaed for several different arrungeraents of 
circuits thu potential and force at different points in tlieirflelda. 
A« a final ezaiiiple we aliall tske the important uaae of a simple 
solenoid of uniform cross-Hection. 

Such a soleDOtd may be defined aa a tubulfir surface such, and 
so placed with reference to a directing curve in space, tliut ever; 
normal jilano drawn to the directing curve gives a curve of 
section of the surface which \e always of the same form, and 
makes with Ihe point of intersection of the nornml plane with 
the directing curve always the same geometrical orrangeineiit 
or diagram. This directing curve is generally taken so that it 
|iMse8 through Ihe mean point or ccntToid of each section, and 
It ia then called tJie axis of the solenoid. The current in the 
solenoid is supposed to Bow at every point along the curve of 
section at the point normal to the axis. 

Such an arrangement is approximated to closely by a coil 
consisting of a single layer of thin wire wound on the surface of 
a core, so that the wire forma a helix of step equal to the thick- 
ness of the wire. If the wire be thin the component of flow 
parallel to the axis is very small in comparison with that at 
right angles to the axis of tlie core, and may be neglected. Its 
effect may be annulled for points on the axis of a straight helix 
of circular section, and for points at a distance from the helix 
great in coinparison with the radius of cross-section by bringing 
the wire buck from one end to the other ulong a generating line 
of the cylindrical surface. H the wire be thin the effect of the 
confinement of the current to the cross-section of the wire, and 
its conaequent want of uniformity of distribution over the sur- 
face of the solenoid, may also be neglected for points without 
and within at distances from the wire great in comparison with 

Considering then a pure solenoid, first of any form of cross- 
section, hut having its directing axis a complete circle, and in a 
uniform medium which may be taken as at unit magnetic 
inductive capacity. (Fi^, 62 shows a section of such a, solenoid 
by a plane through the ciroular axiii, the dotted circle.) If r be 
the radius of the circle formed by its axis, the length of the axis 
is 27rr. Take any point within the solenoid and draw through 
it a circle io a plane parallel to the circular axis, and symme- 
Irically situated with reepeet to its centre. Let H be the 
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magnetic force at the point tangential to the circle, then by 
symmetry the value of H must be the same at every point of 
the circle. Let the position of the point be determined by 
coordinates ar, y having their origin where the cross-section 
through the point meets the axis, x being drawn in the direction 




Fig. 62. 



of the radius of the circular axis at the origin, y at rig] it angles 
to the plane of the axis. The radius of the circle is 27r(r + ar)H. 
Hence, if y be the current in the solenoid at each point, taken 
per unit of length of the axis, the total current is %ny\ and we 
have by the theorem given at p. 108 above 

47r X 27r77' = 27r(r + .r)H 
or 

H = ^; (68) 

In the case of a core lapped round by n turns of fine wire, in 
each of which flows a current of strength y, so as to imitate 
this solenoid, this equation becomes 

H=-^ (59) 

T "YX 

Thus where x is zero, that is for all points within the solenoid 
which lie on a cylinder drawn through the axis at right angles 
to its plane, the value of H is the same, viz., 4717'. At internal 
points outside this cylinder (that is, points for which x is posi- 
tive^ H is smaller, for points inside the cylinder, greater than 
4jry'. 



MAGSETIC ACTION OF COILS 

Thi> rmiillM already obtained migbt hove been found b; 
i:*lciilaiing, in tlie munner cxplamed at p. 43 above, the poteo- 
tials of mairnetic inducliun 0|, Qt, for two infinitely near poiLti, 
intvnial and external, lo tbe solenoid. For we may regard tie 
■olanoiH h« a lanieltar dixtribution of magnetism, of etiengtli 
J^IJt, wliena </■ is an element of lengtb taken at right angles to 
a OTO«a-»ectioD, The value of d^/'dg depends upon the radius, 
r + 'i of the circle i>ii wliidi the point is taken, and ckulf 
folHls the ronditinn 



nhi-re C is a cunstani, or if S be the angle between the cKW- 
»«ction in whicb the point ie taken and a croBB-section of 
roference, 



*=/-|^. = ,v.. 



= Dj - 



b = fli 



h liryVe 



where Oi. Q|, are the potenljals of magnetic induction at iL- 
linilely near external and internal points, in the plane of the 
vruM-Hection at which has the value y'rft 

The valne of Q< thua depends only on the value of 6 and the 
uuumed zero of reckoning of ^. It is farther zero at an infinite 
distance, hence it is zero everywhere. We have therefore 



Oi = - itrf'rS . 



. . . (6!) 

Iiidnction Tliis equation abows that there ie no component of induction in 
every, the plane of any croBs-aection. Hence since magnetic induc- 
whare tion, in apace of unit magnetic inductive capacity, coincides in 

Nomal to valne wiUi the magnetic force, we have withm the solenoid the 
Croaa resultant magnetic induction B = H, and 
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Since the value of Qe is zero there is no external action doe to External 



the solenoid. 

The same method of proof can be applied to show that the 
external action of every closed solenoid is zero. 

If the space within the solenoidal surface be filled with a 
uniform medium of magnetic inductive capacity fi, B = fiH and 
Qi = -AiryirBy', Thus 



Action of 

closed 

solenoid 

is zero. 



B 



r + a: 



(64) 



Again, let the internal space be filled (as shown in Fig. 62) by Solenoid 
different media of magnetic inductive capacities fij, fj^t fia, &c., ^^^^'^'f 
occupying parts of the solenoidal space bounded by the current- ^F^J[^ 
surface and cross-sections of the solenoid, and extending over ® ^* 




Fig. 63. 



angles 6i, 621 ^3» ^^o along the circular axis. Then if the effects 
of the magnetic forces due to the separating surfaces be 
neglected, the magnetic inductions must be taken constant 
throughout each space. Let its values for the respective media 
be denoted by Bi» B2J B3, &c. We have 



H = ?i = ^2 = 1.3 = &C. 

A^i t^2 H 



(66) 



rhus (58) becomes 



47rfy = (/•-»- x) fM + M + ^3^3 ^ &e.) . (66) 

\ Ml H Ms / 




9 A tfthT 



precisely similar in form to the (f. 195 ubove) 
F/a for the carreDt per unit uf area at a point in 

^, -MdJvm at wliich the reaisEance for unit of vqIuim 

h f Bad Hm KlcctmnatiTe force P. Thus 1/fi,, I//4, Sk., migbt, 
" '* * Ba^netic reaislAnce is adopted generally, be called 

. . , HMpMtic resistances or mUtivitieM of the niedil 

TW cttfT* alanx which the iixtuction is taken corresponds to the 
««llaie«lrc«it,Ui«inductianaB,, B*, &c., to the Taluesof ainits 
< ia w Mt BHts, while (66) or (K7) espressex that tlie line integnl 
Af Ki or (u it ha* been cslleil in this connection} the niagiub'- 
msAm tntr* rounil the circn>t, i« iirry'. 

Let the mviiiiiin be each tliat B and H hare the same direotion 
at vrery point. The work done on it unit pole ciirried along in 
<ba direction cfE in a closed path so as to thread throngli ereij 
Un <rf wire prodaciog the magnetic force is nnmerically eqrnil 
to ihe line-in I wril of the niagnelic force, that is, to the magneto- 
motiv« force. But if .V denote here the total number of tiinia of 
wire ikrMded through, and y the cuneut in each, the whole werk 
4m» U iw.\y. Thu. 



°dt~^irNy 



(69) 



where V< is an element of the closed path, and the integral ii 
taken completely round the path. 

Let JS l>e an element of a surface drawn at right angles 
to the tabes of induction, and B bathe induction at tliat element: 
Ike total induction across the e'ement is Bi/5. Now the integral 
In (69) is tiie same thing as tl» integral of Brf5.rfs//irf5, where dS 
is the cross-section of the tut« at any element of length rf«. But 
B/5 by the properly of a tu>e of induction is the same at every 
pan of the lube. Heace sijposing A" the same for every tobe 

1 
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Brf5^'*^ (690 

I as 
J'ildS 

3t U be the ratio of "BdS to the total magnetic induction B 
ss a surface cutting ail the tubes we have 

B=^^ (69") 

^j fidS 

ie denominator of the expressions on the right of (69') and Masnietic 
) have been called the magnetic resistances of the portions Reluct- 
lie medium concerned. The name magnetic reluctance has aiice* 
been proposed by Heaviside, who has pointed out that more 
•erly the analogues of electric conductance and electric 
tance, are given by the parallel relations of magnetic and 
.ric forces explained at p. 201 above. 

is of importance to know for an endless solenoid the total Total 

ction through a secondary circuit encircling it. Let the Induction 

loid contain a core of magnetic permeability ft. The total through 

ction (which we denote by the symbol B) through a single Solenoid. 

of the secondary is given by 

B = JBdS + JRdS' (70) 

•e the first integral is taken over the cross-section of the 

, and the second over the remainder of the cross-section of 

jolenoid. 

)w taking the particular case of the ring electro-magnet we Total 

'■ by (64) Induction 

B = w(r:g-+f^). . . . (71) Ele!"f- 

\Jr + d;'Jr + al Magnet, 

ince fi = I -{• inK 

B = w(4./-j^-+/4q . . . (71') 

•e the first integral is taken over the cross-section of the 
, the second over that of the solenoid. 
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t auppoae k lo be the same thTouglioat tLccorual 
the tolenoid, tnii the cross-sections to be circular, of radius ^i it 
the cue of (he wileuoid, and p' in that of the core, and to luv< 
the Mine circiiltr siis, then denoting \'p*~^ by i, ami Jji''-^ 
by i', we h»v« 



or after iutegretiori 



*'/<-pJ + 4„(,_ Vra-p-"} . {7J) 



Up majr l>e taken en e(|iiiil to p' tliis becomes 



. (13) 

wfaieli gives the lutal iaduction through a single tnrn of ibe 
Moaaiuf coii when the megnetized core completely fills the 
Miluioid. 

To obtain tlie total induction through ii secondary coil of s* 
turns, it is of course only necessary to multiply each of the pre- 
ceding valoee of B by a'. 

Indnetioii If r be very gre«t in compariaon with p the last equation may 

InStrtlsht li« written 



B = 



froEB " twult independent of r. In this case any portion of tlie 

Eniln. tolenoid, tlie length of which is of the same order of magnituile 

Jid pj may be regarded as Btmight T!iub we infer that in a long 

Htraight solenoid the total induction through a single turn of a 

secondary encircling it, at a place so distant from either end 

that the force due to the ends may be neglected, is given 

l.y (74). 

Iwlat-tiai) If the solenoid be lapped round uniformly and closely with n 

in turns of fine wire per unit of lengtli of r, and a current y flow 

I'nifonnly ia each, then in the preceding equations we have simply to 

Wound replace / by rfy to obtain the corresponding expressions tor the 

HfU» induction. 

Id particular from (74) we obtain for a straight solenoid at a 
i-ross-section the distance of which from either end fulfils the 
ibove condition 
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. Thus the induction per unit area of the cross-section, or B is 
^iven by the equation 

B = ^TTfiy = TTfiny (76) 

and hence for the magnetic force at any point of the cross- 
Bection we obtain 

H = 47rny (77) 

the result already given in equation (28'") above. 

This is the intensity of the magnetic field within a straight Magnetic 

solenoid at any point sufficiently remote from the ends, and is Field 

the result used at pp. 87, 179 above. It is remarkable that the Intensity 

intensity should be uniform over each cross-section, a result oYil?- T* 

still very approximately true where the influence of the ends on ^^/g^* 
the numerical value of H is quite sensible. The effect of the 
ends has already, p. 260 above, been investigated for a field of 
unit permeability. 

The solution of the following important problem affords an Inductioo 

interesting application of the theorem of p. 134 above, to the in 

calculation of induction. A wire of iron or other highly magne- Magnetic 

tizable material, in the form of a right circular cylindric tube, ^ .^® 

carries a current of strength y, uniform over the cross-section ; *-'"'^"^^ * 

it is required to find the influence of the resulting magnetization EffgcTon 

of the wire on the value of the coefficient of self-induction. ggjf. 

Induction. 




Fig. 64. 

First we shall prove that the magnetic force at any point P Cylindric 

external to a right cylindric tubular conductor, Fig. 64, or Conductor 

external to any part of such a conductor, is the same if the Replace- 

current be uniform over the cross-section, or symmetrically dis- ^^^^ ^or 

tributed round the axis, as if the current were confined to a External 

filament coinciding with the axis of the tube. Let first P be l^^ints by 

external to the tube. Assuming that the current in each fila- pjiam f 



3M MAGSETIC ACTIOS OF COILS 



% 



raent prodmri^s tlie »uae magnetic force at eitch jMiiot as if the 

uUiera did not exUt (an aasuniptioa justified bj experience atid 

vintilar to those nude in other parts of electrical theory), we see 

ikkt Ihu resultant magnetic force H at P is tnngentinl ti) d 

circle in the plane of the crosB-section through 1', and concentric 

with the bounding circles of tlie section, and has the sama 

nnniericAl value at every point of that circle. Hence if r be tli« 

diitance of P from the axis, the work done in cari'ying a unit 

pole round the circle is 2rrH- But by the theorem gives at 

p, 107, if y be tlie current in the circuit, 2iTrIf = 4117, so tliat 

it = Sy/'r, which proves the Blalement made above, 

HagMtio Next let P be within the Inner surface of the cylinder. B; 

I**"" J«™ syinmetry the nisgnelic force must be the same in numerical 

^™» v»Ine at every point in a circle drawn through F in the cross- 

u^Sm "^•''"'» ""•* having its centre on the axis. Farther, by oon- 

gj2J2ac ■■''*""E '*'* effecta of the two parts of the conductor on eithoi 

' side of a plane through the aiis and P, imagined as divided 

into equal hlaments, each producing magnetic force at P, we see 

41 once that the force at P must be tangential to the circle. 

Hence for litis case we have 2irrH ■= current internal to 

P + 4ir = 0. Hence H = 0. 

Hunetk It follows that if P be within the substance of the cylinder, 

tint the value of H depends only on the current internal to tha 

mthin ctrele described through P, concentric with the bounding cirolei 

^J*** '"^ ** croe».section, 

,.,,'*', Now consider any point P in the Bnhstance of the tube at 

lyiiDder, aistance * from the axis, as shown in Fig. 64, and let a, a' be 
the internal and external radii. Since the direction of H ia tan- 
^Dtial to the crOBH-section of the tube, and n<r^-fl*)y/jr(a"-a') 
or y(j^ — «'}/(o'* — a*) is the current in the internal part of the 
conductor, we linve 



I and if fi be the magnetic permeability of the material of the 

I conductor 

I B=;iH=2,i^5^^| (7B) 

IndocUon "^^^ iol^ induction across a strip of unit length, and breadth 

throucb '''> °*^ * radial plime of the cylinder through P, is therefore 
Satotuice 2;i)'(t' — (i')(ir/(n''-a')i, and the part of this due to the magne- 

of tixation is, since ^ = 1 + Aitk, 8jriy(r*-tf')!fe/(a^-o=)j'. 

Cylinder The energy due to the total induction across this area is eqiisl 
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;o half the product of this induction by the current producing it, and Corre- 
ind is thus sponding 

2fiy(^-g^) yx^-,(i^__ o { x^-a^^ dx Energy. 

Thus if T^ be tlie total energy depending on the induction in 
the wire itself 

^ * a 

But if Lc be the coefficient of the self-induction which corre- 
sponds to T^ Tq= \Ley^^ and therefore 

a^-a^\ 4 a^-a^ a J 

The part of this, Zm say, depending on the magnetization of Self-In- 

the wire, is ^nKLe/fJi', since /* = 1 + 47r<. That is ductance 

due to 

J. Sttk (a'^ + a^ 2 I «* 1 A /Q1N Magneti- 

Z», = -^^^ -( --a2 + -^ 2^og-) , . (81) zationof 



Conductor 



If a = 0, that is, if the conductor be solid throughout, the in- 
duction at P, or B, is 2fiya;Vtf'^, and 

Te=-\liy\ Le=^,Lm=2iTK . . . . (82) 

The corresponding expressions for the energy and the in- 
ductances, when a length / of the conductor is considered, are 
of course obtained by multiplying the values given above 
by/. 

It may be noticed here that whatever the form of cross-section 
may be, the total induction through any finite area in the field 
of the conductor is finite, provided the area of cross-section 
carrying a finite current is not infinitely small. 
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CALCVLATJOS OF COEFFICIESTS OF IS'DUCTKS 

Sdr>ln- Wk now connider tlie coefficient of self- induction of s circuit 

doelMUr coniifting of two long parallel wires of any form of croiis-tectiDn, 

^T*" and cartjring equal currents flowing in upposite direclions. If 

™"*' tho •trenglb of ll.e current be y, and S„ 5, the areas of orMB- 

jjl^' ••ctitin of A ■!] J B respectivBly, the current per unit area of 

croM-wctJon in A is ylS-y, in B ylSr We may suppose esch 

wjre made up of the same number, n, of equal uniform filBmenii 

baring their lengths pBrallel to the direction of flon, and eub 

canying a current y/t. By making n large, the value y/n may 

be made an small ns we please. 

The energy of the system per unit of length of the condnctait 
can he cakufat^d in the following manner. First we shall sap- 
I<ose, what is most frequently the case, tliat the magnetic per- 
meability is eveiywiiere unity ; then take into account the per- 
Tnoabilitv of the conductors when that is different from Dniiy- 
The tinal rceult will tbae be applicable to the important case of 
parallel condactors oC iron, in a medium of unit magnetic 
pernie ability. 

In dealing with thin circuit we shall consider the parallel con- 
ductors as practically infinitely long, tliat is, such that the in- 
fluence of the cross-conductors at the ends may be neglected (or 
any point considered, and ehall calculate only the induction Hod 
corresponding energy for the portion of the circuit intercepted 
between two parallel planes perpendicular to the conductors and 
at unit-distanc» apart. 

Let the distance between the conductors be nieasored in a 
plane at right angles to the two conductors, from a convenient 
point in one cross-section made by that plane to a convenient 
point in the other, and be denoted by b. Then let these points be 
taken as origins of rectangular coordinates (a^, in the direction 
in which li is measured, nnd y at right anglea to that direction) 
by which die position of the cross-section of any particular 
filament can be specified. We slmll denote the coordinates of 
It filament in J by a■^, »/[, in B by jr^ j/j, and shall indicate i 
anrticular filament by its coordinates inclosed in brackets, thus 



tJ-„y, ),,(«.. p. 



let (I'l, J/',) denote a second filnnient in J, rfS'^ its area, 
istance from any point in the plane of its cross-section, 
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*'\i its distance from the filament (4%, yj, and r'jg its distance 
from the filament (^Tj, y<^ in j5. The induction produced by 
i^'v/i) through unit length of the circuit formed by the two 
conductors {a:^, y^) (^rg, y^ is 



2ydS 



^.f^=W(,og.',-log.'„) 



Induction 
produced 

by 

Straight 

Current 

throuj^h 

Circuit 

of two 

Parallel 

Wires. 



Hence tlie total induction dBd per unit of length through this 
filamental circuit produced by the current in A is given by 



^^ - 1/ 



rf/?',(logr',j-log/„) 



(83) 



the integral being taken^ as indicated, over the cross-section of 
J, To this is to 1)6 added the induction through this circuit due 
to the filaments of j9. According to the principle of the notation 
adopted above we denote the distances of any filament (ar'g* y'2) 
of B from {^'2, y^ and (ari, ^j) by r'22 and r'21. Thus if B^ denote 

the induction specified 



dB, 



= |^f^^'2 (log r'21 -log 7-22). 

S9.J B 



(84) 



The electrokinetic energy of the circuit is half the product of 
the induction by the current in the circuit. The value of the 
current may be written either ydJSJSj or ydS2/S2. Using the 
second form in the first term of the integral in (83), and the 
second term of the integral in (84), and the first form in the 
remaining two terms, and denoting by dT the total electro- 
kinetic energy depending on the filamental circuit considered, 
we get 



+ 



sis ^^^{j^'» ^°« "'^ - 12 ^^ij/^i '»« ''« } (86) 



Hence we get the total electrokinetic energy by finding the 
values of dT for all the circuits which can be formed. Thus we 
have only to integrate each of the terms of (27) over Si or S^ as 
the case may be. Hence 

VOL. II. U 



CALTDUTIOir OP IKDrCTION 

StStli>eSn~J { log»-„rfS,rf^ I 
S,'i^Jin-f j iog''»<IS,iiS\\ . . . (87) 

Ihm J» JIu. *»■ »" c«ll«d yiomelric nuan ilislawen, S„ ot ihe 
■IMh^bxrai^ ffuuf -S frou> i<a«lt ami £„ of S, from iUclf. 
' Aa detemiiialmD of tli« self-indijction coefficient of a circuit 
mtrnfomd at two loog slraight pnrallel wires, is ttiua reduced to 
lk> mleulBtiDB of tlie gvometric m^an dietancea pf the CTOsa- 
il tn** of the ooodnctora from themeelvoH, and from one 
^, ^ ^ . TltB coodaclors mny have any form of croBa-section, 

•ad th« cilrnlation of their coefficient of self-induction i» of 
evnlM diMiretickllj poGsibte. Its evaloatioD, however, except 
in a f*v oampanlivelj simple l>at important canes, is a tedioug 
and tniuUoMine operation. We eliall consider tliese cases pre- 
•ently, in tlw meantime we can infer from electrical results 
alrcadjr obuined the required peometrical mean distaaces for 
two right Ctrcolar cvtindric condndors, whether tubnlaroradid. 
F*r brerit/ wp ahall denote in the lelter-press g:eometrical mem 
diauncea hy U. M. D. 
O.X.D. In tlw firal place the G. M. D. of the conductors from one 
'ft''^ aBodivr is eqnai lo the distwice between their axes. Asweliave- 
^•'i* MUn. the magnetic force at any point eiternal to either nf the 
randiKIoTs (say ji) is the same as if the whole current were 
«)tl«cted in a filament along the axis. Thus the induction 
thrADgh any eiternal area may be foand by supposing the con- 
ductor ^ replaced by an axial filament carrying Jhe same cor- 
rrnt The electromagnetic action of the current in J on unit 
length of an external parallal filament carrying unit currentia 
Sy'r, if r be the distance of tlie filament from the axis of ^. We 
infer therefore that the reaction of the filament on ^ is the same 
ns would be exerted on the axial filament replacing the latter. 
Thus the total action of the conductor ,5 on ^ is the snme as if 
the conductors were replaced by filaments coinciding with their 
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It follows from tliis th»t the espresaion for their mutual 
electrokineticeDergfinUHt be the aanie as if the canductont were 
replaced by axial tiliimeiita, that is, the G. M. D. between tiie 
conductors ia equal to tlie diataiice between their aaeB. A direct 
snalytical proof of this tlieoreni will be given presently. 

We can now lind very simply the energy of the arrangement Energy of 
of two tubular wires, provided we can neglect the disturbance Oppoeite 
of the magnetic field produced by the iiiagneti/ntioii of the Cnmnts 
conductors themselves, taking ititu account the mngiietii; per- „ "^. , 
meabilities of the substance of the conductors A and £, which m"^ , 
we suppose fi, and fi, respectively. Qj,^. 

By (79) above, if a,, a\, be the internal and external radii of duotore. 
the condnctor A, the total amount f, of energy corresponding 
to the induction in A produced by its own current is given by 
the equation 






wliicii if «, = 0, tliat is, if liiB conductor is a fiolid ■ 

j;-J,.v' 



Smilarly for the energy corresponding to the induction i 
I produced by the current in B we obtain 



r. = ' 



/w- 



(91) 



The value of B st distance r from tlie axis of A ill the medium 
between the conductors is 2^7/r, if ^ be tlie magnetic per- 
meability of the medium. In the substance of £ the magnetic 
induction doe to the current in A is to be calculated as if S 
were replaced by the medium occupying the field, and similarly 
the induction in A due to the current in B ie to be dealt with. 
For since S is isotropic, and the effect of the magnetization of 
the conductor ia neglected, whatever of A'a lines of induction pass 
through the substance of B, follow the direction of the rosgnetio 
force, that is, are along circles, the common axis of which is the 
~ is of A. Thus, if Fig. 66 represent a section of the conductors 
U2 
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kf ft flaw M Hfta ■ae'^ ^ ^^ coodiicior, so that a is a |>oiiit 
^ tf« oii «f ji- wai 9 tlM oormpoDding point on the axis of 
M, lW taAMtioanroagk tb« muCmm, the projection of which is 
«y, a^ b« afamllr taken Otrongb a'^f where i3',)3', he od n 
barfiadaeCiaK. Bu«'^, lies eotirelj m the eztern&l medium 
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+ »'log— 1 (92) 

OoBptring with the expresRion ilZy^ for the same quantity 



{"■ 
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+ 2,1 log - 



(93) 



/, is therefore very great for wires of very siuall diameter, 
even if they be only a modenite distance apart. The least value 
which it can have is obtained wlion the two wires are put into 
contact, that is, when /i = a^ +■')■ 

If the wires he solid (^3) reduces to 



6^ 



+ l(jh + lh) 



(93') 



For two solid \ 



n contact the last equation becomes 



„ ("i + "s Y 



'^ + i-(F, + f^ 



This theory requires correction in the case of wires in which 
the current is not unifoctn over the cross-section, which it 
□ever is when its strength is rapidly varying. This esse will 
be considered below in this chapter m the section on Rapidly 
Varying and Alternating Currents. 

On account of the effect oE the magnetization of the con- 
ductors it is difficult to obtain a complete solution except in the 
case of coaxial conductors. The general case of two parallel 
cylindrical conductors, carrying steady currents, has been worked 
out by Mr. H. M. Macdonald, of Clare College, Cambridge {Proc. 
Camli.Fhil.Soe. Vol. Vll.Pt. V.). His result shows tliatwhen/ii 
(the common permeability of the conductors) is 100 and upwards, 
the part of L depending on the size of the conductors and tlieir 
distance apart is oidy slightly affected by tbe permeability. 
Instead of (9iJ') he obtains, putting i. = {ft, - ii)l(jii + f*)i 



.m+2,[iog— +xiosjji:: 



6< 



-.,-)(«" - «!")«»' - »i") -»■,'»■; !'" - «;') ■ 






(93-) 



CALCUljiTlON OF INDUCTION 

^„__ We on iii>w c«lcii1al« tlie G. M. D. in some importanl 
Mm if It b ffrat to t>* aoiiced ihat if tbere eiial any number of iireU (tf 
■ «xUlil J. B, 4c., tJie G, M. D.'a of which, R^, Rg, «o.. from 
■]wUi<r area S arc known, it followa from tke detnitiim tliat tlie 
G. II. D., K of tfacir Hum from S is given by the equation 

, ■flog-«^+ gl0Sflj,+ .... (35, 

^"+fl+ .. . 

Q-f-P- P* We conrider firel tlie G. M. D of ft circular area, aimuUr or 
'™'™ complete, from a point P, (1) external to the area and in its 
^5"~ plane, (2) iit the circular area itselt Let i be tlie distance of F 
troin the centre of the circular area, a, a the internal and ei- 
tenial railii of the latt«r, * and j+ ii the radii of two inter- 
mediate circles very near to one snotLer. Let two rtidii OR, OS 




( Kig, 66) be drawn, making the angles 0, 6 + dB with OP, so as 
to intercept the element of aren xdidS, on the annulus bounded 
by the circles of ra dii x and x + rfj. The distance of Pfrora the 
element, or r, n ^/fi' + 1« - 2Ar cos fl. Hence the G.M.D. of the 
annulua from P is given by 



^xdxlog S = iidz I lof;(i- + -*■- - 2i.rc 
This can be written 

+ ^rfj; log^i' f °de . . . 



J)d6. 
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Now the first integral on the right of (36) is known to have 
the value 4fr log 6/a:, if 6>x, and o if b<x. Hence ih case (1) for 
the annulus 

2Trxd3;\og R = 2nxdx (log b - log^) + 2nxdx\ogx 

or R = b (97) 

On the other hand ^ P be within the inner boundary of the 
elementary annulus b/x<ly and the first integral of (96) is zero. 
Hence we have for the annulus in case (2) 

27ra: log R = 27rar log x 

or R = x (98) 

From these results it follows by (96) that the G. M. D. of any 6.M.p. 

finite annulus from an external point P is simply the distance of of Finite 

the point from the centre. For the annulus is made up of Annulus 

elementary annuli, every one of which has the same G. M. D. „^J*^°^ 

from P. This includes, of course, as a particular case a complete ^t?™*! 

circular area. q S?Vj 

The G. M. D. of a finite annulus from a point within its inner of'^i^i^g 

bounding circle is now easily found. The area of the annulus is ^miuing 
«<«'2 _ a^). Hence by (95) if R be the G. M. D. required from 

, Internal 

r(fl'2 _ «2) log Jt = 27r r X log xdx ^oi^^*- 

= 7r^a'« log a' - a^ log a - ^ ^ J, 



that is 



log JZ = f"i^S-Jj^^J?«i' - -J . . . . (99) 



Lastly, if P be on the annulus at a distance b from the centre, 
the annulus divides into two parts, one internal and the other 
external to the concentric circle tiirough P. Hence by (97), 
(99) and (96) if R now denote the G. M. D. for the whole area 
in this last case 

or 



O.H.b. 

' ofPtBH* 
Aaantiu 



CALCULATION OP IKorCTlON 

Th« following curullories follow at once from theae resulU. 

1. Tlie G. M. 0. from a circular nren (complete or annular) nf 
mny are* eilenial lu Ilie circular area, snd in the same pUne, it 
(Hiual to llio G. M. D. of the figore frr>in tbe centre of tbe circle. 
For tlio G. M. O. of every part of tlie area is its distance from 
ttut centre, and the result follows by (96). 

2. Tlic G. M. I), of any figure completely internal to an 
aiinnlar area from that area is the value of '^ given by (99). 
For it ia tlie (i. M. D. of every elemeot. 

8. The U. M. D. of a circular annulus of infiniteHima! breadth 
from itaelf i* simply its radius. For the G. M. D. of every point 
vn it from the aniiulus ia the radius. 

4. TheCi. M. D.oftbe finite annulua from itselfig given by 



log S = log a' - 



" - <,')' 



log^+l^—"^. . m 



For consider tlie G. M. D. of the annuloa from a point ii 
disUnt X from llie centre. The G. M. D, of the internal part is 
JT, the logwitLin of the G. M. D. of tbe external part ii 
(a^ log a' - J* log r)He'^ - J^ - i- Heiice as found in (100) the 
U. M. D. of the whole urea from the point is given by 



Iog«' 



o^logff'- 



■^ log J- 



^+.7r 



^Jogx. (1C8) 



Tbe Q. iL D. of an infinitesimal unnulus of breadth d* and 
radius n from the total area is thus if. Hence by (95) file 
G. M. D, of tlie whole area from itself is to be found from 



- Q-) logA = r 2jtxax logJi: 



Substituting the i 
obtain (101). 

If a = o, the area 



i of M' from (102) iind integrating we 
1 complete circle, and (101) gives for that 



Nest consider the fi. M. D. of it line from any point P. Let 
AS (Fig. 67) be the line, ;; the length of the perpendicular from 
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P on the line, a and a' the lengths of the segments AO, OB into G.M.p. 
which the line is divided at 0. Then the dis tance fro m P of of Point 

any point Q in the line at distance x from is VpH^^. Hence «Jj^.°l^ 
for the line «^^ 

(« + a') logE » r log V»^ 4- x^ dx 

J —a 

- ia' log («'2 4. y^ 4- ^a log («2 H- p2^ - (a + a) 

4-/?Aan-i- 4-tan-i- ) (104) 



(P 
I 

! rt 



/ 



B 



Fig. 67. 



If coincide with the centre of AB, a =^ a' =^ ^ the length of 
AB, and 

log i2 = J log (^2 4. jp2) _ 1 4. 1 /tan- 1 - 4- tan-i - ) (105) 

If coincide with B, a = 0^ and 

log i2 = i log (a'2 4. ;)2) _ 1 4.^^ tan-i - . . (106) 

a p 

where a' is now the whole length of AB. 

From (105) we get at once the G. M. D. of four lines forming G.M.D. of 
a rectangle from the centre. For let the length of the rectangle Boundary 
be a and its breadth d. Then since for the ends p = ^a, and for of 
the sides p = ^b. Rectangle 

from 

2(« 4- 6) log E^{a + 6) log t+Jl - 2(a + b) ^'''*''- 

4-2«tan-i - 4-2^tan-i 2 
a b 



Bmiii4u7 



CAI.CULATIOX or INDfCnON 
t' rectangle \v a gquuiK a = b, anil tLus 

= ./.--!'«/ ^f 



G.M.D. TliD 11. M. D. uf tutu paiallcl lines from one soother can now 

ofTwo \iv fouDil. Tliis IB an imporUnt case, ub it enablea the eelf- 

Panlld inductance uf b circuit coinjiOBed of two parallel thin slieetBof 

Uum from cuwliiciiiig msterittl lo be oulciilateil. Let AB, CD (Fig. 68) be 



Iba linea, and A' the foot of tlie perpendicular from jI od CD. 
Let J be the diBiance of P from E, and p its distance from AB, 
n and (3 tbe distance of C nod D from S, taken as positive 
iiuantitiea when meaiured from E to the right, and negative 
when nieftBured the other way. The length of Cl> is thus S-a 
and if be the lengthof ^^. wehiive to put in (104) .r for a< and 
a-x for a'. Thus multiplying the expresRion on the right of 
(104)hy//j-, and integrating from j- = n to ,r -=^, we find by (95), 
if R now he the G. H. D. of CU from AB 

a 08-..) log A 

= nS'+P*) 1«K (S' + P^ - i(a' + I^ l-'g («^ + p*) I 

-\\ifl' |9)" + !>*} I»S U« - 3)' + J"") 

+ 1 {(a- «)'-!- 1.^1 log {;a-a)«+i;=} 
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+ pff tan 



-1^- 



P 



pa tan-1 _ 
P 



— p(a - /3) tan 



■ •,tf-/3 



a — a 



+ p (a - a) tan-i 
P P 

- ftf (/3 - a) (109) 



["he value of R given by this equation may be used for the 

culation of the self-induction of a circuit composed of two 

g thin strips of conducting material arranged with their 

gths and planes parallel. The lines ABy CD represent the 

88-sections of such an arrangement made by a plane at right 

i^les to the conductors. 

The G. M. D. of each line from itself can of course be found G.M.D. of 

m (109) by putting a = o, /3 = » (the length of the line con- Straight 

3red), and p = o. We thus obtain Lin© from 

Itself. 

logJ? = loga -I (110) 

ich can be verified at once by calculating directly for this 
ticular case. 

Ne can now find the G. M. D. of a given line from an area in G.M.D. of 
same plane. We shall consider first a given line and a Straight 
allel rectangJe, and from the result for this case deduce the Lme from 
M. D. of two parallel coplanar rectangles from one another, p ^f^^ 
B practically important arrangements are those in which the l^^ctangle. 
i and rectangle, or two rectangles, are symmetrical about the 
J passing through their centres, as shown in Figs. 69, 70, 
I 71. 




Fig. 69. 



»00 (rALCULATION OF INDUCTION 

ILtLD. of Tskini^finttliu line and rectangle, hb !□ Fig. (69): and paltitie 
giglglit a, a for (lip lengths AH and CD, we suppose the rectangle to be 
UhEpoih gonnniMi hy the motion (if CD, at riglit angles to itself ibrongb 
Phallcl ■ diaUnro b, llie breadtli of the rectangle. We may thus auppoie 
" . Cli raadc up of pnraltcl strips of urea, each of infiniteMmal 

breadth itp, and Hnd the G. M.D. of the rectangle bv multiples 
Iha eijirauaion for log R in (109) (modified to suit the circ " 
stuncea supiioBed) by dp, nnd integrating from p\xi p-\-h. 
constant focton on the left will for sinipticity be retained. 
We have here o - *(a - »*), S = \{e-\. a') so that 



<I-<I = 


i(» 


+ ••) 


-ft 




»-e = 


JC 


-"I 


... 














••• log C 










-J(S'+r^l«g(S'+p>) 


-1(«* 


+ rtrog(. 


+ Pl 


+ 2KSt«n- 






tan-i - 
P 





If the G. M, D, of the rectangle CV from the 



obtuiD 








..■» Los 


R 








- * (f + i) jfi" - 


'^J^'losKP+i)- 


+ sn 




-!p(fl'-^)loB(r' + s>) 






+ S(f + i)" 


"-,-:-.-*■""- 


3 




+ Iff ton- 


.«+_'-iff,„-.j 






~ (tho same xerioB 


of tenns with » replaced by a) 
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V rectangle of breadth A, might have been generated by 
ving the line AB away from CD (Fig. 70). We should have 
;ained the same expression for the G. M. D. of the latter 
tangle from the line CDy as is given in (112) for the other case. 



801 




Fio. 70. 

it these two G. M. D.'s are equal is easily seen from (111), 
jh rectangle may be divided into the same number of strips 
3qual breadth, and the G. M. D. of each strip in the rectangle 
' from JB is the same as the G. M. D. of each strip of AB' 
m CD, so that the result follows by (96). 
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Fig. 71. 



Ne can now find the G. M. D. in the important case of the 
) rectangles shown in Fig. 71. Multiplying the expression 
the right of (112) by dpy integrating from p to p + b* (so 
t p is the distance of AB from CD) and arranging the results 



CALCULATIOK OF IITDUCTION 

«• find for R, the 0. M. D. of the rectangles from ono 
another. 

\a^W \og R 

- Kp + iT ilS" - * (P + SOI - * S*] log 1(P + ftT + ^r 

- io> + 6)> :a' - i o> + 6)^ - 4 3*] bg {(p + 4)» + m 

+ !/•• (^ - i ?») - i 3*1 log (P* + S*) 
^ ftho saniG series of teruis with & replaced by a) 

+ i 3 (p + ft + **) (cp + i + **)' tan- 1 ^-:jrj-+7' 

+ fl»Un-P + ^^+^'} 
' p-|- * P J 

+ !;Spjp»t«n-i?. + (5'tM.-i|} 

— (thosameseries of trigonometrical terms Willi ^replaced b)-o) 

- i 09= - n«) {(p + * + *■)' - (p + *r - (P + *)* + p"; 

-'■i^-bb- (113) 

Here it is to be remembered tliat = i(« + a'), a = 1(« - o'). 
O.U.D. The G. M. D. of either rectangle from itself can be found 
of 1 from (113)hy putting a'^o, a=a' = 8, f' ^ 6', p + i = p + 6' = «. 
Bectanglo Hence for the 6. M. D. from itaelf of a rectangle of length e and 
&OB1 breadth I/, we have the equation 

ItMlf. 

log ji-^i.g (.= + «■) -i|i.s(i + J)-ii;ios(i + ?) 
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If the rectangle is a square a ^ by and 

logi2 = loga + -log2 + 5 - j2 



6.M.D. 

of Square 

from 

Itself. 



or 



R = -447050 



(115) 



The determination of the G. M. D. of the cross-section of a 
conductor is important in other cases than that of a long straight 
conductor. For example, if we have a circular coil of n turns 
each of radius great in comparison with any dimension of cross- 
section, it is easy to see that the coefficient of self-induction of 
the coil is very approximately equal to n^ times the coefficient 
of mutual induction of two parallel coaxial circles, each of 
radius equal to the mean radius of the section, and at a distance 
apart equal to the G. M. D. of the cross-section from itself. For 
the coefficient of self-induction of a circuit is equal to the total 
magnetic induction through the circuit produced by unit current, 
and the coefficient of mutual induction of two circuits is the 
total induction through either produced by unit current in the 
other. Consider then the induction through a circle of reference 
A coaxial with the given circuit, and at a distance from the 
latter small in comparison with the radius. Let it be supposed 
as before that the current is of uniform density over the cross- 
section, so that the cross-section may be supposed divided into 
a very large number of parallel thin filaments each of cross- 
section dS. If S be the whole area of cross-section, and unit 
current flow in the conductor, the current in each filament is 
ndS/S. Let a cross-section of the whole system, including ^, by 
a plane through the axis, be taken, and let Va be the distance 
of the section of A from that of any one of the system of equal 
filaments, and Vm the distance between the section of the latter 
filament and any other of cross-section dSm. The difference 
between the total induction produced by the assemblage of 
filaments through the circuit of this latter filament, and that 
which they produce through A is 

2»|^(logra - logr^) = 2nQog E^-\og E^) 

where Ba is the G. M. D. of the cross-section of the given con- 
ductor from that of A, and Hm is its G. M. D. from dSm. 

Now let A be composed of as many coincident filaments as 
there are imagined to be in the given circuit. Thus the induc- 
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CALCULATION OF ISDCCTION 

tion tliruagli aorli lilometit of tlie coiiiliiolor iiiav bo i^ddiiiuIiJ 
wtU) tliat tliroiigli CO rrra ponding tiUiiieDt of A. Since t^» 
niimbtT uf Hlniaeata is fftdS, we liuve fur tlie total diSeicAce 
lielwei-n lliu inilucliun through A, and tbo sum of the induction' 
tlirouKh Oftch tiluiiient uf tlie conductor duo to llie vbo!e 
ai<Mtnbl>g« 

wh«re R i« now tlie G. M. D. of tlie cross-seolion of the conilncUr 
from it««ir. 

The nnergy of the giver sygtem corresponding lo this indtic- 
tion is )i«]f the product of the current ndSlK, in each filament 
into the expresiion just found, that is, it is n'(log Ai — lo^ JQ- 
Tbia VKnishvs when JU" R, that is, when the G. H. D. of tha 
croas-settion of A from that of the conductor is equal to the 
G. M. D. of the latter from itself The energy of the given 
system is then e>|ual to half the product of the total current into 
the induction through J, that is, in other words, the eelf-indoc- 
tloD coefEcient of the gii'en circuit is ecgual to that of mutual 
induction between the given circuit and A. 

That the cocBScient of mutual induction in the latter case is 
eijusi to that between A and an equal circuit ^ at a distance 
apart equal to R, if not e\~ident, may be seen as follows. The 
indnction through A due to the gii en circuit ie for equal carrentB 
equal to that produced by A through the given circuit, and by 
the reasoning above, this is equal to the induction due to A 
tlirough a circuit B replacing the given circuit at the distance R. 

Mutual The espression found above (113) for the G. M. D. between 
Indnctiou two symmetric ally placed recta netes is applicable to the 

of Two approximate calculation of the coefficient of mutual induction 
Close Coils |,f ^^„ c<j\\i of which the cross- sections by a plane passing 
'^'^'8* through the common aiis are rectangles, provided the radius of 

^"^''* either coil is great in oompariaon with every dimension of the 
Hections^ and with tlie distance between them. Clearly to find the 
total induction through coil B due to unit current in A, we may 
proceed by calculating (a) the total induction tlirough each turn 
of A due to unit current in that turn ; {b) that part of each of 
these total inductions which dues not pass through B. The 
difference between the sum of the results in (a) and the sum of 
those in (i) is the coefficient M of mutual induction. First we 
suppose the current in the coil A lo he uniformly distributed 
over the crose-section, ho that if S^ be the area of the section, 
nnd there be n, turns each carrying unit current, the current per 
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unit area will be nlS^, Thus the current across an element of 
the cross-section dSi is n^dSilS^. 

Now consider, as before, the difference between that part of 
the total induction due to a filament of section dSi^ which 
escapes a filament of the other coil of section dS^^ and that part 
which escapes a near coaxial circular circuit of reference. Let 
»'i2, /, be the distances from dSy^ to ^ZSg, and from dSi to the 
cross-section of the circle of reference. The difference of total 
inductions specified is then n^dSJSi . (logr^g - log r). Integrating 
over the whole area iSj we get for the difference due to all the 
filaments into which Si can be divided the value 



IS 

Equal to 
Mutual 
Induction 
of Two 
Parallel 
Circles, 



^1 j dSi (log /-la - log r). 



Now let the other circuit be divided into any convenient 
number n of circuits, each of the same small area dS^^ It is the 
difference between the total induction through one of these, and 
that through the circle of reference that has just been found. 
We have then dS^ = S2ln, Hence the result just obtained may 
be written 



slsj'^^''^^' log ^.2 - J jdS, log 



r. 



Integrating now over both cross-sections we get for the total 
difference 

nni{\og R^^ - \og It) 

where R^^ is the G. M. D. between the cross-sections, and R is 
that of the section Si from the circuit of reference. 

Tf the number of turns in the second coil be n^ instead of w, 
this result must be reduced in the ratio of n^ tow, by multiplying 
it i)y njn. For accuracy of course Wg must be large. Hence 
for the "final value of the difference of the total inductions we 
have 

WjWa (log 7^12 - ^og ^)' 

If jB = Rl2^ that is, if the G. M. D. of the cross-section of the 
conductor of reference from A be equal to that of the cross- 
sections of A and B from one another, the total induction which 
escapes the conductor of reference is equal to that which escapes 
the coil ; in other words, the coefficient of mutual induction of 
the two coils is equal to that of the coil A and a coaxial circular 
conductor, the cross-section of which by any plane through the 
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CALCULATION OF INDUCTION 

■sii iaat bO. M. D. from tiiat of the coil J, eqiiiil tcithatof tin" 
cniiw^eotioini of A and B ttoia one anotiier. 

It iDu>t l>« poMible to replace the coil J by a conductor Df 
proper in«an rwljug carrying the whole nirrent of n units vbicli 
flown in the coil, »■> that the lotul induction tliroiigli it \t e^ml 
ii> tii« RDm of ihflsp throngi) the cunxial filnmentul cooduflon 
into whirh the I'oil has l>een aiippoeed divideil. It" the rrniiua ri 
uny part of the coil l>e lirge in coinpurisrin witli the diiiieii»ion> 
of (.'rvna-iwctioli. this proper meari radius may be taken as the 
■iiuple ineau radius of the cciil. The other coil can then l)e stw 
■uppOMd replaced by a cotJcifll circular conductor at ii distance 
from the other equal to Ry^ Thus the determination of the 
oofflieicnt of mutual intliictionof two coaxial coils is reduced to 
the ttetorini nation of tliat of two cobxIhI circles. 

1 The relative pa«iiion« of these two circles is not definite. If 
we coiuider the tities of force through a coil due to the current 
in it, we see thnt these Br« cloned ronnd the coil, and any closed 
L-irciiit placed id its field will pass through certain lines of 
force. The circuit may be placed in any position or have any 
■ixe i-onaiatent with pawiDg through the same liiie« of force, anii 
the coelHcieDt of mutual induction of the coil and circuit will be 
the aaiue for all. If, io tliepreiientcase we suppose the prim aiy 
circular conductor filed, the other mny be situated anjrwhere on 
Uie toroidal surface marked out by the circular lioesof force, the 
radius of which is ihe G. M. D. of the croNa-Bections. 

We proceed now to calculate the coefficients of mutual in- 
duction of coaxial circular circuits and coils. Taking first the 
i-asc of two coaxial L-ircles of nearly equal radii, we see that if 
wo can find tlieir coellicient of mutual induction when the 

' circles are in one plane, we can Snii that for the actual arranjie- 
ment by calculating, in the manner d^sf^ribed above, the portion 
of the total induction due to Ane which escapes paasing through 
the other owing to the deviation from coplanarity. 

Consider first two coaxini circles in the same plane. Let the 
radius of the outer circle be a + r, and of the inner a. Then 
if we take any element dt of the outer circle at^ (Fig. 72), and 
let 6 be the angle OAE between the diameter through ih and n 
line of length r drawn to an element E^ of area i^Bdr in the 
inner circle, we have for the magnetic induction through that 
area the value dt coa tf/r* . rdBdr. Henct for Ihc total induction 
B through the inner circle we get 



J.3/*/7'' 



6 lied,- 
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3 r J = AB, ^2 = -^^9 ^1 = 8in"^a/(a + c), and the final 
;ral is taken round the outer circle. The distances r^, r^ are 
3ntly the roots of the equation 

r2 - 2/ (tf + c) cos e + {it + cy^ - a^ = 0. 

ise roots are 

''i I = (a + (?) cos ^ :^ 'J{a + cf~cosW^ c- - 2ac (117) 

^2 ) 




Fig. 72. 

If c be very small then approximately 

r2 = 2a cos 6, r^ = c/cos ^. 

Integrating then with respect to r we find 

ds j cos ^ log ~ = 2 J dsj cos 6 log (^— cos ^0Jd^ 



B 

Now 



r cos 6 log( — cos 2^)^^ = sin 6^ llogf — cos 2^i)-2 

1 + sin $1 



1 - sm 01 
which reduces approximately to 



log 4 ~ 2 + 2 log x/-. 
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<-Aun:LATios OF isDuenoK 






!l«« Ut tb* oxvh of mliat 



(US) 
leof 



■tied out of the plan 
wliile siill remaining couii.1 villi 
Tbe dibfOMe bMveen the total )iidut.-tioiie vhlcli 
gtlfmtgli the cmatler circle JD its two poaitioM 
tmfaaltleJ h if tlw etrcks were etraight. Putting not 
r fdr ^1* + <^, Um titortmt iisuixx between the uircuhr nrci, 
tW Mbn*ca of mdoetioit* per tmit of lengtli is opproumately 
^tgr~V»gr). M>d Cm tbe whole circle itraljiog r — hg c). 
BHMtfecadBcMnt JTaf tnittiul inilHction between the circle^ 
tm tfas ifadAed confiB ur Hion b Kpproximateljr given by 



(Ufl) 






[C<d«f P^wUBTMultwei-jn finil npprouinalely Ae relative dimeii' 
Mtt* ■( • Mi) of UTg« ndius, which for b i^veii length anil 
ea«c* «if win lua a nuuimmn coefficient of self-induction. By 
tW WMTMH pr«T«l above (p. Wl), tbe Belf-indaotian coefficient 
»>«^aal tolhieradBeietilof mntnal indnction between two equal 
eoik Mdi of tb« given mean radine, sod at a diHtance apart 
eqnl to tba G. M. D. of the crosa-eection from itself. Let the 
O. )L n. b« AL Tben by the preceding result if the number of 
taraa W ■ 

(119') 



i = 



K'-l- 



ow ft>r similar sections of different lines 
Im as the dimensioiia, and since for a given thickness of 
r the number of tnms varies as t)ie cross-section, we have 
CIP where Cist consUnL Again the total length of wire 
i 3s>a, so that we have the two conditions, 2nna = I, 
' fcCJPo = /.which give Ai/Ai = -ii/a.rf«/(fa=-ii:/2a. Hence 
■ ■•kittga as independent variable, different! nting tbe value of /., 
* snWtituting these valaes of ilnjila, nnil dRjda we lind 



lit. 



Am-aH- 



- log 



e.i-\ 



■- a nusimnm givea 

log R = log 8a - 
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If the section of the coil is circular of radius p, then by (48) 
above log R = logp— |^, and (60) gives 



1 i. 
a = '-pt^ = 3-224 a 



. . . (121) 



If the section of the coil is square, the value of R from (115) 
substituted in (120), gives 

a = 1-8388 ....... (122) 

if 8 is the side of the square. These dimensions are, however, 
too nearly equal to enable the approximate formula by whicli 
the relation is found to apply with accuracy, and the result can 
only be regarded as a rough rule to guide the experimenter in 
the construction of coils. 

We proceed now to calculate the coefficient of mutual induc- 
tion between a circular conductor and a coaxial helix. We shall 
employ equation (47) of Chap. IV"., viz. : 



'=// 



cos^ 



dsds' . 



(123) 



Mutual 

Induct- 
ance 

of Circle 
and 

Coaxial 
Helix. 



where ds, ds\ are elements of the helix and circle respectively 
at a distance r apart, and inclined to "one another at an angle e, 
and the integrals are taken along both curves.* 

If a be the radius of the helix, a' that of the circle, and By B', 
the angles which the radii drawn from the axis to the elements 
dsy ds'j make with the plane through the axis and the initial 
radius of the helix, we have cos^ = cos (^' — ^), ds = odB, 
da' = a'dO', Also if p be the pitch of the helix, so that between 
two radii separated by an angle B the distance parallel to the 
axis is pB^ and the circle be, as we here suppose, in the plane of 
the initial radius of the helix, then 

r^ = a-+ «'- - 2aa' cos {B - B') + /^. 
Thus instead of (123) we have 

'^' aa' Qo^ {B' - B) dBdB' 



Direct 
Calcula- 
tion of M 
by Inte- 
gration 
along the 
Curves. 



M= — 

J J jvi 



{«- + tf '2 2aa' cos (B' -B)+ p^'^}^' 



(124) 



* The method of calculation based on (126) below is due to Prof. J. 
Viriamu Jones. See Phil. Mag. Jan. 1889, and Phil. Trans. E.S. vol. 
182 (1891) A. 
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wlicre $1 is tlie 8U|>erior limit of integration for 6, and is the 
nnf^le between the terminal radii of the helix* 

Now clearly we may take 3' -B as a new variable ^ instead 
of i'y no that 



.v= /*'"Y?*^r^^'^:^. . . . (125) 



COR <f> dStUf} 



But it is obvious tliat we can find for every value of 6^ that is, 
for every element of the helix, an element on the circle cone- 
H|>onding to a constant value of <^. Hence, if we integrate, first 
with respect to By keeping <^ constant, and then with respect to | 
<P from to 2]r. we shall obtain the integral sought 



(126) 






where 


a^^a^+ a'i - 2aa' 


cos<^. 


But 








1^ ati cos f^dB i 


ia' COS (j) 

p 


and therefore 





^Og(p6^ + sfa^+p^B^) 



.»/= -/ C08<^^<^l0g(/J^l + V^j92^l2) '. (127) 

By dir ect ex pansion of log(p^i+ Va^ +p^B^)y or by expand- 
ing; l/s/a^+^B^ in (126) by the binomial theorem, and then 
integrating, we can if a>j)B write 

Kxprc*;- Now if we put ^ = 4««7(« + a'fj y = 7r/2 - <^/2, in the 
Fion of M general term of this series we find 
in a Series 

inlS^K (^'t°^J>!^=_ 1 ^ (1- 2 sin' ^yy. 
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■Hence substituting in (128) we get 






where 



m 



= r — ' 



COS 2^£^^ 



(129) 



. (130) 



If the actual coil extend on both sides of the plane of the 
circle, it will form two coils of axial lengths pBi^ pO^^ ^or each of 
which M must be calculated by (129) and the results added. 
If Bi = 6^ numerically, the value of M is double that given 
by (129). 

To calculate the values of Pm we proceed as follows. After a 
slight reduction we find 



if 



Now 



Q ^ ft '!± 

J (1 - Ic' 8in2 ^)(2-+lV2 



<2„=9,,.i + _AjJ^§„.., 



(131) 



(132) 



and it is to be noticed that, Q,(^ = F, Q i = F, where F and £ 

are Legendre's complete elliptic integrals to modulus k. 

Between these integrals are the following well-known and Integrals 

easily established relations expressed 

in terms o 

dF E F^ Auxiliary 

- - = N Functions 

dh h (1 - kV k 



Hence by (132) 



dE^E-F 

dk ~jr 



^ ^ dk \- h^ 



(133) 



(134) 



812 
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Process of From (134) Q^ can be found by (132), then Q^ from tbe result 
Computa- and 80 on in Huccession. These used in (131) give the values of 
tation of p^ P^, P^ . . . . Thus 
hitegnU, 

A— 

Pi - /7. ( I \ /:.) iC-' - 2) ft- + 2 (1 - /.-') Fi 

A = 3/^ 7|'_ ,.,j, 1 - {'■' - 2) /■ - 2 (1 - /. =< + 1.*) r^ 



Thus the value of Piw could be calculated for successive values 
of m, but the process is laborious. It is easier to proceed 
thus: — 

By (134) we have, writing for brevity Q'l = dQi/dl; 
Q'l = (T'QJdP, .... 



k (1 - 1^) Q\ - 2/v2 Q, = E- F 

k (1 - Jc^ q\ + (1 - bl^) q\ - UQ,=o 

/j (1 - k-) Q"\ -1-2(1- 4//-') Q\ - WcQ\ - 39i = 



J 



. . (135) 



from which Q\^ Q'\, .... can be calculated numerically in 
succession from the given data. 

Then the work is carried on as follows : — 



(1) Qo, Q'o. Q"oj §'"2, are calculated from the equations 






5 



/• 






•• . . . (136) 
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of which the last three are successive derivatives of the first. 
The quantities on the riglit are all known from the computations 
indicated in equation (135). 

(2) §3, ^3, §"3 are calculated from these quantities by the 
equations 

o 






(137) 



of which the last two are successive derivatives of the first. 

(3) $4, Q\ are calculated from the quantities found in (137) by 
the equations 

A /• ■ (138) 

the latter of which is the first derivative of the foinier. 

(4) Q^ is found from the values of §4, Q\, by the equation 

Q^=Qa + IqU (139) 

(5) Pq, Fi, . . . . P5 are found from the values of F, F, and 
of Ci» . . . . §6 [equations (134) . . . (139)], by successive 
applications of (131). 

Professor J. V. Jones thus calculated the coefficient of mutual Eesults 0I 

induction of a helix and the edge of a coaxial disc in the mean Calcula- 

plane of the helix, which he.used in a very careful determination tion in 

of the S{>ecific resistance of mercury in absolute measure.* Actual 

The dimensions of the helix and disc, and the results as com- ^^^^' 
puted by him, are given in the following table : — 



Phil. Tram. It.S. vol. 182 (1891) A. See also Chap. X. below. 
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Axial 


Icnt.'Ui of Helix = 2f$ 


= 4*025 inches 






Mmii 


raditiK ftf Helix s a = 


S lO'.K^ 


774 inehes / 


logiok = 1*9874084 

V ^ 1 .AAAdAOQ 


lUdhiM of DiKk so': 


= 0-49493 inches ^ 


Jfc BS 1 ^NKkMVo 

F = 2*8509009 


! 


<?! = 


= l-8931652xlO 


■ 


J\,= - 


- -93092203 




V:i = 


= 21977948x10* 


1 


A=- 


-1 -5149680 X 


10 


% = 


= :^095r221xl03 


1 


^=- 


- 2-0589783 x 


10« 


C^4 = 


= 4-6967162xl0* 




/'3=- 


- 2-9988831 x 


103 


Vi = 


= 7-3990()16xl06 






- 4-6004090 X 


10* 1 








i<=- 


- 7-2872416 X 


10^ 1 

1 


These gJivt 


1 










S(- 


I .''.tj... 
^^ 2 ; 4 . G. .. 


{im 
2m 


-1) 1 / p$, Y" 

2m + l\a + a' J 

A 


Pn 

QQQ01 ACi 


and 










300^140' 



or 



.1/ =r 89-7717 X number of turns in coil, 
M = 16606-6 



since the number of turns was 185. 

A])plica- It is to be noticed that if, instead of a circle and a helix, we 

tion of have 8imi)ly two circles of wire, the same mode of calculation 

^lethod to is applicable. For putting b for the distance between the planes 

Case of of the circles, we liave for M equations (124) and (125), with 

Two ^^2^2 replaced by //. Expanding in ascending powers of b^/a^, 

Cncles. .^^^1 integrating with respect to 3 between the limits and 2ir, 

we find 

M=2iraa' i cos d)r/<i> (----- -^ - &c.V (140) 

7o \a 2a-^^2 . 4 a^ / 

which is convergent so long as'i^^a^ Hence b must be less 
than the difference of the radii of the circles. 

From (140) we find by the same process as before 






(141) 
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vhere Fm has the value stated in (130), and may be calculated 

or i» = 0, 1, 2, 3 . . . . as described above. 

This process wDl not be applicable when the circles are very Case of 

nearly equal in radius ; and in general it is more convenient to Two 

use the result (89) stated on p. 60 above. By the equivalence of Circles 

two circular currents to two circular magnetic shells, the ed^es o(^iicarlj 

of which coincide with the circuit, we find from the equation ^^j. 

referred to ^^"^ 

.¥=47rV^"'{(|-^)^-|^) . . . (142) M 

^ y *' expresset 

wh ere it is to be noticed the modulus k has the value Yn^OT^g 
2 ^aa'l V(fl + a'f + A^ and F and E are tlie complete elliptic 
integrals to that modulus. If in one circle there are rii turns, 
and in the other n2 turns, the value of jlf must of course be 
multiplied by «iW2. 

When the radii are nearly equal, and are great in comparison Con- 
with d, the modulus k is only a little less than unity, and the vergenc^ 
expansion of the elliptic integrals yields slowly convergent o^ Ellipt; 
series. In such a case we can improve as much as we please ^tegral 
the convergency of the series by employing a sufiicient number -E^P^^^- 
of times in succession what is known as Landen's tranformation, T^?fl\ 
whereby the integrals are transfonned to a new modulus l\{<k) "rrans- 
defined bv the equation ^' « 2 »JTj(l + I'l). If F{ki), E(JcA be formatior 
the complete elliptic integrals to this modulus, F(h)f E{h) tnose 
to the old modulus A*, 

j'(fc)=(i + iOi'(fci) ) 
ir(.)=£^)-(i-.,)^(.o| • • • • (^^^) 

These relations are easily proved thus. Draw (Fig. 73) a circle 
APBiitoxxi centre with radius r, and join the point P with C 
(a point on the radius AG) and with A. Denote the angles 
PAOy FCO by 6, ff^, and the distance CO by r^. Nov^r if Q be a 
point on the circle adjacent to P, we have, since angle FOB 
^^^-1^1^ = 2r^^/ >/r2~4: ri2"+ 2?Ti"co8"2^ = 2rdei\{r -J- r^ 
Vl-4rriSin2^/(r + ri)2^. ^ut from the trian gle CQP, PQICP 

= de^ sin CqP = dej>Jl ^mn^OPC = d6^l Vl-^/r^ sm^^p 
Hence 

2r dO^ d6^ 
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and, if Z: = 2 N^rr['(r + ri), A'i = rj/r, this gives 

2 /•• dB r^i ^i J 

1+^Vo Vi-A-sin^^'^io Vl-Aj«8in*^i 
which gives the first relation stated in (143), since when 




Fk;. 73. 

From the triangle CFO we have sin i^B-O^I sin Oi = q/r, by 
which the limits of integration with respect to 6^ can be fixed 
from those for 6. 
Modular The second equation stated in (143) can be proved from the 
Relations first. Ry diflcerentiation of the latter we have 
of Elliptic 
Integrals. ,j _^ j, ^ ^^^(^m) _^ j,.g, ^ ^ (^Fjl) d-k_^ 

^ dl\ ^ dh dk\ 

Substituting in this the values of the differential coefficients, 
namely, - h\l\Ml\ + E{l\)ll\{\ - ly) for dF{l\)ldl'^, ^(^/A'(l - 1^) 
- F{l)lh for dF{l)ldk, given by (133), and (I - l\)l >Jk^{\ + l\f 
for dh'ldL\. and reducing by means of the first relation we arrive 
at the recpiired result.* 

* The same formulne of transformation are available for the reduction 
of an elliptic integral the modulus of which is greater than unity to 
one less than unity. In this case the initial modulus is to be takeu as 
k^f and that to which the transformation is made as k. AVhatever ^*, 

may be 2/y/^-,/(l+^'l) is less than 1, since it is the geometric mean of 
the two quantities Jc^ and 1 , divided by their arithmetic mean. Thus 
the new modulus is less than 1, 
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Substituting from (143) in (142) we get Expression 

of M in 
, — 1 Elliptic 

M=^7r^/aa'-if\F{l',)-E{l',)}, . . (144) i„togral8 

'^''i Traus- 

a formula for M sometimes more convenient to use than that j^g^ 

'n (82). Modulus. 

Taking the old modulus k, as ab ove, the new modulus k^ is 

given by 2 V/Ji/(1 + l\) = 2 sl^j 'J{a + a'f + b^, or what is 
the same thing (1 -^'i)/(l +/«^i) = ^V'*!* ^vhere rj, r2 are the 
greatest and least distances from one circle to the other. Hence 
in this case 

Ai = '^ ^. ....... (145) 

Taking an angle y = cos '^(rjri) Maxwell* has calculated the 
Values of log {M/hr s/aa') for intervals of 6 minutes of angle 
for values of y between 60 and 90°. This table is reproduced in 
the Appendix to this volume. 

From the relations (133) above we can find difiEerential Modular 
equations which are satisfied by the complete elliptic integrals Diflferen- 
F, E ; and by aid of these equations the integrals can be expanded tial 

in ascending powers of ^^ (= sll^k^), the complementary ^g^^^^^i**^^ 
modulus) when h is very nearly equal to unity, that is when 7/ byVllintic 
is small. f The relations referred to can be written Integrals 

-^=(4-0^'- 

Hence operating on the first of these by kd/dk-l, and sub- 
tracting the second we get after reduction 

ax^ h ah 

Again operating on the second relation by (1 — h^) (1 + kdjdk) 
adding to the other, and reducing, we get 



* El. and Mag. vol. ii. chap. xiv. (second edition). 
t The process followed here is practically that given in Cayley's 
Elliptic Functions, Art. 77. 



! 
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Tlic corresponding equations in tenns of the complementary 
modulus are obtained from tliese by simply substituting ^ for 
k everywhere, and in (147) changing the coefficient of the 
second term to -(1 +J/^ll/, as the reader may verify by means 
of the defininjc relation l^ + l/^ = 1. 

Solutions Thusbotli /'(/.■)and ^V/) are solutions of (146) whether the inde- 

of Differ- pendent variable be k- or I/. The complete solution of (146) is thus 
ential aF{k') + aF(k') where a, a, are arbitrary constants. Equation 

Equations. (147) js natisfied by E{k). But clearly if y be any solution of 
(146), (147) must by the fundamental relations be satisfied by 
ll-k'^)(y+ k-djfldk). Hence since the complete solution of 
(140) is aF(k) + aF(k% (147) is satisfied by the result obtained 
by substituting this value for y in the preceding expression, 
that is, aE{k) + a{F(k^) - E(kr)}. The form of this is not altered 
by adding the particular solution E{h\ so that the complete 
solution of (147) is ^E{k') + ?{F{li^) - E(kr)} where 3, ?, are 
arbitrary constants. 

Value of For the expansion we see in the first place that when /.* is 

F(k') when nearly equal lo 1, /.' is very small, and we ma^' write 
k is nearly J i > j 7 j 

unity. ' n IT 

r2 2' fW _ 4, r ^ 

F(k:) = j ^,^^^^2 ^ _p/2 8in2"J J ^^2 q ^ k'^'^lrfe 

rr * 

e 

o 

where c denotes a ((Uantity very small in comparison with Jir, 
hut large in comparison with //. The first integral is, very 
approximately 

ir 

— - e 

; '-a = »^g tan \{Tr -^) = log -. 

J Q cos 6 ■ € 

The other integral may be written by putting n = lir — S, 



/: 



very nearly, since we have supposed /" small in comparison 
with /jc, and h is very nearly unity. Hence adding these two 
results we have 
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/^=Iog| + log| = logi . . . . (148) 

1U8 in the limit when 1^ is very small^ log 4— log W is the Expansion 
8 of F(Jc), This value must also satisfy, under the same of Oom- 
ition, the differential equation (146). If then, we can find J?J?*J. 
ies for F{Jc) which satisfies the differential equation^ and Elliptic 
oaches more and more nearly to log(4/A:') as hf is made ii^'^K^*^- 
ler and smaller, we shall have obtained the required 
lopment. 
riting then 

F{k) = P log i + § 

e F and Q are functions of k^ to be determined, and substi- 
g in (146) (written with h' instead of k) we obtain a result 
16 form 

il/log | + iV'=0 
I which by equating M and N sejiarately to zero we derive 

^^ '-^dk'^'^ h' ill/ ^"^ 

Uk"^^ k' dk' ^ k' dk'^ 

le first of these is by (146) satisfied by P = CF{lf) where 
a constant. 

3veloping now the element dBj Vl — k"^ aiix^B of the integral 
series of ascending powers of k\ integrating then each term 
1 to 7r/2, and using Wallis's theorem that 



/ 



IT 

2 

Sin' 



2«, . ^^ ^ 1.3. 5... (2m - 1) n_ 
^ 2 . 4 . 6 . . . 2w 2 

>rder that when k' = 0, the value of F{k) may reduce to 
[^jk') we must take C = 2/7r, so that 



P= 1 + 



G^"^ + ^3^''' +■■■ 
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Calculating from this we find 

an*! tluM i« th** value of the part of the second of (149) which 
irivolves Q, It is riear thus from the form of that expression 
that Q rnnnot involve odd powers of 1c\ and as, on account of 
the liinitinjr value of F(/.'), it cannot contain any constant term, 
we niiy suppose 

'=-QT'.'"-(l;D*'^"-ai:3''^"-- 

Siihstituting from this in the second of (149) using (150), we 
::et tinallv by etpiating to zero separately the coefiScients oik'^, 

7'J M4 

f » • • • • 

'~l.i -~1.2+3.4' ' 1.2^3. 4^5. 6'-" 

SO that 

<.ri«ior 4 

Kim ^V<) = Wj:. 

^ ''niiplote 
Klliptio 1- / 4 -2 \ 



^:>-.4- V "^k' 1.2 3.4/ 
• 2-.4-.()=i V ^// 1.2 3.4 5.67 



(151) 



Tlh» expansion of K(k) can be obtained from tliis by the first 
relation of (133) namely 

./F(/.-) ^ _ F(^ E{h) 
ilk k "^ Ik'^ 
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or, what is the same thing, 

E{k) = Tc^FiJc) - A;(l - r^)^^. 

die 

This gives 
E{h) = 1 

^2 \ ^hf 1.2/ 

^22.4 V ^y 1.2 3.4/ 

1^^^5^eAogi-J--J_- M 
^2-^42.6 \ ^k' 1.2 3.4 6.6/ 

+ 



(152) 



These equations are available for the calculation of M from 
equation (142) or (144), and are conveniently applicable even 
when h is not very nearly equal to 1. The computation is easy 
and expeditious if systematically carried out, and can be pushed 
to any degree of accuracy without trouble, as the law of forma- 
tion of successive terms is known, and the series are very con- 
vergent. Since h is supposed exactly known numerically, 
log (4/Z/), and Z/2, &c., can be found numerically with sufficient 
exactness once for all, and then used in the numerical computa- 
tion of the successive terms of the series. F{k) and E{k\ 
having been thus found, are multiplied by the already known 
coefficients in the formula employed, and the calculation of the 
coefficient of mutual induction of the two coaxial circles is 
complete. Of course, when k is very nearly equal to unity, any 
uncertainty as to its value will render that of log (4/Z/) very 
uncertain, since a small eri'or in k will be comparable with M, 

If the coils are of finite breadth and depth of cross-section 
(2S, 2d, say, for the coil of radius «, and 2^', W for the other), 
we can, as at p. 256, obtain the corrections for the finite cross- 
sections by denoting the uncorrected value of Jf in (142) by JITq, 
and calculating d^MJda^, dW^/da'^, d^Mo/db^, &c. Then to a 
first approximation we have 

M^Mo + l{^'^' + ^''^' +(fi' + n ^) + &c. 
VOL. II. Y 
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find, bftving regiirJ to the fundamental 
D the important case in which a 



■..i{!S-JV-(2-t.l=| 



nlio/^Tiftv ■* 



A pftir of coils of equal meiiii radius has been t 
, Bowlsnd. Qlw»brouk ana otliera in experiments on ths abaolit^'* 
fctMmiuab'uti of rcBistaDces (aee Chapter X.). 

When B and /* have been accurately calculated for anj ^ren 
CM« of two equal coaxial coilij(and J/g has thus been foundj, their 
Taloes can be used with facility in theee ezpreBeionB to give the 
XMVtmxMxy correction fur the dimennions of cross-section. It is 
(o be noticed that, aa In other cases, these corrections are calcu- 
lated on the bypotbeais tbnt the ccila are uniformly wound witi 
wire sufficiently tine to enable the current to be regarded u 
uniform over the cross-section. Of course every term in the 
axpresaion for M here given, must he multiplied by JtiUti ^^ 
prodnet of the numbers of turns in the two coila. 

Haxwell has fpren an expansion for .V in terms of b and t 
which can be deduced from the aeries (151), (1G2) by suhstitutiDg 
tlie algebraic expression of ;b' in terms of a, t, and b in the above 
' expression, expanding by logaiithmio and binomial series 
log (I + */<))> i*^. ii*, ftc., and multiplving by the binomial 
expansions of the coefBcieuts [see (142)] 2/ib - k, 2/k of F(k), 
inji) reepectively. The result does not seem so convenient 
for practical purposes of numerical computation as the above 
•eries derived analytically from the properties of the elUptiu 
integrals. 

Maxwell however obtained liis series by a most ioBtruotivB 
method depending directly on electrical principles.! Onthit 
account it is here sketched, the reader being left to fill in thS 
L details of calculation, and verify the result. 

In the first place we have the following differential equation 



t St. and Stag., vol. ii. (Ewoond edition), p. 315. The elliptic integral 
ucpaniioii has beon here given in preference, even at the coat of some 
, apace devoted to purely analytical investigatioDS, required to make the 
proeeM of derivation mteUigibla to readers unaciiuainted with the 
properties of elliptic integrals. 
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which is satisfied by the total induction B through a circle in a Maxwell'i 
homogeneous isotropic medium in presence of any system of Theorem 
magnets or conductors. If the radius of the circle be r, its axis of Total 
he along z^ and z be the distance of its centre from a fixed point Inductioi 
on the axis, the equation is through j 

' ^ Circle. 

To prove it let the radius (1) increase by an amount (fr, (2) Proof of 
move along the axis a distance dz. The increase of B due to Maxwells 
the first displacement is dS/dr.dr, and due to the second Theorem. 
dQ/dz.dz, Now let the components of magnetic force at any 
point of the circle in its undisplaced position be jo, q, y, p being 
taken along the radius outwards, g along the tangent, and y 
parallel to z. If we assume, as we may without loss of generality, 
that the magnetic permeability of the medium is unity, the in- 
crease of total induction due to change of radius is plainly 

r2ir 

dr , rl ydO^ 
J 

and therefore 

aB r^"" 

a7 = ^/o^^^ (^^^) 

The number of induction-tubes swept over by the circle in the 
other displacement is 

/27r 
jpd6] 


and it is easy to see, from the directions in which the tubes are 
cut by the conductor in the two cases, that the total induction 
through the circuit will be diminished by the latter amount. 
Thus we have 

aJ=-^/o^^' (^^^) 

Differentiating (164) with respect to /•, and (155) with respect 
to Zy we find 






cxwsucnos OF ixductios 

But linee ^- -dFIJr.y - -dVjiit, m-Lere T is tie inugnetk 

SDloDtid, iha intagnl on llie rlgljl of the laet equation is zeto- 
[•nco liy (134) we iiblAID tlici iliffereDtial eqnatioc sUted a 
(153). 
1 B«luriii!is til tlie problom (if the coefficient of mutuil 
ituluution of two cossinl ciTcloa of radii a and a-i- t, let tli« dii- 
I tuo» bvtvroen thoir planea he now denoted by 2, so lliit 
r» V»» + i". WiiaBaume 1 hat instead of (119) we have 



^ 




J/-4w{^log 


1"-^), 


^^H wUte 








m ... 


+ J. 


r + .t,'J+j','J+j,^^ + j; 


,.. 


!. + «,x+fl,:"+2;',i 


+ /',J + -S'. 


1 b,(l«l) 


the coefficients i 


tliese HerieB 



^ 



which hy diRerentiation of M and RiibBtitution enables ooe ut 
of reUtiona among the coeStclente to be found. Secondly, ainm 
either eircnit may bo taken as the primary in which the current 
urt>dncinf; the induction Suwe. we inuBt obtain the e&me result 
[>y putting everj'wbere in the above eipressions r = 0, and sub- 
■titulin^ « + r fur a. Tlie former aubstitution reduces tiie 
radiua of llie secondary from a +xta a. and the latter eniarges 
that of tlic primary to a + a-. The condition that these substitn- 
tions leave the value of M unaffected, gives another set of 
r«Utioni among the coefficients. From this set and the former 
toget]ior. as many equations are obtained as suffice to detennioe 
Iho coeflieients. The final result is 



lf-4r. 108^1+-- + 



16fl' Sis' 



h4-« -S-^l + " 



4 

. (156) I 



Tliis formula may he used according to the principle explained 
above (p. 306> to find the coefficient of self-induction i of a 
coil of radius large in L-ompnrison with the dimensions of oroes- 
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section, and in this case r is the G.M.D. of the cross-section 
from itself. In ordinary cases it is probably more convenient 
to calculate the value of the G.M.D. once for all numerically, 
and then use the elliptic integral formula given by (142) when 

hran^ is put for 47r ^aa'. 

Here k = ^a/^J^a^ + r^, since the radii are equal, and r, the 
distance between the planes of the circles, is the G.M.D. of 
the cross-section from itself. By means of the expansions of 
the elliptic integrals given in (161) and (152) the value of L can 
be obtained to any required degree of accuracy, provided the 
radius a is so large that the principle stated on p. 305 can be 
applied. 

Weinstein has found {Wied. Ann. xxi. 329), from the series 
given in (156), that for a coil of axial breadth 2d, and radial 
depth 2df 

L = i7rn^aK + fi) (157) 

where, if x^bjd^ 

4a 1 Trar /I 1 x^\ 
X=log ^-f j2- 3 -i2-12j2-i2;iog(l +s^) 

x^ 2/ n 

ar* 221 

- o log x^ + 3-45:r2 -f T^rr- l-67rjr3 + Z'la^i.^u-'^x, 
^ OU Lord 

A formula of approximation, used by Lord Rayleigh to find Rayleigh s 
the coefficient of mutual induction of two coaxial circular coils Approxi- 
of rectangular cross-section, will be given in next chapter. Fo^nlL 

Section III 

INDUCTION IN CONDUCTORS CARRYING VARYING OR 

ALTERNATING CURRENTS 

We conclude this chapter with an investigation of the effect Varying 
of the distribution of the current over the cross- section of a Current in 
straight cylindrical conductor on the self-induction and effective Cylindrical 
resistance of the conductor. Take the conductor as a straight Conductor, 
circular cylinder, with axis along «, then the density, w, of the 
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cumot is a function of the time and the distance r of tlie point 
considered from tiie axis of the wire. Hence also the vector 
potential U at each part .of the circuit is a function of the same 
Tariabletf. Astome tliat 

j7 = 5+r+rir« + r^4-... + r»r2i» + ... . (i58) 

where S^ T, Tj, &c., are functions of the time. 
Now we have 

dx djf 
and 

^ djy _ d^ ^ d// dF_ dH^ _ dH 

djf dz dy * dz dx dx ' 

Hence 

CoRvnt- or, if r be taken as a radial coordinate (= v jr* + y^)^ 

IT PoiDt .,— +-^ =-4frfi«' (169) 

f Cro«- ^^ ^ ^'• 

Section, ^i^j^ gj^.^^ j^^. differentiation of (158) 

- ir^r =71 + 2:^T^ + 3*r,r* + . . . + n27;r2»-2 + . . . (160) 

If p be the specific resistance of the material, the component 
eUvtroinotive force in tlie direction of z is pw at every point 
where the current is ic. Hence by (5) of Chapter V, 

dH d^ 

where i^ is taken as the potential corresponding to that part of 
tlie elei'tn^motive force which is independent of current induc- 
tion. This by (158) becomes 

dz dt dt ^ dt 

Comparing coefficients in (160) and (161) we find 

/d^ , dS , dT\ 
pTi - nf^[QT + di + -dl ) 



piP = _ ^ _ _ _ r^ -^— — (161) 
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Putting dSldt = - d'^jdz^ and reducing, we get 

and therefore 

p di p^ dt*- 



+ 



^ ^ ?_ir2»-2 + (161') 



If y be the total current in the conductor 

y = 27r / M^cfr, 

where a is the radius of the wire. Thus writing k for Tra^/p, the 
conductivity of unit length of the wire, we get from the value 

dT , 2p,^K^ d^T , , nfi^Kn d^T . ,- ^o, 

Outside the wire the value of H does not depend on the dis- 
tribution of the current in the wire (see p. 285 above), but only 
on the total current, y. Hence at the surface of the wire we 
may put H = Ay where ^ is a multiplier to be determined. 
Thus by (168) above 

^y = ^ + To + Titf 2 + . . . + Tno:^ + . . . 
and therefore by the values of T^, ^2> • • • f ornaed above, 

^y_^»r+^«_ + _____ +...+ _^^ +... 

or if we write 



Total 

Current 

in the 

Couductor. 



Lord 
Rayleiffh's 
Calcma- 
tion for 
Alternat- 
ing 
Currents. 



Hence 



n=oo 

*W=Z (Tip • 



dt dt ^y dtfdi 



(163) 
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Equation (162) may tliio be written 

Elimination of dT, dt between the two last equations gives 

dj dy I' ^K^di) 

"^V^dt) 

Ezpnwion But it has been assumed above that —d^jdz = dS\dt^ so that 

for Non- dSidt is the part of the electromotive force at each point which 

^F^u »^* does not depend on the inductive action of the current. This 

B.M.F. pupj Qf (Jig electromotive force we suppose to be the same at 

every point, if the conductor be (as is here supposed) of uniform 

ret istAnce, so that if if be its line integral, R the resistance, and 

/ the length of the conductor considered, E = IdS/di. Hence the 

last equation becomes 

--J-l$^r m 

Now if the currents be periodic according to the simple 
harmonic law, every such current is (to a constant factor) 
represented by the real part of €***, where n denotes 2irlT; and 
we may use this expression until it is convenient to separate its 
real from its imaginary part. We have then to replace in (163) 
djdt by i«, and the equation then becomes 

E^MJy+i^^. (1640 

Develop- If k be small we obtain by division 

in Series. <^'(') 2 12 ^48 180 ^8640 

and hence 

'^y'^. = 1 + l^V«« - ,47;/*'«*«* + • • • • 
<»Vu*»^ 12 180 



+ .^«.-3^MV^ + gg-,.w -....) 
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This converts (164') into 

+ M- + Kl - i'^ + sic '^' -••))'<"" 

since I/k = i?, the resistance for steady currents. 
This equation is of the form 

E = H'y + inL'y ^ R'y + L''^^ . . . (166) Evalua- 

at tion of 

Resistance 
1 m'P»=' _ 1 l^*l*»* , N and In- 

-« - -aU i- j2 -^ 180 ~W "*" ' duotance. 

In consequence therefore of the variability of the current the 
wire behaves as if it had a resistance R\ and a self-inductance 
L\ If the frequency of alternation be very small the resistance 
approximates to JR, and the self-inductance to 1{A -f- J/i), the 
values for steady currents. 

With increasing frequency the resistance increases without limit 
and the inductance diminishes towards the value I A, This result 
may be obtained from the theorem (see Note in Appendix) that 

when ar is very great <p(^) = «^^ / (2 VTrar*), so that in this case 

<l^x)l<f/{x) = ^x, and therefore <t)(iKfin)/(l)'(iKiJLn) = VJ/c/aw(1 + i), 
which by (164') gives 

Taking unit length of an iron wire *4cm. in diameter, and 
estimating the specific resistance of iron as 10* and its per- 
meability as 300, we find that ^fi^Pn^/R^^ is for a period 
of jj}^ sec. about 47, so that the resistance is vastly increased, 
and the self-inductance diminished by the rapid alternation. 
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The value of this term for copper, is if fi =1, and its specific 
resisUnce — 1640, about 3 X lAiW/lO^. A frequency of 100 
gives therefore 'lia*. Thus the effect of alternation becomes 
very sensible when a>\. 

Going back to (164') we see that in order to find the effective 
resistance of a cylindrical conductor in which is flowing an 
alternating current of frequency 2ir/«, we have to multiply tiie 
actual resistance Jt (mm I/k) of a length ^ by the real part of 
^{iKfiM)i'{<p>'(UfiM) where is defined by equation (163). Now in 
the notation of Bessers functions if x be any number 

Kxprearion x' x* sfi ( ^\ 

of^S'. ^"^"'^ = ^ + 2-» + 2«.T« + aTiT^ + ••.. = *(2-5> 

Hence, putting jr^/2' » tV/in, we have 

X = 2 vi#c/[i»=|)^/i 
if ;) « 2 V«c/in. Thus 

.1 + f ./1,.^^,+ 1^ 



2« 2«.4« 2>.4«.6« ' 2«.42.6*.82 

The real part of this expression is called berp, and the mul- 
tiplier of t in the imaginary part bei jp, by Sir William Thomson, 
so that 

<P(iKfin) = ber p -{• i bei p. 

Hence in this notation 

<l>(iKfin) __ ber p + i bei p ^ip ber ^ + i bei|> 

<*>'(«/"') " (ber- „ + i bei'p) JSI ~ 2 ber'p + i bei'p 

P^Oqqt p heV p — ber'|) h^xp . ber'pberjj + beijjbei'jjl 
*" 2 \ (ber'p)^ + (bei'i?)^ *" * (ber' pY + (bei' pf I 

From this by (164') and (166) we get, writing It for Z/#c, 

TV _P ber p bei' p — ber' p bei jp „ 

~2 (ber^p)« + (bei'^)2 ^ 

,, _ /?Z ber' j? ber j? + bei /? bei' p , jj 
~ 2i« (ber' p)^ + (bei' i?)2 *" 
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Sir William Thomson, to whom this form of the value of R is 
lue,* has treated the subject in a somewhat different manner 
rom that adopted by Lord Eayleigh, and a comparison of the 
wo methods is instructive. Writing as before to for the com- 
ponent of current along z, we have, if the simple harmonic law 
olds, 

to = G^co^nt + G2^y^nt .... (169) 

^here Q^^ G2, are functions of r, the distance of the point con- 
idered from the axis of the cylinder. The total current y, 
Owing across the section at time ty is given by 

y = cos ntj JGidS + sin ntjJG^dS . . (170) 

' dS be an element of the cross-section including the point 
""here the current is «?. 
But equations (12) and (6) of Chapter V. give 



Thomson's 
Method of 

Calculat- 
ing 

Effective 
Resistance. 



Anfito = - V^^ 

tC 



(171) 



Differen- 
tial 
Equations 

for 
Current. 



', as we suppose, there be no displacement current to be 
Jckoned, and k be the conductivity of the material. Using the 
quation in (169) we find 

AnfihiGi = - V^^2' 477/4^:71^2 = V^<^i • - (172) 
'he first of these gives 

ATrfiJcnjJGidS = - T (V^G^dS = - (^ ds 

y a well-known theorem, if v be an outward-drawn normal to 
D element ds of the periphery of the cross-section, and the last 
itegral be taken round the section. Similarly 



iTrfiknjj G^dS = /^^ ds. 



[ence by substitution in (170) we get 

'dG. 



^iryJcny = — cos nt \ -—ds + sin nt f—^ ds, . (173) 

J dv J dv 

* See his Presidential Address to the Inst. El. Engineers, 1889, 
^(xth, arid Phys, Papers^ vol. iii. p. 492 et $eq. 
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wliicli, if the time average of y* be denoted by y*, gives by 
integration with respect to t over the period T 

For the activity A i^^ ^^^ conductor per unit length at any 
instant we have 

A - If^JS 

- ' {co»2,i/ fGi*dS+ 8in2 ntiG^dS+ 2 cos fU sin nthfi^S) 

and lience for the time-average A of A 

A'-jjt^dt^^JW+Gt^dS . . . (175) 

The effective jesistnnce R of any length / is the ratio of the 
mean activity /A ^o y** Hence 

R - (4ffun)»i-J i . . (176) 

(/f-)'+(/f-T 

But by the relations (172) above 

If for V* we substitute d-jdx^ + 32/9^2 and integrate by 
parts with respect to jr and y, we get at once, since the surface 
integral obtained in the process vanishes identically, 
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This result used in (176) gives, since R = Z/tta^^, Expression 

for 

/•/^ dG. ^ dG^\. Effective 

J\^~d ^i-j- P' Resistance. 

which holds for a conductor of any form of cross-section, on the 
supposition that the direction of the current is parallel to the 
axis at every point. 

If however the conductor be a right circular cylinder of 
radius a, and the arrangement be such as to make ^,, G^ func- 
tions of r (the distance from the axis) only, dG-Javy aGJdvy 
become the values of dGi/dr, dGJdr for r = a, and are the same 

for every cross-section. Then also j d8 = 2ira, and (178) becomes 



' dGo\^ 






r = a 



The relations (172) give for Gi the differential equation Solution of 

Differen- 

or for the case under consideration 



( 



S+;l)'''' + <'"*''''''-°- ■ ■ "™' 



A solution of this equation, sufficiently general for our present and 
purpose, and expressed in the notation explained above, is Expression 

f , . rr.1 "^ Series. 

where q = rsl^fikn^ and 0^^ C^, are arbitrary constants. This 

gives by (172) 

G^ .= C2 hQV q - C^h^iq . . . . (ISO') 



394 ALTERNATING CURRENTS 

Thus 8iDce dtf dr = s 4wfjJ:M 



'iwiiiM ( 6i ber' /» + C, bei ' ^) 
or 

-p = VS^i^ (C, ber' jB - (7i bei' jo) 
ar 



. (181) 



and instead of (ITd') we find 

p, _p ber /? bei' p — ber' /? bei p . 

i "~(ber';,;« + (bei»« ' ' ' ^^^^ ^ 

which is identical with (168). 

An important table of values of ber j^, bei q^ ber 'q, bei 'q, &c., 
for different values of q, is given in Sir William Thomson's 
paiver, and is printed in the Appendix to the present work. 
Investiga- The corresponding expression for the efifective self-induction 
tion of L' is not given by Sir William Thomson in the paper above 
Effective referred to, but may be found from the above equations as 
Induct- follows. It is shown below (Chapter XII.) that if the re- 
•*'**• sistance and self-inductance of a circuit or part of a circuit 
be denoted by R, X', and a simple harmonic electromotive force 
of maximum value E bo applied to it, the mean square of the 
current is equal to \E^I{R^ -f nW^). On the other hand if R 
be the resistance of the same part of the circuit for steady 
currents, the mean square of the simple harmonic current 
which would flow if there were no inductive action in the con- 
ductor is \E^IH^. But by (169) the electromotive force E at 
the point in the conductor where the current is to, being 
\c k is 

- {Gi cos nt -j- G^ sin nl), 
k 

The electromotive force applied independently of induction 
is thus 

1 

t(Gx cos nt + G2 sin nt) -f -Si 

since — rf is the part of the actual electromotive force which 
depends upon induction. This must be the same at every p^rt 
of the cross-section, and hence we may take as the values of 
G^^ O2 those for the outside skin of the wire, with the correspond- 
ing value of Hi that is, as given above A-f, if y be the total 
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current actually flowing at any instant. Thus if E be the Investiffa- 
electromotive force at a point on the surface of the conductor^ tion of 

Induct- 

1 BUCB 

E = 7 (^1 COS nt + 0^ sin nf) + Ay 

r = a. 
But by (173) 



Therefore 



E 



= ;^— , ( sm ni — -* + cos nt-^ \ 
1u.k\ dr dr J 



The maximum non-inductive electromotive force at each point 
is thus 

Hence as stated above 

^'-«^-^[«.'+«-'+f((f)'+(f)") 

+y("-f-+<'-?)] 

and therefore by (174) applied to a right circular cylinder 

+ ^ + 4!^!l^ * 



• (f)'+(?)'j 



r = a. 



for Self- 
Indnct 
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Substituting in this equation the value of i2^ given by (178), 
(with r- r^tf U-' put for IP) and reducing we find 






+U, 



which )>y substitution from (180), (180^, (181), becomes 

., 2/i/ber/> ber'z? + beij9 bei'j9 , . . 
" 7 (bS>)H- (bei»« I- '-^ • • 



(182) 



CyliD- 
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Cunratare 

at Ererv 

PoinL* 



This airrees with Lord Rayleigh*8 result as expressed in 
(168;. 

Consider now, in a cylindrical conductor of any form of cross- 
section, ao great a rapidity of alternation that the current is 
insensible at every point beyond a certain depth below the sur- 
face ymall in comparison with the radius of curvature of the 
Hurface at the point considered, and also in comparison with the 
distance of any part of the nearest insulsted conductor* Then 
for any point in this surface stratum the variation in the current 
density will be practically zero in the direction of the Kne drawn 
in tlu» section at right angles to the radius of curvature, L«t 
the distance of the point considered from the point in which the 
radius iif <-urvatiire through it cuts the surface be x. At the 
point <?,, '#2 will be sensibly functions of a? only. Hence instead 
of (172'» we have 



MoiUficd 
Ditfi'Tvu- 

tial 
&luatiou. 



U^nhG, = - ^\ 



4vfinJcG^ 






If for brevity ^2irfink be denoted by a, the harmonic solution 
of these equations is 

6^1 = ^€"** cos ar, ^2 — ye"** sin ax. 

Those values of G^, G^ give by (169) 

w = ye""* cos {ax - nf). 



* See Sir William Thomson's paper already cited, p. 881 above. 
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:aiD 

ip = - aGi-a^€"^ sin o^r = - a(Gi + G^) 
dx 

^ = -oG^o + o^c-'^COS aa: = - a{G^ - G^ 
dx 

h (since d\dv = - ^^/fi?!^:) yield 

snce by (176) and (177), since x may be taken as zero, 
jy (174) 

e (?« is as before an element of the periphery of the cross- 
on. 
jnce for the effective resistance R' of a length / we have 



/A / /^'* 

5' = '^ = i? 1 (183) 

■ (jv*y 



y« h 



the arrangement is such that g is constant 



iJ'=^i ^ (183') 



lenote the circumference of the conductor. The interpreta- 
of this result is that the effective resistance is the same as 
esistance which a surface stratum of the conductor of thick- 

1/a ( = 1/ ^^iryLkn) would offer to a steady current. This 
cness is given in the following table for copper, lead, and 
and frequences of alternation 80, 120, 160, 200. 

OL. II. Z 



liTEEKATISa CURBENTS 

Unra or ErrKortva Scbfacb SntiTtrx of Ctlinsbhui 
CovDccroB. 



laSSL- 


0»pi»r. 


Lrid. 


Iron 1 


M 




24a im, 


, -0976 ctn. 


190 


■087 .. 


204 „ 


■0798 „ 


ISO 


•Mfl „ 


1-76 „ 


■0691 „ 


800 


■46fi „ 


1-58 „ 


■0617 „ 



Two Lord Rajriuigh hn* nJao worked out the caee of two coaiial 

'^'•Url cjrliiidriiiBl coniiiictora, one carrying the ontgoing, the other the 

'"J*"" r«tam uurrent The eonductorB are taken of equal thickneis irnd 

« '"i **' " differing by a i*m»ll fraction of either, and bo large thm 

VlidA '*" influs"':* cf 'li8 curvature on the current, the magnetic force, 

An., lit any point may be neglected. Thia ia the caae then iff 

two parallel infinitely long, infinitely brond, equally thick pU 

alripH, fncing one another and enclosing a stratum of unifoi 

Sui>poaing that there ia do current at right angles to the 
Icngtn of Ihe strips * and uaing the same notation as before, we 



•--?-*- 



3*_ 



■'iff. . 



(1R4) 



since the value of H is time periodic with period Sir/ji. 

But aa theie ia no component of magnetization, d, at rght 
ani^les to the planes of the strips, we hare dj3/9j^ = 4inf. 
l^—-dBidx, and therefore 



Heiic« (tS<) becomes 



I_a*ff 



* TUm will b« the riun if chcm ia no saoslblc condenser-action of th« 
•UMVd atrips. If Ihpro is suoh an action there will be a component 
tif MRMI at right angles to the planes of the strips, nhich most be 
takM taio account in the theory. 
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3:39 



But d^/dz is independent of ;r, so that we may write 
\ n 02 J 



dx^ 



4.M-(//-;f)=o 



The general solution of this equation may be written 






Differen- 
tial 
(186) K(iuation. 



Solution. 



n dz 



where m =2 ^nfikin, and A\ B are constants. It will be con- 
venient to take the plane a:=0, midway between the conductors, 
and to write the above result in the form 

£r=i?!: + ^c'"(^-«)+i?'€-"»(^-«). . . (187) 
nhz ^ ' 

where B^ ff, are another pair of constants, and a is half the 
thickness of dielectric between the strips. 



This gives 



fi0 = -|^=7n,{5€'^*-«)-^'€-'«(^-«>}. . (188) 
ox 



K the thickness of each strip be b, then, (since one side of the 
arrangement of two parallel strips may be regarded as the out- 
side, and the other as the inside of the system of two coaxial 
cylinders, where, in each case, the magnetic force is zero), we 
have i3=0 when ar=fl5 + 3, and therefore 



^ = 



1 B 



f — «i6 



(189) 



Where ar=« let /3 be denoted by /3„, so that, 



(190) 



But if y be the total current per unit of breadth in the: 
strip 

7=/" wdx = ^[ ^dx=- — (B-B). 



47r^ dx 
a 



z 2 
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Hence by (189) 



and (190) beconjc* 



m ^»»6 _ ^ - «6 



(i9i; 



3^ = _ 4iry/» (192) 

Within tlie influlator, at all points of the plane (ar=0), the 
▼ector potential produced by the current in one strip is equal 
and opposite to that produced by the ojther, so that there 27=0. 
Calling Ha the value of H for x^a, we have, since B^jdx 
«4inraB0 within the dielectric, 

Ha^Ha-H^= -jpdx^ -&afl 

if the permeability of the dielectric be taken as unity. 
Hence by (187) and (192) we have for x^a 



---f«(4wfl+ — ^ -~ r)y. . (193) 



Expres- But m ■■ 2 iJiryikin = J^jryka (1 + t) so that the second term 

Hions for in the brackets is partly real partly imaginary. Thus if R, iL'^ 

Resistance denote the real and imaginary parts of the coefficient of y in the 

and In- expression for - Ich^/dz^ (I denoting as before a given length of 

ductancc. \\^q strip) we can write 

^l^=Ry+L'iny (194) 

oz 

so that R\ L\ are the resistance and self-induction of a strip of 
unit breadth and length /. 
C'ompari- The chief interest of the problem lies in the comparison of the 
son of values of 22', L', for very slow and very rapid alternations. 
Results for When n is small we find by expansion of the exponentials in 
Slow qid (193), and ordinary division 
Rapi(f 

^Vi^nT" -l^=l^y + inl(A7ra + in^b)y, . (195) 
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Thas for this limiting case 

the actual resistance for steady currents of a portion of the strip 
of length / and unit breadth. 

If the strips be very close so that a = o, we have 

-l^ = -^y + iinn^bly .... (1960 

and the resistance is the same as before. The self -inductance is 
^fibl for a strip of unit breadth, so that for a strip of breadth 
27rr it is 

i' = SM; (197) 

which is half the result obtainable by direct calculation after 
the method of p. 291, for steady currents in two close 
coaxial cylinders at a distance apart small in comparison with 
their radii. This is as it should be, since there the self-induc- 
tance would be found for what in the present reckoning is a length 
2/, viz., a length / in the outgoing, and an equal length in the 
return strip. 

Now let n be very great. Then (e"^^ + €-'^^ / {t"^^ - c"*"^) 
= (l + €"2"'*)/(l-€"^"'^ = l, 80 that for this case 



- / 1?' = I 'J^^TTfinky + inl (^Aira -f sj ^\y . (198) 



Thus 



fc 



(199) 



We conclude that as n is increased the resistance is increased Thickness 
without limit, while L' diminishes towanls the limit Airal. The of 

result shows moreover that the thickness of the strip which Effective 

would give the same resistance is 1/ ij2nfink, which agrees with- ^^^^^ 

the result obtained at p. 337 above. This may be taken as^the ^'^'a^^™- 

effectual thickness of the conductor. It diminishes as iJn in- 
creases. 



[' 




AtTEKK ATIKO Cl'RBEJTTS 



sc?? 



11m tkicln)*M in gnti m Uiat i loij be regnnlHl ■■ 
uAtal», w« btra by (IfH) aiiiM -<■» i^ dd/dr 

if JM kt pb 3U kborc) v» denote ^'iwiuik hj a. Thia mtr (« 

Laf4 Baflaigii* hts iihowii tbftt tlie restriction of a ripidi; 

ruyiBf osmKt lo ih« outer strata of tlie conHiictor is a rosBe- 

q«ane« of ■ («D«ral dynamical principle wliich regu!at«e the 

- aCMti efooMtnunta on the mulioD of A material system. Tbii 

priadpl* U cnbodied in two general ibeorenis due to Thomsot 

V and Benrsul raajwctir^ly. TfaomeoD's theorem asserts ttoit if 

' ujr HMtarikl aymem rn^eo at rest be saddenly set id modDn 

, WJtb anj apecified relocitiee (possible under the kinemitiui' 

"' ta of tb* sjisteni) impost on certaio parts of tlie eysiea. 



kiDMic onorsy has liie aniallest posaible value cotisiatenl witli 
fkUUment ol tlie pmcribed velocit; conditioDs, Bertiand'' 
theorem, od ilie other hand, ssserte that if the impulses applied 
to c«nain parts of the eystem be specified, the resulting inotion 
i* that for which the kioetic energy baa the greateat value eou- 
(blent with the preacribed eoodition as to impulsea. 

Taking oay case in which we consider a ayatem impoluvely 
Wt intu motion with a single specified velocity, or with 1 
•pacified impulae of the same type. Let * denote the impoleiv* 
(ofve, then the impulse ia (p. 149 above) the time-integral 

/"♦<// = ♦ 



■nd the correaponding velocily generated is <^. The resnlting 
kinetic energy Ti» i<^. 

According to Thomson's theorem the introduction of any 

J constraint limiting tlie freedom of the system causes an increase 

^^~21!i "' 7" if ^ be given. On the other hand according to Bertrand's 
' theorem, if *, be given, the efTect of the constraiot will be to 
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<iiinini8h T, In both cases the ratio 2TI<}^, or ^/^, is increased, 
for in the former case 9 is increased, and in the latter <}> is 
diminished. Thus the effect of constraint is in each case to in- 
crease the generalized inertia-coefficient corresponding to the 
coordinate in question. 

Consider now a system in which a force ^^ of type corre- System 
spending to the coordinate <f>i, and varying according to a simple under 
harmonic function of the time is applied to the system. Sup- Tip®", 
pose the system to have no potential energy, and to be subject ^®^^^ 
to dissipative forces given (according to the rule on p. 169 ^'^PP ^ 
above) by a dissipation function F, which is a homogeneous ' ^rce and 
quadratic function of the generalized velocities of the system. ^pjJl^IJ^^ 
I«et, further, the remaining coordinates (^2> <^8» • • • • <^ ^f *^^ tive ^- 
syetem be so chosen that no product of them enters into the gigtances. 
expressions of T and F, 

Then we have 

^ = i(«U*l' + «22*2^ + . • . + 2tf i2*i<^2 + 2^13*1*2+ • • •) ) /gOO) 
F = i(Aii*l' + ^22*2* + . . . + 2612*1*2 + 2^13*1*2+ . . i 

Bat by Lagrange's equations 
and hence by (200) 

«U*l + «l2*2 + tfl3*3+--+^ll*l +*12*2+-= *i 

<'li*l + ^2S*2+ ^12*1 + ^22*2 = ^ V, (201) 

«13*1 + ^33*3 + *13*1 + *88 *8 = ^ 



Let now the whole motion be simple harmonic in the period 
of the force *i. Representing the latter by €*** we get instead 
of (201) 

(ifM4i+ V*i+(»*^+^i2)*2+(«'*^J»+*i»)*3+ • • • = *i \ 

(fVWi2-fAl2)<^l+(fVMr22+*22)*2-<> ( (2010 

(f«tfl3-fV*l+(*««»+^33)*J-^ I 

The second and following equations of (201') eive ^ 4^ Ac., 
in terms of *i, and these values substituted in the first eqaati<m 

of (2010 y»«i<^ 



I Sincv ! 



ILTEKNATING CUK&RNTS 



♦|-fa,„+j„- t':^o + y' _ t^+*-.)' - . (302) 

Sincv to a cnniCftnt factor ^ ie represented by ('M it is clear 
lul {9F/d^)lij> ia the real port of *H, uid therefore cor- 
rvaponda t« Uin dixipative furoe. Callinf- this qtiantilj' R' ani 
(he other wl', wu have iiutexl of (169) 

♦, = {/f + ini')*, (2029 

ESMiin ir may b« called thp reBJatance of the ayBtem, and L' lbs 
" Aniat- iteDuraliaed iiiartia-«o«Bicieiit. or what corresponds to the aelf- 

teoav" aiKl inductance in lh« electrical theory. 

" iMitia '' To calculate If we Imve lo Had the real ports of the Buccesaivo 
'~*"" t«ni»» in (802). Now 






iiiilailj the real pnrt^ of the other terms may be ioxmi. 



-S^'+"''S 



4„(v + '''"y 



RrjnMiati It ia clear that each term of the second series in this expression 
*^. ' -^"" '■""*••'* •* " increases, that is, as the freqaency increases. It 
lUtAiice." fqllowB that the value of fi* increaaeawith the frequency. When 
n is very great R approaches the limiting value 

'..-'i'-"'+s" ''^''" "?'"'' 



When n is small R is approximately equal to tlie first two 
l«rine in (203), and is an ahaolute minimum for ateiidy, and for 
continuous non-periodic motions. 

The imaginary part of (202) ie easily found to be 



GENERAL DYNAMICAL THEORY 345 

{i=» <=« / NO 1 Expreasion 

[«nce 

Z'=a„-i^\; + i' (V;-''«^«^; . . (204) 

1^ Each term of the second series in (204) is positive, and con- 
*Hiially diminishes as n increases. Hence as n increases L' 
»proaches more and moresnearly the value 



"2 



- - s s 



i=2 « 

>Krhich is independent of dissipative terms. 

In these results we have, as Lord Rayleigh has pointed out, Analogue 
fin analogue to Thomson's theorem. In the absence of con- of 
Btrainta, jS' is great and L' a minimum when the vibrations are 'Hiomson's 
vary rapid^ and on the other hand L' is great and R' a minimum Theorem. 
'When the vibrations are very slow. Applica- 

The application of these results to electrical problems is Qq^p^ 
obvious. Let us take the case, already treated at p. 185 above, Results to 
of a primary and secondary circuit. If E^, L^ be the resistance Electrical 
and self-induction of the primary, L^ R^ those of the secondary, Problems, 
and Jf the mutual inductance, we have 1. Primary 

and 
^11 = ^1? ^lo = ^U ct22= Li Secondary 

Then for the resultant resistance and self-inductance of the 
primary 

n^M^L'^ ''■■■■ (205) 

It follows that if the alternations be very slow, the secondary 
has no effect on the primary. On the other hand, if they are 



ALTCUKATISO OUEKESTTS 



ronchea tlie limit R^ + M'SJL^", and I' t 



rarr rapid. A* apprm 
li.n.1 /,, - M^il^. 

Tbe rMultaai rasUtoiicQ and self-inductanoe of the secoodu 
will l>« given ia the same way. An inductive efectromolM 
force of frequency h/Sit nets in the aauondary. The reaction I 
the primuy will llierefore give for the secondaiy 



R, = S,+ 



n*M*Jty 



UtiModuy, 



' ' A,« + B'Z,» 

u eiven aboye. 

Afiotber inlereBting application given bj Lord Rnyleigh 
B aeriee of conduclora forming primary, eecondary, tertiary, 
circuits, but such that no uiutosl induction exists escept betwee 
the primary and the eecondajy, the secondary and the tertiarj 
Ac. Tahicg, for example, four circuits in the HerieB,the cunen 
in the fourth is due to the inductive action of the third. Tbi 
reaction on tlie third cauHCB the latter to liave a resultant 
once fl'j,*o'' self. inductance £'j,at once calculable from {172)1)3 
iubatituting for B^, L,, Bt, L^ M, the quautitiea Jt„ L^R^,L^Mm 
If R^ £'] are used as the reBistance and aelf -inductance of tfit 
ihini circuit, the fourth circuit may he ignored. Then lli> 
rasultant resiatance and aelf-iuduotanee of the second -ircuit dm 
to the action of the third can be found in the same way, and (tbi 
third then being also Ignored) used to obtain those of the prinuu? 
circuit. The effect on the primary is to increase its effectiTO 
reaistunce and diminish its effective self -inductance in a degiea 
which ia greater the greater the frequency of alternation. 

It can be shown that the pliaeea of the currents in the different 
circuits of the series depend iu the cnae of very rapid alternation 
OD the induction coefficients only, and differ Bucceasivelybyhtl 

A very important example, which will be given later it 
nection with the measuretneut of activity in alternating circaiti 
is that of two conductors in multiple arc, and a related one which 
may bo worked out easily by the reader from the generj 
forntulte given above, ia the caae already treated at p. 166, of 
number of conductors joining two points in parallel, bn' 
arranged as not to exert on one another any mutual inductioti.' 
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